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1 GGG���

Æ»y¸Î|G�ÆÝ°�0J, ��ÆÙ×¡, µ�¸à�2002O

�-ø;
c�bð` 10y¸üJî, wÝÎ{{{úúú(Carl F. Gauss,

1777-1855)��	��ó.�{ú, 3&9r½, AÙ���ó, C5�

�, /bÁ�xPÝMÓ�#��bß-
, �K{úÝ@~W�, �*

)���Å(ßvßþ, ÍQ¤´Í�Ütá(ÝI.�, KÂ½&9,

�¢�?Z*(2008)×Z�¬�Ã�¼w3üJî���8¼�, �Î½

Ý, �ÎðððVVV555µµµÝ^̂̂£££ÛÛÛ���ÐÐÐóóóCÍ%��ãh×]«�:�ðV5

µÝ¥�, ×]«�V�§�, Æ»9Í»�, Í»ÓÝó.ôò§º�

?? �Æ�Çîbó.�, �b×Í�b¼�ÝÐó�9Ðó�&��,

Í�bËÍó.�Á¥�ÝðóπCe, =!¿Íó.�ðàÝÐr√ C
�6CÒµ�σ�
�O¼��Îdy&�&¼ð3�Ó�, Ó��Èáßþ, �.×

�{�ó.��è�Ý
õ, .hÆÿbÄ�¯×�ßÓÝ�Í�ð

�¨Ý***äää      �yÎ3Ó»95OÌÝ{�ó.��è��, ��S


*ä  �Ó»99OÌÝ��è��, )1bhÞC�4GD¡ÞÞÞ444555

µµµB(n, p)�¢óp�£�, ¬
Ý�«, ôS
���³³³ÁÁÁ§§§���§§§, C���¼
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ÝðV5µ�Æ»3�ÇîbðV5µ, &Æ3{��+Û�³Á§�

§, ÕÎ��Æ!½y��©Î�Ç�àµ?, ÍîÝ%n, b¢�GÝ

â�, U�UK^n;�¬ÉQÞ9°ÞCY
{�ó., �QÎ�è{

»ÓÝÙ�ôò, v��ÿ�^*×°æÍbÝÞC, .hÀ��FLÑ

@ÝÃF�ÍJ�¬P°¾ÕÙ���ÝêÝ, ¬Þb"^¡.ê
$Ý

Ù��
����ôWÄb°ßÎ§�:Ù�Ý:

bëËþ�: þ�, �ÊÝþ�, Ù��

`�*^, Ù�\�W
�X���þKÝ�Ì�¬uÎºàÿ	, Þf

�2�¢Ù�]°��¶�Ù��®ï, 	Qÿ�¹è�Ý5� ×, �

�þ�hy!×v, a�A;��©ÎÙ��Ý×°ÃÍ�°, XÛÙÙÙ���

¤¤¤îîî, �ó.Î�²Í¶Ý, �¢�?Z*(2009)×Z�Ù��ú����^̂̂

PPP, �×'½¥ÄÄÄQQQPPPÝó., Í²î¬�|8��.h�3�.�>Ù

�, f´?Ý®°, Î¯Ù�W
�}Ý×I, �&	êGw
ó.��

���á*ä  ��³Á§�§, 9°=3�.^£Ù����, K�

Õ��ÝÞC, Ç¸Ç��
2¬á, .ßKp¹×á��, A*QÄ�

0�2
á{�ó.�3±£hÞC���ì, þz�ÈÚW, -">


á×4&¿Q���, ¬ôb°p�Ý(&, �¡3>.T.ê, SR�

9æW, Û�ï��
bA2°Î»�ÝqÍ�°, >IhÛµ��è��_¶�
¢&Æ

1×�`, ±£*ä  �ÞC���, #�.h���9�þz×��


Fì°Ý��è�÷? 3��è�“ðV5¾�*ä  �*TiãÝ

�\”£4ì¶½:

{���ÝÙ�.¡©��^�ó�TÂÝ£�, ¸Ýe

¡§¡Î�³Á§�§��+Û�³Á§�§, µm�Sáð

V5¾�hI5G�;IPÝ+Û, |þ�]P�ñ.ßEy

�³Á§�§ÝàÌ�
E×ü�Ý*Tiã, ��*ä  2P, �¯.ß|Bó
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�ÿaT@�7VÑ«�¨^£
pÝY�ng, �á*ä  

2P, |1�*TiãÝ��; ¬|h�\, ¢|�9óÝ.

ßXÿÝ*ä  Kº��p?

´�, “�^�ó�TÂÝ£�, ¸Ýe¡§¡Î�³Á§�§”, hý°

�á�¢�ß��á¢¢¢óóó£££���, ;ð5FFF£££���C      £££�����³Á§�

§, EyF£�(�ÑÎÍ£��TÂ), qÍà�Õ; �E  £�, �K

�µìô�m�, Æ¡W
e¡§¡? |h�
S
�³Á§�§Ý§

ã, {úu2ìbá, :ùº�Õ�(X|�Íg“hI5G�;IPÝ+

Û”, 41ÿDê, ©Î�³Á§�§ÝÃF, Mb£��|? �v~b“;

IP”Î¼%�? p¼{����, b&;IPÝ[? ãy��è��©

½ú�;IP, b°>Ih��.
%a@;IP, Þ�T?ìÝ�³Á

§�§, ¶ÿ�H�þ�9��Æå, b`�.hE¯�¯P, #�Þh

�§�Õý0�
x�ãy�^PÝÍ², ��î�!5µ Ý-², E¢ó£�, ??

b�×��Ý]°, ãy&b8F(�¢�?Z*(2007)×Z), .h��

�¬D�^bw�°��/ãÝ£�, ÛÙ�Ý©��×�¢ó  £�

Ý]°�º°×, -ô��Q�.hbnÙ�Ý>C�, ;ð�º�¨b

A{^Ý���xxxPPPóóó..., “��”*ä  2P, 9Ë�y×³Ý1°�
�yEY�Ñ«�¨Ý^£p, ��è��èÈ|@�¼�î“�9

ó”.ßÿÕÝ*ä  /º��p�hý°��þz�^ÝÃF, Í�ª

	, 4\3?Z*(2006)×Z�-�¼�, ©Î�QÎ�§º�
¨², b¿Í>Ih�, /��¨v«“ÍhGD¡Ò÷lÝ�^�

ó”�­�, q�ßûÌ��Îb¥�YðV5µ[? 9p¼�Î=�l?

æ¼��è��b×­“{���©�§Ò÷lÝ�^�ó”�_ãï©

)[ã��è��Ý­�, ô�Ñ~bÑ�Ñ@�
�.PÍ, ¥¥®ÞüQ�ßÍT  �©Î9°ÞCK�Bw
{

�ó.Ý, ×`ôP��¢��@2:, Õ9b^b%�]P, �|¯�

è{.êW[? 4�¼�¼&ð¼, ÍZ)��E¨�{�ó.�, ��

�³Á§�§Ý¿ÍÃF, �°ÙÕ�
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2 ���^̂̂¨̈̈ééé

E"Ýº», bÄÄÄQQQPPPõ���^̂̂PPP�Y�a2Xm` �O�, 9ÎÄ

QP, ¬£×«Þ�îQ�á, 9Î�^P�E¯���ïá��ÝÌ?

T��, -Ì
���^̂̂¨̈̈ééé(random phenomenon)��¤Í���ç, ¬�

b>Ihêi�x�, �|Aì1�:

×���, A�×Í��Ìb�^¨é, �38!f��ì

¥�
�; 4QP°ïáÍ��, ¬Î&Æ�|á¼Xb��

�¨Ý���

9ðZC�H;5µ��Ñ¸, ¬Ä6×èÝÎ, |9øÝ]P�Õ�^

¨é, Î�È“×�”Ý�
�AA�ßÎÍ*O9G�Ò, B¯¦#ÎÍÿO�C�, Kò�^¨

é�¬“*O”©b×g; �y¦#Î��3Î¼ØO�C�, ©ÎNON

#ÝWõK�¼8!, =¢�#�ô��ÿ×ø, .hNOÝ¦�, ¬�

�ÕÎ38!f�ì¥�
��
¨², “�|á¼Xb���¨Ý��”, h­ôb°ÊÈ�´�, &Æ

ÿÂz%�Î��, ����b`ßÆÂÕ´æpÝ¯, º1“9Î��

�Ý��”, ¬�A¢���, b°t¡)�W����..?, Øß®¯

ÝÀù5��9K? ¯Ñ
�ÿ�H?�JT, @3^·¶/�h®Þ,

-ò�210�755Kb���®ÝßÆÿ¯����Õ755, ô���

�05�X|��, ���, ��ÿb£��}Ý&§�.hÞ“á¼Xb

���¨Ý��”, ©½w
E�^¨éÝ�Õ, �Ah
�^¨é6Ìn

Ýf�, ¬�ª	�
¯�á¼*F��, XÂÕt{Ýß, �{��Î9K? ¯Í@=t&

�{t{S�
¢, K�Hz½�¬¯-
Þ“Xb���¨Ý��”, ã

W+y15025�30025 , -0P×´�ð­�1, �	7V×2ÑÝ

{�×g, ¬Ì?XÿFóÝ�µ, 3D¡�^¨é`, £°�òy��

�¨Ý��, b`�H@��9`ÞXb���¨Ý���/), ãÿ´

�°, ÛPnå��ùÇ4�3���¨Ý���, b°Í@qÍ“��
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�”�¨�.h, 3�K�µì, Xb���¨Ý���/), ��ÿb×

lÝ:°�h/)b`Î
Ý��y,×�0�ãÝ, Å��ÿÎ&Æ

×��-á¼£°��Ëº�¨�\ïô�p�;, ��|sßÝ^£

�
0, ¼&�£°òy���¨Ý���»A, ã0�1Ý  �, �^2

ã1F, JJÍ  �ÝF, 	QKòXb���¨Ý���¬�Q�  

��¢×F, �ã�Ý^£/
0�
E×�^¨é, Xb���¨Ý���/)(�|ÎÌ?Xÿ, T¼

�),Ì
øøøÍÍÍèèè   �&Æ�¼�,G�/)ð&ü��.hAFeller(1968)

pp.13-14X1, øÍè ÝÃF, bA¿¢.�ÝF�a�«, ¬P�}

�L, ¼�øÍè Î´�@Ý®°�7V×Y�Ëg, A��¼�, Q

®øÍè 
¢? 9Î�z�½Ý®Þ�uÌ?Ëgº�¨Ñ�D«Ý

�µ, JøÍè �ã
{(Ñ, Ñ), (Ñ, D), (D, Ñ), (D, D)}, Í�(Ñ,

D)�Ï×gÿÑ«vÏÞgÿD«, õv.�uÌ?Ëg��¨ÝÑ«

ó, JøÍè �ã
{0, 1, 2}�uÌ?Ëg��¨ÝÑ«ó3���¨
ÝD«ó, JøÍè �ã
{-2, 0, 2}�.Ì?Ý�!, $�bÍ�øÍ

è �JÍ^£ÝÚxÎ�bÄPÝ, 0��|
E7V×Y�Ëg, ø

Íè ×�Î{(Ñ, Ñ), (Ñ, D), (D, Ñ), (D, D)}�º9ø0�, æ.

�VÎq�_ü�Î^£Ý�°XCW�|
Y�Ä2Ñ, &g7VÄ8

!}ñ��ù\®�höB, E?¡·þvÑ@Ý.ê^£, Í@Î´?

Ý�;ðu@�Ì?%�¨é, -�¶�×øÍè �#��?×�, =

Ì?K�Ä, à#1“ã”, T“�”øÍè 
¢, Q¡µ��¡ÝD¡�

¢&Æú�î�£¿F÷? Eyó., ßÆ;ð´��¤|E, .

��3ó.��, &Æ×���O6Þã�¬E�C�^¨éÝ®Þ, |


DÑô�×�º�¨%���, .h�Ñè�%��¡, K��ÿñÇ

��¾�ETý, ¢ÄAó.�Ý�¯? 3×á��ì, �^½»;
�

-, E¯ÎÝà�, -ð�Æÿ6��@�
*^��E^£×Þ, /�kkîý, ¬~bÍ�L
¢, ×�ßQ�

��#ÝÝ�3^£>Ihî, ;ð��Õì�ëËE^£Ý�Õ:

|8!Ý��P¼�L^£, h
���ÎÎÎÝÝÝ���LLL�
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39g8!f�ì¥���¡, |×¯��¨Ý8E�£,

¼�L^£, h
ÙÙÙ���ÝÝÝ���LLL, T1���ÌÌÌÝÝÝ���ÕÕÕ, T1���£££EEE

^̂̂£££ÝÝÝ���ÕÕÕ�
|ÌDïE×¯��8*��, ¼�L^£, hÇxxxÌÌÌÝÝÝ

ÌÌÌFFF, T1EEE^̂̂£££ÝÝÝxxxÌÌÌ���ÕÕÕ�

ãG�ëË�Õ, ÿÕ@î, ÞètSÝëèO�, ®ßÝ|2§;Ý]

P, ¼�L^£��L��âëÃÍ��:

øøøÍÍÍèèè   , ¯̄̄���ÝÝÝ///))), C^̂̂£££ÐÐÐóóó�

&ÃÍ��, /b×°f��AøÍè ��
è/), 9Î��QÝ;

ê¯�
øÍè ��/), Í^£6+y0�1� �, 9Ð)�ò|¼

ßÆE^£Ý-á�G�ëÃÍ��, -xW^̂̂£££èèè   , �
×MÝ�Ý

\ï, �¢�?Z*(2011a)×Z�
¯��º?�, &Æ�Î\µBð3O^£, 
%��m�^£è ?

hbAæÍ©Î×Nß5Ë#3E�º¦, s"Èò¡, Àº��Í�¦

Ýf�!J�h!J	QºÚ[��|¼, 3¦�î�WÝ4t, ¬º�

ÊÝ?ø�, |.T&��sßÝ�µ�
3^£è �, øÍè �|ÎÌaÝ, �ÄËÝ3Æ�%���, T

�%�Ì?�µÕËb��, AG�¼�, øÍè �|Î¼�Ý, ��

�ô�ÄÎ�|¥�Ý�E@j�µ, ��¥�Ý��, X�CÝ^£,

??ÎxÌÝ�¬xÌ^£, ðôÎqAÄ�×°�ÌÝ£]�®ß, ¬

&KmP3A�©ÎãyÌ?Gb×g, 3×�Ë�¿ì, p¹�²¶X

�Ý^£�Ñ@P�fA1, &Æ�á¼t��WÝ£×Ít±, ÎÍº

rX¬È�9§�¥�Ì?? �é	ï?rX^£±, t±Qñ¼ú±8

$; ï?rX^£{, t±Q��·Å, Fbsß�
3^£è �, /)�¡b§TP§, Ò÷T=�, K�|à¼	�ø

Íè ��	3�Î^£�, øÍè ©�Îb§/), �vãysß^

£8!�Æ, 6áøÍè �b¿Í-ô, ����^£, .hE£°�

w
øÍè , -�3��¯�Ý/), ?Î�������Õ©�âè
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/)CøÍè ËÍ-ô; ô��Õ�âøÍè �Xb�/)�3�Î

Ý^£�, |C×�´��ÝD¡�, µÎã9t�ÝøÍè ��y^

£, ©E¯���, �^£ÐóôGm��¿Í©�Ýf�Ç��3:«

bV@Ý^£è �D¡^£, ¬×6�1ÄPÁ��
¯�÷9ø�, ��×�bÄPÝ�¦f�!J, Í�N#ßó��

2��, Cf�` �/�ü�, ¬Kÿ��Ø°f���!Jï��Ñ

2¦îÎÍD3�º¿è�, #�?9Ýßf�Ý�2�ð­�1, Xb

E^£ÝD¡, �|GÎüî�º�¬9:R¼héÝ^£è , Q&ð

×�, PX���£°æÍð�Ý7V{�, Cà¸T»Y�, X®ßÝ

^£�(, �ÄKÎ^£è ���@»���
�S
^£è ÝÚx¡, ^£§¡-����s", ×6ÃF½@

�züR¼��I5Ý�µì�P÷, Ç¸^£è ~b
¢, ¬^b�

z½, ô�D¡^£�©ÎuÂÕbÊÈ, T�§´Þ´Ý®Þ`, ��

-ÿ�Âz, Õ9	ìÝ^£è 
¢? bAÄ�`, µÿÞ¿ð@�{

eÝ2°¦��
¯ÎÍ*Tè�,Æÿ�
¬&×�ß,Ý�^£Ý�Lb¢æp? 3

�ÜÝç°î, �bßè�ì�®Þ:

&�ßÝùùÍ�ÎÔih, &²ÓôßÄÔih, ¬2Ó

C&lÒK^bßìÔih, �®&Æº�ºßìÔih? A

�º, £^£ºÎ9K?

b×Í��ÎÀ.oÝ.ß, ��AìÝ�«:

¯Ý®Þ¯&×:µ��/�, .
�	>0��ÝÞê,

�I5>0�ÝÞê, 3Û�îK^%�àH�
×���, ·ÍßÔih^£Î1/89�A��H�bÔi

h, 9^£f1/89×�����¯®&; ¯º�ºßìÔih?

�nÎº, ¬Î�1J, ©Î^£f´�, µ?	¯®&; �3

­îº�º�Â×:�Ñì¼, ÆÕ�? &Ý�nôÎº, ¬

Î^£f´���¡Î: b®?	^®�
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^£ÎÙ�.î}ßÝ��, &9¯��¥��100g�b

^£��, �·���100g, Ng�·ßÔih^£Î1/89,

¬�g�·ßÔih^£u�Î0%, µÎ100%, µ?	®&,

50-YJóÕ2î×g, Î
�^£b9K? ¯@î, 50-Y

JóÕ2î, �ÎÀÙ8, µÎ
�, A�óÕ2î100g, £

�^£µº#�50%�A�óÕ2î×g, 
�Ý^£u�

Î0%, µÎ100%�

G�/�ïE^£Ý�Õ, 4Q�Ñ@, ¬��Î�KßÝ:°��

á©�$Î@�G, /�®ß�Ôih�^£�©Î×Ë“¯”@�¡,

E¯��, h^£-�Î0µÎ1Ý�7VY�Ý�µôv«, ¬&�7

V�9g, G7V1gµ��^£��7V100g, ô&(Ñ«�¨Ý)^£

µº#�50%��ÎÑ«�¨góÝ8E�£, 3“ØË�L”ì, º#

�0.5��y~bA¢#�, |CEy�^¨é, Õ9&Æ�Í1J%�?

9°®Þ´p°, &Æº�Ï5;�D¡�
t¡Ä6×èÝÎ, µ^£è Ý�L, øÍè �.&Gb×Í

-ô�»A, �'7V×Ë«/
Ñ�Y�, Jº�¨£×«? mP¶

®, 	Q©��ÎÑ«, ÇøÍè /©bÑ«×Í-ô�9æÍ¬&

�^¨é, ¬&Æ)ÞhÚ
�^¨é�T?�@21, Úh
×[[[;;;

ÝÝÝ(degenerate)�^¨é�hËÑ«Y�×V�ì, �¨Ñ«�^£
1,

�¨D«�^£
0�Þ[;Ý�µùûá(Í@Î�ÿ�ûá), ª��

CÞøÆ�µÍ�,XbÌ?C��,-KÎ�^¨éÝ�Ëû9OG,±±±

hhh(±±±¾¾¾îîîZZZúúú, Pythagoras, V�-G580-500O).�b“0Î/ó”(All

is number)�&ÆJ1“0Î/�^”(All is random)��39�^t&�,

&Æ§��Þ�^|C^£ÝÃF, K�ÿ?z½°?

3 ���^̂̂���óóó

�`ºWÕb°ÌÙ�}ÿ.�Ý.ï��, �ÆÎ
Ý@~X¡,

�Ë�z½�^�óÝ�L�:¼�^�óÝÃF¬����¬�Ä#
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², 9Î&Æ{�ó.�-bÝÞC�
&Æá¼, øÍè �Ý-ô, �×�ÎóC�»A, �×Ó��ã,

�Ý�Ó¾EØÈÞÝ:°, ó4��bÁæQW�QW��QW�Á

�QW, C^����ãy&Æ×'´Yy�§óCÝ®Þ, .h�Þ

ÁæQWÚ
5, QWÚ
4, �QWÚ
3, õhv.�ôµÎÞÌ?Ý

��óÂ;�êA��b5R¦�2ç¦C3 ¦, Ng�^ã×¦, ã�

¡w/, =ã10g, �:�ã�¿ÍR¦�J�ÞR¦Ú
1, ç¦C 

¦/Ú
0�Ç¸æ�øÍè �Ý-ôµ�ÎóC, .ËËêÝ, &Æ

)��º�Ê¸ÝØ×óÂÐó�¾Xøá, 3ó.�&Æ×'ð�Ê

&P&øÝÐó��'�^óã×À�, vãÍ¥�, J�ãøÍè 


  (0,∞)�uÀ�N��¥�Ý�}
a-, JÞÀ�Ý¥�u, ET

�X = au, �ÿÍ�}�
ãy|î9°æ., ���^̂̂���óóó(random variable)ÝÃF-�Q2®ß

Ý�AGX�, 3��Ý^£¡�, ãyXb¯�Ý/), ;ðãWt�,

Ç�âøÍè ÝXb�/), .hXÛ�^�ó, �ÄµÎ×Í�L3

øÍè îÝ@óÂÐó�u|X�×�^�ó, JhÐóÝ�L½
ø

Íè , ET½
@ó/)R�3´{�Ý^£¡�, ¯�Ý/)��ÿ

Îãt�ï, J�^�ó-mÜ²Ýf�, ���¢�?Z*(2011b)×

Z�9ìt&©½Î�, ÍJ&ÆKG�Ê��Ý�µ�3!×øÍè

 , ��L�P§9Í�^�ó�S
�^�ó, ��ÎÃyóÂ;, ô

��©ÎöÜó.ÝêÝ�
��ý, �^�óµÎ×ÍÐó�ÉQAhÞ�P#{¡, £
¢º

¯�KßÿBÄ9O¡, �ây�Q/;, Ý�Í�L?

´�, |?&ÆEÐó, ð|f , g, h, T�¶ÝF , G, H�ú(; Ðó

Ý�ó, J|x, y, z��î�»A, &Æð1��×Ðóf(x)�Ç¸b`

.D¡ÝÐó´9, f , g, h�Ðr�ÈàÝ, ã(
a(x), b(x)�, T¢

Ã�6CÒ, |ξ(x), η(x)�¼�îù��¬E�^�ó, &Æ??(�


X, Y , Z��ê|?ÝÐó, �óðÎ!3×RÝ, Af(x) , g(y)��¬

�^�ó, 4��ÎÐó, Í�óQ�ð�Ðó×R�¨�»A, &Æº
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¶f(x) = 3, Tg(y) > 5���E�^�ó, Q¶WX = 3, TY > 5��L

b
ï, tÝ3×���L`, 1�^�ó
×@óÂÐó, �¡&Æ¿

{�Ì¸
Ðó, =(ÌKâb“�ó”�.h´�|¯ß�|?X.ÝÐ

ó, =�3×R�
�:×Íæ.�øÍè ð|�6CÒΩ�î��^�ó�LyΩ, �

yΩ�Ý-ôA¢�¨, JÎ�^Ý, µ×^£Ðó¼à���ó.�Ý

�µ8f,&Æ1�f(x) = 3,Í�x
@ó,µÎ0�Xb��f(x) = 3Ý

@óx, ^b£×@óº´|T´�|�¨�¬E�^�óX, &Æ´K

1�X = 3�XA�ÎãΩÌ�R, Î�|b×��X(ω) = 3��/

){ω|X(ω) = 3, Í�ω ∈ Ω}(h/)ð�¶
{X = 3})�¬&Æ;ð�
ºµhÆ�, �º�O�Ah/)�^£��#�¡¼BÄ×j;C, &

Æð¯��X = 3ÝÄ�, �à#��¯�{X = 3}Ý^£�ð­�1, 4

Q�^�óÍ�Î×Ðó, ¬ð¨b«^£bnÝÐó �¸, ¼ì��

^�óÝ�
�£° �ÐóÝP², µf´#�&Æ|?XÂÕÝÐ

ó�.h£° �ÝÐó, -2à×�&Æ!�ÝÐó�Ðr, Af , g, h,

CF , G, H��9ô�|�Õ
%�3�^�ó9×$ð, &Æ�2Yà

ÝÐóÐr�
ÏëÍæ.Î, AGX�, b`¯�Ý/)ãÿ´�, ¸ÿ¬&N×

ãΩÌ�RÝÐó, /�	��^�ó�9F-CW�^�óÝ�L�Î

£��|§�Ý�
h², �^�óÝÃF, b`��ÎÞã2ý0�&Æ¼:¨�{�

ó.��è��, ÎA¢+Û�^�ó�3^£Ù�II�¶½:

ßþ�X#ÇÝ��(variables)ððÌb�^¨é, fAä

ØËß�Hng, äÎØÝgó; 7VY�ng, �¨Ñ«Ýg

ó; · · ·���9°Ìb�^P(�@�P)Ý��µÌ®�^�

�(ô§�^�ó)�· · ·¬�^�ó�mà^£è îÝÐó
¼�}�L�

´�, ú��mà^£è îÝÐó, ¼�}�L�^�ó, hý°-b

®Þ�3î×;&Æ�¼�, ^£è �bëÃÍ��, ¬�^�óG�
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LyÍ�ÝøÍè , .h�!Ú
^£è îÝÐó�v©1�m�}

�L, QÎ1�A¢�L��XÜÝ»�, /
�^¨éÌ?Ý��æÍ

-�ÎóÂ, Î�M�óÂ;Î�^�óÃF®ßÝx.�¨², b>I

h��¨ì�ý°:

&ÆðÞ��Ý��«�óÂ, Ì
�^���· · ·��Ý
���|à×Í��¼�î`, &ÆÌ9Í��
�^���

G«×­�?, ¡«×­µ^£��	, :¯.ß|
�^�óGjE�

�Ý��
óÂ, h­@b���z�9ì
¨×>Ih�Ýý°:

�^�î��Ý��ïá, ��ó�îNg��ºb�!

Ý�;�

“��Ý��ïá”, �“Ng��ºb�!Ý�;”, �áÍ b¢-²?


¢×(�
�^, ×(�
�ó? .ßT�æbÄ�!áÝ�óÃF,

A*�î9øÝ1�, :¯.ßE“�ó”×ÞÝ�L?�ZÉ�
Í@3�9�^���, &Æ\µ2â2¸à�^�óÝÃFÝ�

»A, 7V×2Ñ{�Ëg, �X�Fóõ; 7V×2ÑY�20g, �Y�

XÿÑ«ó��EyG�X, �|�Wæ�Ì?Õ(u, v), Í�u, v&


1, · · · , 6�ÝØó, �»ð�X = u + v�¬ô��W×��XÌ?ÕÝ

��µÎX�ê4�^�óð|�¶ÝzZCÒ�î, ¬ÍÌ?ÂJ|

ETÝ�¶CÒ�î�b`º1“�^�óXãÂx”, T1“OX = x�^

£”�
)|Ω�øÍè �A�ΩÍ¼µÎ@óÝ×Í�/), JEN×Ω�

Ý-ôω, �X(ω) = ω, 
×��QÝ�^�ó�»A, ×��b10ù

üT, 5½¶óC1�10��^2ã×ù, ¬Ì?XÿFó�ãΩ =

{1, 2, · · · , 10}, �X(ω) = ω, -ÿ×�^�ó�¨×Ëý°Î, ���

�^2ã×ùüT, ¬�X�XÿFó�9Ëý°µÎà#S
�^�

ó�Í�A�Y�Ø��ÝR¦ó, �Z�ØlZ¿`Ý.ßßó�, K

Îà#S
�^�ó�»�R¦�Z¿`ï, Í¼/&óC, ¬.&ÆÞ

Ì?Ý��óÂ;, Tï1�ÊóÂîÝ©P, -®ßÝ�^�ó�
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3!×øÍè Ω�, ��LP§9Í�^�ó�Ç¸Ω = {0, 1}©b
ËÍ-ô, E�Þ@óa, b, �X(0) = a, X(1) = b, -ÿ×�^�ó�ð

óôÎ×�^�ó�ÇE×@óc, uEN×Ω�Ýω, �X(ω) = c, JX


×�^�ó�9Ë©ã×ÍÂ��^�ó, ãy¬�ºb�;, b`Ì�


[;Ý�^�ó�
�^�ó�BÎ×Ðó, E×�^�óX, &ÆêS�¨×¥�ÝÐ

ó, Ç555µµµÐÐÐóóó(distribution function), êÌ5¾Ðó, T5gÐó:

F (x) = P (X ≤ x), x ∈ R�
Ù��b`Ì
ááá���555µµµÐÐÐóóó(cumulative distribution function), ¬“á

�”×Þ,Í@9õ�E�^�óX,��×@óx, F (x)Û�×^£Â�ã

y&ÆðE�A{X ≤ x}Ý¯��^£�·¶, X|©½|ÐóF (x)�

h^£Â, �v��2¶
P (X ≤ x), �&P ({X ≤ x})�×°ðºàÕ
Ý�XbnÝ^£Â, K�¢ãF�î�¼�5µÐó��^�ó�n;,

�1Á
Û6�
5µÐóÎ×�L½
@ó/), ET½
  [0, 1]ÝÐó�ã^

£è , �^�ó, �5µÐó, 	©�5µÐó`, Ù��^£è 


¢, ��m�z½�����!Ý^£è , b��ºÿÕ8!Ý5µÐ

ó�9µ	ü4QÎãWa%C�¼, ¬	&ÆM�»h`, ??�ºá

¼9ùü	�Î3£×�Wî���!ÝWa, ô��C�`²P5T·

Ýü¼��Äb`D¡´Þ´Ý®Þ, µ)6.^£è 0�¼�
A�&Æ©D¡^£, b`©6á�^�ó�5µ, 9`^£è ¬

Pnå���^�óÝ“(C”ù�¥�, Ì
X, TY�/��
E×�^�óX, tÝ �5µÐóF , ùb×�Ín;Û6ÝÐ

ó, Ç ^̂̂£££ÛÛÛ���ÐÐÐóóó(probability density function), TÎ ^̂̂£££²²²���ÐÐÐ

óóó(probability mass function), GïÎjE===���lll, ¡ïÎjEÒÒÒ÷÷÷

lll��Ä
Ý�-, ð�5=�TÒ÷, /|^£Û�ÐóÌ��9ì&

Æ�Í�L�
'X
×�^�ó, |F
5µÐó�uX
Ò÷l, Jì�Ðóf , -

Ì
X�^£Û�Ðó:
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f(x) = P (X = x),

Í�xòyØ×Ò÷Ý/)�h/)u|B��, Jf��
∑

x∈B f(x) =

1� uX
=�l, JÍ^£Û�Ðó, Û�L
��ìP�&�Ðóf :

F (x) =
∫ x

−∞
f(t)dt, x ∈ R�

E×�^�óX, &Æð�Õ¯2á¼ÍÂ~b9�, ���TTTÂÂÂ(expect-

ation, TÌexpected value, mean)E(X), µÎð�J¼6�9Ë|×�×

ÝÂ, ¼��×�^�ó��Ý���'X�^£Û�Ðó
f , J

E(X) =





∫∞
−∞ xf(x)dx, =�l,

∑
x xf(x), Ò÷l�

�TÂ9Í(Þ, ô&º�ß�Õb°æW�7V×2ÑÝ{�×g,

�X�Xÿ�Fó�JX�^£Û�Ðó


f(x) =
1
6
, x = 1, 2, · · · , 6�

.h7V{���TÂ
3.5�Fó
Jó, P¡§�7VKÿ�Õ3.5,

§º�TÿÕ3.5÷? X|õ`�����TÂC«îÝâ�, £Î�|

�;Ý��Ä�TÂÎ×�^�ó�“t·”ðóÝ��Â�XÛt·, ¼

ÝÎ0-¿]Ý�TÂt��
�h�ß®ÝÀ�, ��qb-²�bß®¯, À�NÍ¥��VÎ

9K, A¢/�÷? ßÆ??�|×ðóa, ¼��×�^�óX��p

1£×Íat?, 0-X − a)Î�^Ý�¬30-¿](X − a)2��T

ÂE((X − a)2)t�ì, �TÂE(X)-Ît?ÝóC�
3^£¡�, &ÆS
Ý�^�óÝÃF�»A, .ß��A�.Ý

Yê�, N��¥302\, O25�.ßÝÀ�¥, �Î¯N�.ßÝ�¥

b×^£5µ�4Q9øÝÿP´)§, ¬.P°ßé�^�ó���,

&Æ���b×��Â�ãyÌn�9?P², �TÂ½ð�J¼	��

^�ó���Â��TÂ	Î�^�ó5µ�×ÍmT, �^�ó��ã
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ÝÂ, ÷µ3�TÂÝ¼��Í�ùð�J¼	��^�ó���Âï,

$b������óóó(median)C¾¾¾óóó(mode)��
&Æð�¢ÃÙ��&ËX��7£Ø4¯¼, ��W���¿u

�, ��´?�ª´u��£Õ9���7£÷? ��©:ÕW�^£�

�(1���¿��), ô��©:Õ�¿��(1��W�^£�±), Õ

×Õ�Xÿ��TÂ, Î×��ÝX�µA�¾\�����ñ$r, ô

Î�8Õ×ì�Tª´(�£�ì$Ý^£, Cì$�ñrÝª´�)��

TÂ3�X�`, -ð6�¥�Ý���
�¡�TÂÎ9?Ý×Í�^�ó���Â, p¹º�Ò��^�ó,

A¢�?�-~bb9�? 9µÎ���²²²óóó(variance)�ýýýããã---(standard

deviation)Ý���
'b×�^�óX, v'�TÂE(X)D3(�TÂ¬�×�ºD

3)�JX�E(X)�Ò-
X − E(X)�hÂbÑb�, ¬�TÂE(X −
E(X)) = E(X) − E(X) = 0�Ò-��TÂ
0, ù
�TÂ�×P

²�¬&Æ??ÎEÒ-��EÂ´�·¶�hÑA ²h`, b`��

b`�¼, À��ÿ�21¿íú�RT�
Ò-��EÂ|X − E(X)|)
×�^�ó, A¢É�Í��÷? ã�

TÂ
×ð°�ôµÎOÒ-�EÂÝ“¿í”�¬bn�EÂÐó�O

õT�5, ??b°jì�EyE(|X − E(X)|), 6D¡¢`X ≥ E(X),

¢`X < E(X), 9°��P��ÿ?��.h;ðÝ®°, Û�ÊÒ-

¿]��TÂ�&Æ-Þ�²ó�L


Var(X) = E((X − E(X))2)�

ãyÎ¿]Ý�TÂ, 	ÎûÒÝ¿]�.huÞ�²ó�¿], µ	¸

Í/ÕûÒ, ýýýããã----®ßÝ�
A!�TÂ, ýã-×Þ��ùº�ß�ÕZÉ�ã(“ýã”, ¬�

�î�^�ób´�Ý^£(A�y1/2), ��TÂ�-û�øÄ1Íýã

-��b>Ihî�¨9øÝ0��&Æ�×D»Aì:

'b×�^�óX, ��
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P (X = 0) = 0.1, P (X = 2) = P (X = −2) = 0.45�

Ç©ã−2, 0, 2�3ÍÂ�J

E(X) = 0,

Var(X) = E(X2) = 0.1 · 02 + 0.45 · 22 + 0.45 · (−2)2 = 3.6�

.hX�ýã-=
√

3.6 .= 1.8972 < 2�¬b0.9(= P (X = 2) + P (X =

−2) = 0.45 + 0.45)�^£, XãÂ��TÂ0�-ûøÄýã-�
�ó.�!, 3Ù��.&0-ÝD3, &Æ¬��Oy5�yÝÞ

ã�|£�×Y��¨Ñ«�^£p
»�t&hY�Ë«/
Ñ«T/


D«(Çp = 0T1 ), ÍJ�¡7V�9g, /p|£��Ñ@ÝpÂ�.

hEy£�, &Æ©��O0-3�#åÝP���90-Í@ôÎ�^

Ý, Æ&Æ��Ê“¿íP”(Çã�TÂ)Ý0-���ð1, 4��ù�

Gz�¬�GÕ9Î9G? ýã-Ý��, µÎE0-���, èº×¢

�Â�A�1�TÂÎà�×�^�ó5µÝ“/��”, ýã--Îà�

5µE�/����Ò���ýã-��(T��21�²ó��), ��

^�ó�5µ´/�3�TÂ!�; ýã-��, ��^�ó�5µ, 5

÷Ý´��ßÆð1úº, úµbF	Î�TÂ, ºJ	Îýã-�úô

&�H?(�TÂ��), ¬ãyb�²Ýn;, ¸ÿb`?ººsß�
�'Ëà.ß¢�?�, Nà&b3ß�¿íWº/
605, ¬Ï×à

�Wº
61, 60, 59; ÏÞà�Wº
90, 60, 30�Ï×à.ßÝ���#

�, �ÏÞà.ßÝ��Jb��-²��:��ã¿íWº, ¬P°Ý

�Ëà.ß��-²��µ�EyóA, �á¼¿í(T�TÂ), ðÎ�

ÈÝ�»A,  N`, ��©1¿íú�RT; �¼áô, ��©:Õ¿í

iáöh42�, Ð)ýã, .1��b`80�Hy, b`10�H¼, ¯ßq

Í�öì��.hEy�^�ó, tÝ�TÂ, &Æ$6��ýã-�b

Ý�TÂCýã-, E×�^�óÝ�T, C÷µP�, �b×´züÝ

ÃF�
A!Ðó�|b9Í�ó, &Æô�|b999îîî(T19�ó, 9��)���

^̂̂���óóó�ÐÐÐ)))555µµµÐÐÐóóó,CÐÐÐ)))^̂̂£££ÛÛÛ���ÐÐÐóóó, ôµET®ß�»A, Þ
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�^�óX, Y�Ð)5µÐóÝ�L


F (x, y) = P (X ≤ x, Y ≤ y), x, y ∈ R�

Ù�5���[/£], ��9£]b�©×Í�ó, 9�óÝD¡, 


Ù�.�¥�ÝÞC�h�©ÎE�^�ó�×�MÝ+Û, .h�9½

��&Æ©�¿ÍÃF�
'Þ�^�óX, Y , |f(x, y)
Ð)^£Û�Ðó, X, Y�^£Û�

ÐóJ5½
fX(x)CfY (y)���u

f(x, y) = fX(x)fY (y), x, y ∈ R,

JÌX�Y888!!!}}}ñññ(mutually independent), T©��21}}}ñññ�
Þ�^�ó}ñ, �á¼Í��×ÝÂ, E¨×�óÝ5µ, ^bÅ

(�3Ø°�µ, b��×�^�ó
¨×�^�ó�Ðó, Ëï�1n

;Á�Û6, ¬Q8!}ñ��^�óÝ}ñ, bÍ©�Ý�L, �¿ð

X1Ý}ñ�x, â��!�
!§&Æô�|�LnÍ�^�ó�}ñ�¨², Þ�^�óu�}

ñ, A¢¼�îËï�n;, T1!8�;��µ, ôÎÙ��ðD¡Ý

ÞC�
'|F , G5½�Þ�^�óXCY�5µÐó�X�Y555µµµ888!!!, �

EN×@óx, F (x) = G(x)�ô�1X�Yb�!Ý5µ�¬5µ8!,

��^�ó8!Î���×øÝ, Ç¸Þ^Q�!Ý�^�ó, K�

b8!Ý5µÐó�Ü»Aì�7V×2ÑÝ{�, ¬Ì?XÿFó,

JøÍè Ω1 = {1, 2, 3, 4, 5, 6}�Eω ∈ Ω1, �X(ω) = 1, uω
�ó;

X(ω) = 0, uω
�ó�Íg7V×2ÑÝY�, ¬Ì?ºÿ£×«, Jø

Íè Ω2 = {Ñ«,D«}��Y (Ñ«) = 1, Y (D«) = 0�X, Y
Þ8²

Ý�^�ó(�L½-�!), ¬X, Y5µ8!�
nÍ�^�óX1, · · · , Xn, u8!}ñ, vb�!Ý5µ(independent

and identically distributed, �Ìiid), -Ìh
×à��� ^̂̂øøøÍÍÍ(random

sample)�3Ù�5��ðº#Ç�^øÍ, �9Ù�Ý§¡KÃy�^

øÍ�
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4 °°°ÄÄÄæææ������

3^ðßþ�, b�9&Æ#ÇÝ�^¨é, ??ªbËË��Ý�

��ÉA1ßvTß�, ��C}T�C}, 7V×{�ÎÍÿÕFó3,

óÓÎÍº7�Ø©�Îóß��î�9×6, K��;
W�C´?Ë

Ë���Ç3Þ���, ¼�×
W�, ¨×��JÌ
´?�©bËË

��Ý��, �1Îº�ß�·¶�t��Ý�^¨éÝ�fh?��

Ý, -Î[;Ý�µ, ©b×Ë���
×��u©bËË��Ý��, -Ì
°°°ÄÄÄæææ������(Bernoulli trial)�

¥�v}ñ2Ì?h��, Çÿ×ó��°Äæ���
E×°Äæ��, �øÍè Ω ={W�,´?}, ê'P ({W�}) = p,

P ({´?}) = 1− p, Í�0 ≤ p ≤ 1�3Ωî�L�^�óX, �X(W�) =

1, X(´?) = 0�h
×Gã0, 1ÞÂ�Ò÷lÝ�^�ó, P (X =

1) = p, P (X = 0) = 1 − p�&ÆÌXb¢óp�°°°ÄÄÄæææ555µµµ(Bernoulli

distribution), |Ber(p)���
E×ó�nÍ}ñÝ°Äæ��, &ÆðEÀW�ób·¶, ��nT

~b£¿gW���'NgW�^£/
p, ê|Sn�ÀW�ó�J

Sn = X1 + X2 + · · ·+ Xn,

Í�AG, uÏigW�, JXi = 1, ÍJXi = 0, i = 1, · · · , n�X1, · · · , Xn

Ç
iidÝ�^�ó, |Ber(p)
�!5µ�
¿à4�à)Ý*», �ÿ

P (Sn = i) =
(

n

i

)
pi(1− p)n−i, i = 0, 1, · · · , n,(1)

Í� (
n

i

)
=

n!
i!(n− i)!

,(2)

�i! = i(i − 1) · · · 3 · 2 · 1, i ≥ 1, v�0! = 1�
(
n
i

)
-ÎXÛÞÞÞ444PPP;;;

óóó(binomial coefficient)�SnÌ
b¢ónCp�ÞÞÞ444555µµµ(binomial distri-

bution), |B(n, p)��, Í�n
×ÑJó, 0 ≤ p ≤ 1�	QBer(p)Ç
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B(1, p)�B(n, p)ù
Ò÷lÝ5µ�ãÞÞÞ444PPP���§§§(binomial theo-

rem)��J
n∑

i=0

P (Sn = i) =
n∑

i=0

(
n

i

)
pi(1− p)n−i = (p + 1− p)n = 1�

Æ(1)PÝ@�L�×Ò÷lÝ5µ�ê�O��TÂE(Sn) = np, C�

²óVar(Sn) = np(1− p)�
�¥�ÝÎ, n, p6ü�, vng°Äæ��6
iid, ÍJÍÀW�ó,

-��ÿÎÞ45µÝ�9ì�×»�

»»»1.�'×��b100Í¦, Í�b40Íç¦, 60ÍÍ�Ý�Ý¦�µ��

^2ã(ÇNgã¦`, ��N×¦/b8!Ý^£�ã�)Þ¦, Ngã

�¡�w/, �X��ã�Ýç¦ó�9ì¼:X¬PÞ45µ�
�Yi = 1, uÏigã�ç¦, ÍJYi = 0, i = 1, 2��QY1bBer(0.4)

5µ�ÍguY1 = 0, ÇÏ1gÎã�ç¦, JÏ2gb40/99�^£ã

�ç¦; uY1 = 1, ÇÏ1gã�ç¦, JÏ2gb39/99�^£ã�ç

¦�.Y2 = 1�^£�Y1�Âbn, ÆY1�Y2�}ñ�ãîD¡¬ÿ

P (Y2 = 1) =
60
100

· 40
99

+
40
100

· 39
99

= 0.4�

ÇY2ùbBer(0.4)5µ�.

P (X = 0) =
60
100

· 59
99
6= 0.36 =

(
2
0

)
0.40 · 0.62,

Æ(1)P�Wñ, .hX¬PÞ45µ�
!ñ×è, u¥�G���, ÇNg�^2ã×¦, ã�¡/�w

/, vv«2�L��^�ó, Y1, · · · , Y100�J�J�4Y1, · · · , Y100¬�

}ñ, ¬5µ/
Ber(0.4)�h�1�3cýþ��, �¡h'5�, ¬

�Å(�'^£�	Qu�µ;
Ngã�¡w/, JEN×n ≥ 1,

Y1, · · · , Yn(h`n��y100)-
iid, |Ber(0.4)
�!5µ�

î»
×°Äæ���, &g���}ñ�»�ßþ�F�9Ëã�

¡�w/Ý�(�9ì¼:, ÀW�óu�ÌÞ45µ, ºb%�5µ?
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�Ê×�Ý�µ��'��bNÍ¦, Í�bDÍç¦, N −DÍ&ç

¦, ���µ��^2ã�nÍ¦, Ngã�¡�w/, �X�À�ãÿ�

ç¦ó�J

P (X = k) =

(
D
k

)(
N−D
n−k

)
(
N
n

) , max{0, n−N + D} ≤ k ≤ min{n,D},(3)

Í�min, max5½�´�C´�ï�&Æ1�k�P�Ýã¼�.©

ãnÍ¦, vç¦ó�©bDÍ, X|k��øÄnCD, Çk ≤ min{n,D}�
êã��&ç¦ÝÍón − k, 	Q��øÄ�I�&ç¦óN − D,

�k ≥ 0ê�Wñ, .hk ≥ max{0, n−N + D}�
(3)P-�L�×ð�Ýøøø¿¿¿¢¢¢555µµµ(hypergeometric distribution),

|H(N, D, n)���h5µ3bn`̀̀²²²ÑÑÑ×××(quality control)Ý"D�ð

�¨�EXbH(N, D, n)5µ, �J�(�?Z*(2003b)pp.251-252)

E(X) =
nD

N
, Var(X) =

nD(N −D)(N − n)
N2(N − 1) �

&Æ�×ø¿¢5µ�»Aì�

»»»2.'bN = 200Íë�, Í�bD = 4Í��`(��£
2%)��^2

ã3ÍøÍ, Ngã�¡�w/, JøÍ����`óXbH(200, 4, 3)5

µ�.h

P (X = 0) =

(
4
0

)(
200−4
3−0

)
(
200
3

) =
1,235,780
1,313,400

.= 0.9409,

P (X = 1) =

(
4
1

)(
200−4
3−1

)
(
200
3

) =
4 · 19,110
1,313,400

.= 0.0582�

!§�O�

P (X = 2) .= 0.000895,

P (X = 3) .= 3.046 · 10−6,

hÞ^£Â�1&ð2��
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»2��×Ë���øøøÍÍÍ¯̄̄����;ð&Æ�X���ä�øÍ, �øÍ§

ºÂÿ¥Ú? ��KWÄ“�¢lß”ÝÎÆÏ�3;»�Ýç�Þ: {ï

���ð,ðßb���!(Hï,�lß,ß×��Ò_“�¢lß”��

��Ò_“Ì��lß”, ��u�bd�, ßê_“�¢lß”, ÍÒ$�

�uô�d�, ×ßê×�_“�¢lß”�ÍÒô, 7�Æ����G|

�¢�¯, �Ò�*ô, �ëß¶�, J�Ò��*ô�
��ÎJ�Ý��, ;»�Bµ, |�Ý¯�CÍÒE�Ý*�, ¬#

=ëÍß×åÍÒ�lß, ÍÒE�Ý*T-�¬Ý�
A�Ø2¥�ÌÍß®�Øë���£G2%�b×/¯óÝ×

»b200Í, ¬ã�ëÍ¸à�uÍ�ûÝ×Í$� å, .^£V


0.0582�uûÝËÍ,��-�02¥[0Ý,.^£�V
0.000895�
uëÍ/û, �Ã-�8*��£�2%��, .^£GVy05�3�b

°¯�&Ææ�Ý-áÎ�Hºsß, ��$Õ×g©ÎÆÿº��

?�$ÕÏÞg`, T�-��ÆÿMMÝ�u�9$Õ��Þg, -�

��Æÿ��bß¢~, ��9�¯sßÝ��PÍ@�Î£�±��ø

ÍµÎ39vsß^£�±��µ�, �¨ÍÅ(æ, �áb`Î�|�

Ã�Ý�
ø¿¢5µ3�Ó�`ùðº�¨�»A, �á¼Ø©�ÎóßAX

�ÿ�Y¹£�'bNÍóÓ, Í�bDÍY¹A, N −DÍ�Y¹, �^

2ãnÍóÓ/�®à��X�À�Y¹A�ßó�uNgã�¡w/,

JXbÞ45µ�©ÎÀ��¥�®!×Íß, .h;ðÎã�¡�w/

Ý�µ, JX-bø¿¢5µ�
àÌî, uã�ÝøÍón, �ÀßóN8f��, J4ã�¡�w

/, X�5µT�«yÞ45µ�3ÙDW(2010)×Z, ½“J�”	N →
∞`,

(
D
k

)(
N−D
n−k

)
(
N
n

) →
(

n

k

)(
D

N

)k (
1− D

N

)n−k

,(4)

¬1h
“ø¿¢5g�Á§ÎÞ45gÝ¯@”�(4)P��
B(n,D/N)

5µ�^£Û�Ðó, hÞ45µÇ
�Z®ï��¾Ýø¿¢5µ�Á
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§���©�ÌÑ@Á§ÃFÝ\ï, T�:�(4)Pb0�
ÉQ¯N��∞, Á§§��bN? hÙÝÁ§§¡�, �1ÎtÃ

ÍÝý0�3ÙDW(2010)×Z, ×��-ÜÝ¿ÍãøÝ»�, |1�

ø¿¢5µA¢®ß�ÉQÙ�yãø, N�QÎb§, �º��∞�µ
Õ�§ºãø, ©öµó.D¡, N → ∞`, Duî¹b§, JD/N → 0,

v1 − D/N → 1�Aht&k = 0, ÍJ(4)P��Þ��0�9ÎEÝ,

Duü�, 	N → ∞`, XãÝnÍøÍ�, º�Kb1Í��£DÍÝ^

£, Þ��0�ôµÎºb0Í��£DÍÝ^£��1�
A¢ÑÑ(4)P? )öµó.��, 'N → ∞`, Dô��¦�,

vD/N → p�J�J�
(
D
k

)(
N−D
n−k

)
(
N
n

) →
(

n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n�(5)

µ@�î¼1, �ºbN → ∞��µ�¬A�n/N��, ÇãÝøÍó,

�Ò�ó8f��(�Ó�Tl�`, hf�ðº��), J(4)P¼��Ë

�Þ^£Â�-²-���9Î|Þ45µ�
ø¿¢5µ��«Ýâ

�, �&AÙDW(2010)X��Á§���^£ÝÃFÍ��|ßé, u

ê�CÁ§, ?��D£|E�
ø¿¢5µÙ�yhø, vÎ×Ë��������� ^̂̂hhhøøø(simple random

sampling)��b>Ih1:

	ÒN��N×-ô�h�Ý^ºí�`, �ÒN���

^hãXmøÍÝ]°, Ì
���^hø°�

9ì
¨×1°:

'Ò�Íó
N , ��hãnÍøÍ, JN×Í��hÕÝ

^£KÎn/N , hËhø°Ì
���^hø°�

hÞý°Ûv«, ©Î/�Ñ@�
Ñ@Ý�LÎ, �'k�bNÍ-ôÝÒ��, hãnÍøÍ, uÒ�

£
(
N
n

)
ÍbnÍ-ôÝ�/), /b8!Ý^£�ã�, Jh°Ì
���������
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^̂̂hhhøøø°°°, ÿÕÝøÍÇ
���������^̂̂øøøÍÍÍ�h�L0lÒ���N×-

ô, �ã�Ý^£/8!, Çn/N�D�, Ç¸��G�Þ�Í�Ýf�,

ô�×������^hø°Ý�L�&Æ�×D»Aì�
�'Ò��ba, b, c, d°Í-ô, �hãËÍøÍ�ÇN = 4, n =

2�¨&|1/2Ý^£ã{a, b}, C{c, d}��QÒ��Ý°Í-ô, N×

�ã�Ý^£/
2/4 = 1/2, X|9Ëã°, Ð)G�Þ�ÍîÝ�

O�¬{a, c}, {a, d}, {b, c}, {b, d}�, /�º�ã�, Æh&���^h

ø��:�hhø°Î�qÝ, b°Íà)Ä�º®ß�Æ�hø`, 	

Q��b9Ë�-, ÍJÞP°¾Õ×fáKÝêÝ�
\ï|�, &ÆX�Ý�LÎ´úÝ, Ä6Ò��IbnÍ-ô��/

), N×/b8!Ý^£1/
(
N
n

)
�ã��	hf�Wñ`, Á|.0�, Ò

��Ý�×-ô, #���bkÍ-ôÝ�/), k = 1, 2, · · · , n, ô/b8

!Ý^£�ã��êuXXã, Ng©�^ã×øÍ, ã�¡�w/, ¹

�ãnÍøÍ, JXÿÇ
×à���^øÍ�
;ð���^hø°Î¼ã�¡�w/�uÎã�¡w/, D�ÿ©

½ú��
Þ45µ	n´�`, �Õî-b°æp�»A, u}ñ27V×Y

�100g, NgW�Ý^£'
1/2, JÀ��Ñ«óX, -bB(100, 1/2)5

µ�ãhÿX = 30�^£


P (X = 30) =
(

100
30

)(
1
2

)100

,

(
100
30

)
�QÎ�H?�ÕÝ�
�Xhæp, ½s"��³Á§�§, &Æ

º�Ï6;���
¨², ã°Äæ��, 3�!Ý�(ì, �ÿ?¿Í^£�¥�Ý5µ,

�¢�?Z*(2003a)×h“Y���”, h��9D¡�

5 ���óóó°°°JJJ

©�UF^£Ù�Ýß, KWÄ���óóó°°°JJJ(law of large numbers)��
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ó°J~bÎ%�? D¡�ó°J, P��¹Ý, º�CÁ§��UÁ§,

Û
á´{�ó.ÝÏ×M, 9ÿ:×���5Ýh�9ì&Æ©¯�+

Û�
��×@ó�{an, n ≥ 1}, 	n → ∞`, an��ÿº���Ø×�

Â�»A, ubn = (−1)n, n ≥ 1, Jhó�
-1, 1, -1, 1, · · ·, �¡n9�,

ó�KÎ-1, 1øý½
�, �º#��×�Â; ucn = n, n ≥ 1, J	n�

¼��, cnÞPc¼2¦��hÞó�/Ì
sss÷÷÷�¬uãan = (1/2)n,

n ≥ 1, J�½n�¦�, anÞ��#�0�&Æ|

n →∞`, an → 0

��, ô�¶W

lim
n→∞ an = 0�

Eyn →∞`, an → a, Í�a
×@ó, Î1	n�\2¦�, an��

�#�a�h�an�a�-û|an − a|������§øÎ���? 0.01Õ

�[? �Î0.0001�Õ�? µ��×-û, |ε��, Ç�O|an − a|6�y
�¼�Ýε�¬¢`|an − a| < ε? �^�OEN×n ≥ 1, |an − a| < εK�

Wñ, �Î1n��`, |an − a| < ε�6Wñ�¬n§ø�Õ��? A��

Ø×4n0��, |an − a| < ε/Wñ, �V-©?��Ý�yÎ®ßÝì�

Á§Ý�L: �'b@ó�{an, n ≥ 1}, C@óa,

uN×ε > 0, D3×n0 ≥ 1, ¸ÿ|an − a| < ε, 	n ≥ n0,

JÌn →∞`, an → a, | lim
n→∞ an = a���

î��L¬&��5×��s"-bÝ, �ÎBÄ×y9O, ó.�

�|h]P¼�LÁ§��áó.î×ÍÃF, ðÎBÄ��Ý��, �

�|����Û�×�, vhéÝ]PÓ¨�¡¼Ý.êï, �Qÿ�×

F�G, ��r@hÃF�/��
ý�ó°JG, ��ÿ�Ñ(�ºººóóó°°°JJJ, 4QzZ(
law of truly

large numbers, ¬Í@��ó°J¬�H8��3×�Ñ!Ý^£¡h
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�, ¬�ºèÕh°J�¸x�Î�¨3;7PÝZa�, b`ô�Ì


law of large numbers�&Æ@3�wÌ¸
ËËË���óóó°°°JJJ, ©?â�2

Ì¸
ºó°J�3Diaconis and Mosteller(1989)×Z�, Eh°J��

Aì�L:

With a large enough sample, any outrageous thing is likely

to happen(	øÍóÈ�, �¢ÑßWöÝ¯, K��sß)�

4����ó°J�²Í¶, ¬ãyK�C�øÍ, b°ß½ÞÞï�3

×R�AShermer(2004, �u�Ë(2004)
Í�Ë)×Z�b9ì×ð:

A principle of probability called the Law of Large Numbers

shows that an event with a low probability of occurrence in

a small number of trials has a high probability of occurrence

in a large number of trials. Events with million-to-one odds

happen 295 times a day in America.

�¬èÕ“Law of Large Numbers”, v1sß^£y05�×ÝM²¯

�, 3Y»NF�sß295g�9ÎÃyY»b2.95�(295y0)Ýß�ê

5-×è, qAY»ßýûã	(U.S.Census Bureau)ç°, �2011O8`

9, Y»ßýøÄ3.12��
Shermer
½(;7I.Ó*Scientific AmericanÝÝû®��î��

£SZa4Qb¶, ¬E^£Ýà�, Q�Èã@, :|SR0��´�,

�XSàÝ�Î�ó°J, �Îºó°J�Íg, �1“3ó�øÍ´K

`, ^£��Ý¯�, 3ó�øÍ´�`, ÍsßÝ^£º�{”(��u

�Ë(2004)), ô�ÑÑ
“sß^£��Ý¯�, uøÍó´K`, ºb9

Ë¯�sßÝ^£�{; uøÍó´�`, ºb9Ë¯�sßÝ^£º�

{”��y�×¯�sßÝ^£, ¬�º���ó�9>�;��¨², t

¡×­�, !;
“3×Íß�îNFsß^£
y05�×ÝM²¯�,

3Y»¿í×F�sß295g”�´ª	�
×¯�sßÝ^£p4Q��, u¥�Ì?ng, v�'&¯�8!}

ñ, Jng/Îsß�^£(1− p)n, �½n�¦�, Þ�¼�#�0; ��K
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sß×g�^£1− (1− p)nJ@�#�1�9ô�|�Õ, ©�Ì?óÈ

9, �×ÑßWöÝ¯�, Ísß-K�Ä�#�
ºó°J�à¼�Õ¢|ßþî��b»)�ny»)¯��PX�

3, �¢�?Z*(2003a)“öò»)”×a�
�ó°JêÌ���óóó£££, T¿¿¿ííí°°°JJJ(law of averages)�ãyb�ó°

J,¸ÿ3���@@@���PPP(uncertainty)�,&Æ)�ßé×°@@@���PPP(certainty)

��ó°JÎ1, u×��(TÌ?), �¥�v}ñ2
�, JÌ?Â�¿

í, Þ��#��TÝ���f´ÑP×F21, µÎ�^®ßøÍ�¿

í, 	øÍó��, Þb��Ý^£, #�Ò���TÂ�
^£¡\�Ýs", ðEØ¯�ÎÍsßb·¶�Aî;X1, 9Ë

sßT�sß, ËÍ��ÝÌ?, -®ß°Äæ���9Î.�ÿó.

�°°°ÄÄÄæææ(Jacob Bernoulli, 1654-1705), t�"D�ÿ(�3�i¡8O,

1713O, ��É¹�Zú°Äæ(Nicholas Bernoulli, 1687-1759), ���

Ì£Í�1Î^£¡t\Ýh°Ars Conjectandi(æZ
ZÙZ, zZh

(
The Art of Conjecturing)�39Íh�, °ÄæJ�Ý×|�Ý�ú

(Ý�§, Ç°°°ÄÄÄæææ°°°JJJ(Bernoulli law):

}ñv¥�2Ì?×sß^£
p�¯�A, 	Ì?gó�

�∞, ¯�sß�8E�£#�p�^£, Þ��1�

°ÄæX¼Ý“^£��1”Î%��¤?

�n(A)�}ñv¥�2Ì?ng,¯�AXsß�gó�Jn(A)bB(n,

p)5µ�Ç

P (n(A) = k) =
(

n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n�(6)

°Äæ¼�, 	n��`, ¯�Asß�8E�£n(A)/n�p�-û, TÁ

�����¬n(A)��N/Ì?K�¼8!, ±b9Î×�^¨é�b

`n(A) = n, b`n(A) = 0�7V×2ÑY�100g, 100g��¨Ñ«

Ý^£	Q�±, G1/2100, �{Í��¬u×à¥�Æ�h��(N/

7V100ÍY�), ÉA1�Ý2100/, JA�Í��¨×/100Í�ÎÑ
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«, µ�àH�M�A�/ó�9°, ÉA�2110/, µ?�|�¨?¿

/100Í�ÎÑ«Ý�.¿í��¨2110/2100 = 210 = 1, 024(/)�hÇº

ó°J�

ÛÛÛ1.��W2100/7VY�100g,Í@¬&|¯��'|é\ÿa,v1J

Ö�ÿa10�(=216)/�1Fb86,400J, 1O365FVb3.1536·107J�.

h×OV�ÿa3.1536 · 1023/�ê2100 .= 1.2676506 · 1030, Þï8t, ÿ

ÕV�ÿa4.01969 · 106O�Ç�°y90O��ÿa��Mª��b

7V�100ÍÑ«ÝBµ, �?Z*(2003a)p.71, £°Y�	QKÎ©%

Ý�A�Y�
2Ñ, ¯¨3á¼Ý, 3�®��ì, 7V100Í, Î�p

�¨100Í�ÎÑ«�u�ê97V¿/�ÿ, £/ó�9, ÛGø{&Æ

�	�

Ey�^¨éÝËË�Õ, �Q6|^£
µh�°ÄæX1n��

`, n(A)/n�p�-TÁ����, �©�nÈ�, |n(A)/n− p| ≤ ε�^£

T��, Í�ε
�×Ñó��G�^£Ç

∑

|k/n−p|≤ε

P (n(A) = k) =
∑

|k/n−p|≤ε

(
n

k

)
pk(1− p)n−k

�(7)

°Äæ�s2J�n → ∞`, îP��õ��1�¯@î, ¡ß¿àzzz

fff___GGG������PPP(Chebyshev inequality, Pafnuty L. Chebyshev, 1821-1894,


:»½(ó.�), �D|2J�f°Äæ?×�Ý��, �¢�?Z

*(2010a)p.124�¬°ÄæÝæxP, �*)�.â�
°ÄæX¼Ý¯�sß�8E�£, ��î


n(A)
n

=
X1 + · · ·+ Xn

n
=

Sn

n
= Xn, n ≥ 1,(8)

Í�X1, · · · , Xn
iid��^�ó,|Ber(p)
�!5µ,�Sn = X1+ · · ·+
Xn, n ≥ 1, bB(n, p)5µ�°ÄæÇ¼�, iid|Ber(p)
�!5µÝ�

^�óXi, 1 ≤ i ≤ n, 	n → ∞`, øøøÍÍÍ¿¿¿ííí(sample mean)Xn, º�#

�pÝ^£��1, Çº}�ÒpÝ^£��0�
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\ïT�:��ó°J�ºó°J, Û�!ÝËÍ°J��3ç­î

×SZa�, :Õ9ì×ð�:

Bÿ1�¼ø�×f“�ó°J”, �¤Î©���#Ç�

ß, è�T×y�T×û�, Àb×��ß71�ð­�1,

¯´?, ©ÎÍß�ÈSæ, #ÇÝ�ß�È9�Æ�

Í@9Îºó°J, �&�ó°J�E×¯�A, 	Ì?ón��, ºó°

JnTAÎÍsß, �ó°JQÎ1¯�AsßÝÀgón(A), “V”Înp,

Í�p
AsßÝ^£�ô�|9�1, �ó°JÎfºó°J?Þ@Ý

°J�¸¼�	Ì?ón��, ×©�¯�Þ“�V”sß9Kg�.n�

�`, ¯�Asß“V”npg, ÆÇ¸p��, ©�np > 1, J:Õ¯�Asß,

µ��
��9µÎºó°JX¼�Ý¨é�
�ó°J�|Y¹�£E^£Ý�Õ�'b×Y�, �¨Ñ«Ý^

£
p(T×¯�sß�^£
p), ©7V×g, �ÎÑ«µÎD«, P°

�åpÝ�L�¬©�7VóÈ�, Y��¨Ñ«Ý8E�£, µ��

�º#�pÝ�°Äæ�¡Ý^£.�Æ, µ�"D�ó°J�1928O,

:»^£.����!!!(Aleksandr, Y. Khinchin, 1894-1959), J�EiidÝ�

^�ó, ©��TÂD3, �¡5µ
¢, �ó°J-Wñ�ÇE∀n ≥
1, 'X1, · · · , Xn
iid��^�ó, v'E(X1)D3(Ç−∞ < E(X1) <

∞), J	n → ∞`, Xnº^̂̂£££[[[eee(converges in probability)�E(X1),

|Xn
P−−−−−→

n →∞ E(X1)���3h^£[eÝ�LAì:

'b×ó���^�ó{Yn, n ≥ 1}, C×�^�óY , u

lim
n→∞P (|Yn − Y | > ε) = 0,∀ε > 0,(9)

JÌn →∞`, Yn, n ≥ 1, ^£[e�Y , v|Yn
P−−−−−→

n →∞ Y���

(9)PÎ1, E∀ε > 0, 	n → ∞`, |Yn − Y | > ε�^£��0�ù

Ç|Yn − Y | ≤ ε�^£��1�
�!XJ�Ý��, ¡¼�Ì
333���óóó°°°JJJ�¯�ï�ùbúúú���

óóó°°°JJJ, h�¯Ä��, �¢�?Z*(2010a)5.7;�	iidÝ�^ó
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�{Xn, n ≥ 1}, ©ã0, 1ËÍÂ, vP (X1 = 1) = p, JE(X1) = p, 9

`3�ó°Jµ/Õ°ÄæÝÌÍ�3�ó°J¬P°1Jn��`, ø

Í¿í��^�ó��TÂE(X1)“Äº”�#�, 9F�ðóó�Ý[e

��8!�Ey�^¨é, XbÝ1J, KÎ^£PÝ�Ç3�ó°J1

Jn��`, Xn��TÂE(X1)�#�Ý^£���ÇXn�¡�E(X1)-

û9��^£�9�, /�ðÕ, ©�øÍónÈ��
3�ó°J¬^b1, n��`, Xnº�yE(X1)�b°�.ï0|


Ah�>Ih�ôbì�ÒHÝý°:

^£�Ý�TÂµÎÙ������óAÝ¿íÂ�

Ç¸1n��`, |Xn−E(X1)|Ä��, hý°ôÎýÝ�9°/òyþz

�^ÝÃF�Ñ@Ý1°Î, n��`, |Xn − E(X1)|��Ý^£���
Ey�^¨é, &Æ;ð©��^£PÝ1J��.ïT&º|
,

&ÆÝ1J?«Kb°1º, �	ó.�×'Gi^�PÝ1°bJ

��¬:«�H@�, Í@Î?�êÝ1J�©��äÀßù�219¼

ßþ�Ä3Í`, ØÀß1¼ßþ�Ä3Í`Ý^£
0.99, ¯Æÿ£×Ë

ý°´Þã?

3�ó°J�©jEiidÝ�^�ó�Wñ, a¼^£.�, ���!

f�ìÝ3�ó°J, ¸ÍÊàP?Â�
EiidÝ�^�ó, �TÂu�D3, J3�ó°Jµ�ÊàÝ�'Xn,

n ≥ 1, 
iidÝ�^�ó�u|Ber(1/2)
�!5µ, h`%1��Xn�

×ÿa%�, 1 ≤ n ≤ 1, 000��:�tÝn�H�`, Xn�0.5b´�

-û, �¡µ�0.5�#�Ý�Ígu�!5µ
¢ó2.5C1�ÞÞÞ���555

µµµ(Cauchy distribution), |C(2.5, 1)��, Ç^£Û�Ðó


f(x) =
1

π(1 + (x− 2.5)2)
, x ∈ R,

%2��h`Xn�ÿa%�, 1 ≤ n ≤ 1, 000�C(2.5, 1)5µ��TÂ�D

3, %��îXn�M�q��
&Æðº#ÇÕ^£
0�¯���  [0, 1]�^2ã×ÍF, ºã
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%2. C(2.5, 1)5µXn, 1 ≤ n ≤ 1, 000, �ÿa%

�0.3Ý^£
¢? 0, ¯��º��¤õ2/��¯�á¼�¢×F�ã

��^£/
0�A��X�ã��F, JX
×=�lÝ�^�ó�.

hXº�y[0, 1] �×ó�^£/
0�ÑÄ^£CÙ�Ý��, ¸¯Ì

nÃÍÝ^£áI�¬bß×ã�ì, ã�0.729, �®¯^£�Î
0[?

§�QsßÝ?

�á^£
0Ý¯�, ����ºsß, h¨éð¯�.ï�ÕZ
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É�¯@î, ¯��“�ºsß”�“ºsß”, C“×�sß”�, /&Ý

¼Ý1°�Ñ@Ý1°5½Î: ^£
0, ^£
Ñ, C^£
1�bß

ã�0.729, ��¶0.729�ã�Ý^£Í@�y0�A¢«��Õ? h`

�ó°J-��îà��¯��µ�ã, µ�ãÝng, AhÿÕ�^

ó�X1, · · · , Xn, Í�Xi = 1, �Ïigã�0.729; Xi = 0, �ÏigÎã

�0.729, i ≥ 1�Q¡Õ�0.729�¨góÝ8E�£Xn�4QX1 = 1,

¬�X2R, T^bßÆÿºÎ1Ý��½n�¦�, ¯�¼�8*XnÞ

�#�0�¢|&Æ£�“@�”? .3�ó°J×å&Æ, n → ∞`,

Xn
P−−−−−→

n →∞ E(X1) = 0�

ãybî�9væW, b`^£.�, H'|¿¿¿{{{���������(almost

impossible), C¿¿¿{{{@@@���(almost certain), ¼ã�“���������”(�º), C“@@@

���”(Äº)�
3Ù��, �9�ýÝÙ�£�]°, KÃy3�ó°J�½(Ý���

---£££���°°°(method of moment estimator)Ç
×»��ó°JtY¹�£

E^£Ý�Õ, 3Ù�.�àHù���

6 ���³³³ÁÁÁ§§§���§§§

AGX�, ßþ�°Äæ���1������ubnÍ}ñÝ°Ä

æ��, NgW�^£/
p, JÀW�óSn-bB(n, p)5µ�Þ45µ

ôµÎAh�|®ß�3^£¡s"Ý\�, ãy^b"$Ý�Õ�Ì,

.h´0|y��Ý]°, ¼�ÕÞ45µÝ^£Â, -��6�
°ÄæÝ�ó°J¼�, n��`, Sn/n-�9µÎp�Ç©�nÈ�,

Sn/nTb��Ý^£, ©3p!����b°ß.h|
, 	n��`,

Sn-T�#��TÂnp�h�°0l}ñ27V×2ÑY�(p = 1/2)9

g¡, º|
Ñ�DË«óÞ-�9�#��|Så, |
�Dýu2Ñ,

J�'9�¡, &rDá��¨Ýgó, T�l8!�9¬�Ñ@�¯

@î, �'�ó�9, &rDá��¨gó�-², D�ï�º����

¢�?Z*(2005)%2��÷|×ðóó�¼1��ãan = n +
√

n,
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n ≥ 1�4n��`, an/n = 1 + 1/
√

n�#�1, ¬an/n�1&w�n¹¡,

an�n�-
√

n, Q�½n�¦��Pc¼2¦��ãh�§�, n��`,

4Sn/n�l3p!�, ¬SnQ���º��Ònp�
àÌî,E×ü�Ýp,�¡p9�,bA÷QWo,©�nÈ�,Jng�

�¡ÝÀW�óSn���º���¬Sn~b�Õ%�2M? ôµÎ1, �

ÍÝ�Sn�nW�Ý]P? A3FZ.�, |�O¼���GÝûÒ�b

^b%�ð°, ÞSn»ðW�Î£��, ¸OÍ^£Â, �ÿ´b�L?

ESnbB(n, p)5µ, J

P (Sn = k) =
(

n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n�

ãy
(
n
k

)
�b$¶Ýn;, ¸ÿ	n´�`, P (Sn = k)b9�, t&k�

ê�0Tn, ÍJ-�|ßé�&Æ¼:f´��p = 1/2, vn
�ó

Ý�µ�¿à��«$¶ÝªªªÆÆÆ���222PPP(Stirling formula, �¢�?Z

*(2010a)p.128), ÿn →∞`, Sn�y�TÂn/2�^£

P (Sn =
n

2
) =

(
n

n/2

) (
1
2

)n

∼
√

2√
πn

,(10)

Í�Ðr“∼”�n → ∞`, Ë�fÂ��1�.n��`,
√

2/
√

πn�

�, .h(10)P¼�ôÄ����J&Æ�GX1Ý, 7V×2ÑY

�ng(n
�ó), un��`, ÛÁ��|�¨n/2(�ó)gÑ«�¨×]

«, EB(n, 1/2)5µ, Í�n
�ó, �J�Í^£Û�Ðó�Á�Â, s

ß3Sn = n/2��%3��B(20, 1/2)�(^£)ààà]]]%%%(histogram)�XÛ

à]%Ûà�Ò÷l�^�óã&��Â�^£, Í�N×�]f�9

I�F, 
XãÝÂ, «�J
ºã�Â�^£�X|�]f�«�õ


1�%3�î, hà]%3n = 10`t{, ¬?Ë�ìª�
EÞü�ÝJór, s, Í�0 ≤ r ≤ s, �J�	n��`,

P (r ≤ Sn ≤ s) =
s∑

k=r

(
n

k

) (
1
2

)n

,

31



105 15O

0.2

0.15

0.1
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%3. B(20, 0.5)5µà]%

ôÞ���¯@î, )�Ên
�ó, ¿àªÆ�2P, EN×ü�Jók,

�ÿn��`,

P (Sn =
n

2
+ k) ∼

√
2√

πn�
(11)

ãîD¡á, t&3n/2!�b“È9”Ý4, ÍJSna3n/2!�× 

 [n/2 + a, n/2 + b]�^£Þ��, Í�Jóa, b��−n/2 ≤ a ≤ b ≤
n/2�Çn��`,

P (
n

2
+ a ≤ Sn ≤ n

2
+ b) =

b∑

k=a

P (Sn =
n

2
+ k) .= 0�(12)

�vXÛÈ9Ý4, ã(11)P:�, �½n�¦�, Xm4ó, T6�

�
√

n8<f�
�{h, 333YYYÃÃÃ(Abraham de Moivre, 1667-1754)|Ê	Ýan, bnã

�(12)P�Ýa, b�)¿àªÆ�2P, BÄ×jãÁ§ÝÄ�, �ÿÕ£

°^£ÂÝõ, ��î
×Í�5, ¬31733Os�h���9Í�`�

Ýs¨, ôµÎ¡¼���³³³ÁÁÁ§§§���§§§ÝÕl, GøÄ	`�ÝßE^£¡Ý

§�, .h¬ÎSR¥Ú�µ3¿{��ö�`, ZZZûûûZZZúúú(Pierre-Simon,

Marquis de Laplace, 1749-1827), .h���&��=Ý�¼�3Zû

Zú1812O�ÌÝ£S^£ªî�cÝ¡Z�, .Â�YÃp = 1/2Ý

���×�Ýp�¬A!�YÃ, ZûZúÝ�tº½, )ÎSR!`

�ÝßH9¥��àÕ19tS�@¡, �³Á§�§Ý¥�P, ���
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�-I�1901O, ¦¦¦���ûûû£££GGG(Aleksandr M. Lyapunov, 1857-1918), �

�h�§´×�ÝB�, C�ÛÝJ��ãybG�9×ðaª, �³

Á§�§êÌ���YYYÃÃÃ-ZZZûûûZZZúúú���§§§�bn�³Á§�§Ýaª, �¢

�Tijms(2004)p.169�
ESnbB(n, p)5µ, ZûZúÇJ�E@óα ≤ β, n →∞`,

P (np + α
√

np(1− p) ≤ Sn ≤ np + β
√

np(1− p))(13)

→ Φ(β)− Φ(α) =
∫ β

α
φ(u)du,

Í�

Φ(x) =
∫ x

−∞
φ(u)du, x ∈ R,(14)

Φ(∞) =
∫∞
−∞ φ(x)dx = 1, �

φ(x) =
1√
2π

e−x2/2, x ∈ R�(15)

(15)P�L�×ýýýãããðððVVV(|N (0, 1)��)555µµµ�^£Û�Ðó�E

x ∈ R, y = φ(x)�%�EÌyy�, ÎXÛÖÖÖ���`̀̀aaa(bell-shaped curve),

%�ì�x� �«�
1�%4��Í%�, ¥�U�CÁ������

!�%�t{Fsß3x = 0, ÍÂ
φ(0) = 1/
√

2π, V
0.39894�Æu

Ë����ãÝ8!, J%�Þ?Ó¨¿�, -�|:«Ö�Ý�

O
x

φ(x)

-

6

−1−2−3 1 2 3

0.4

%4. N (0, 1)5µ�^£Û�Ðó%�

(13)P�¨×�î°
, Eα ≤ β, n →∞`,

P (α ≤ Sn − np√
np(1− p)

≤ β) → Φ(β)− Φ(α)�(16)
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îP��ÝXÛÞÞÞ444555µµµ���������ðððVVV555µµµ�9ì&Æ¯
1��
´�, ESnbB(n, p)5µ, np, C

√
np(1− p)5½
Sn��TÂCý

ã-�&Æ1Ä, n��`, Snô¿{Î���SnÝ“mT”Înp, �½n�

¦�, hmT�É��G��ÞSn3��TÂnp, JSn − npÝ“mT”-

W
0Ý�hM»bABÄ2ý¿É, Þ�GÝFZ/¼��B;�M�,

���ã1W

√

np(1− p), JSn-��ÎK��CÝÿQ�Î���ß

�Õ�#ÝÎ, (13)P¼�, SnÝà]%, �np�R, αÍýã-�βÍýã

- , £°�]f«�õ, 	n →∞`, ��
y = φ(x)�%�ì�x� ,

+yx = α�x = β Ý«��
A(16)P¼�, E×�^�ó3��TÂ, �t|ýã-, hÄ�-Ì


ÞÍýýýããã;;;�
�^�óubÞ45µ, J��
iid°Äæ�^�ó�õ�ÞÍýã

;¡, º���N (0, 1)5µ�©§°Äæ�^�ó�õ[? Í�5µ÷?

���³³³ÁÁÁ§§§���§§§, -�9�|1Î^£¡�, t¥�Ý×Í�§�h�

§Î1, ubÈ9Ý}ñv!5µ�^�ó�õ, JBýã;¡, 	n��

`, Þ�|N (0, 1)5µ�
�«�'EN×n ≥ 1, X1, · · · , Xn
iidÝ�

^�ó, v'µ = E(X1), Cσ2 = Var(X1)/D3��³Á§�§¼�, E

�Þ@óα < β,

lim
n→∞P

(
α ≤ X1 + · · ·+ Xn − nµ

σ
√

n
≤ β

)
= Φ(β)− Φ(α)�(17)

�Xn = (X1 + · · ·+ Xn)/n, n ≥ 1�J(17)P0l

lim
n→∞P

(
α ≤ Xn − µ

σ/
√

n
≤ β

)
= Φ(β)− Φ(α), α < β�(18)

9Î|øÍ¿í¼�îÝ�³Á§�§�êΦ(x)��

Φ(−x) = 1− Φ(x), x ∈ R�(19)

¿à(17)C(19)P, ÿ(ãβ = c, α = −c)n��`,

P

(∣∣∣∣
X1 + · · ·+ Xn − nµ

σ
√

n

∣∣∣∣ ≤ c

)
.= 2Φ(c)− 1, c ≥ 0,(20)
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ã(20)PÇÿ

P

(
|Xn − µ| ≤ c σ√

n

)
.= 2Φ(c)− 1, c ≥ 0�(21)

îPê0l

P

(
|Xn − µ| > cσ√

n

)
.= 2(1− Φ(c)), c ≥ 0�(22)

�c σ/
√

n = ε, ãîPÿ

P (|Xn − µ| > ε) .= 2(1− Φ(ε
√

n/σ)), ε ≥ 0�(23)

3�ó°J¼�, EN×ε > 0, n��`, P (|Xn − µ| > ε)Þ���¬

~b9�, -^1Ý��³Á§�§-��n��`, P (|Xn − µ| > ε)V


2(1 − Φ(ε
√

n/σ))�v�¡{Xn, n ≥ 1}��!5µ
¢, Kbh��,

9Î�³Á§�§Ý�æX3�.h4QP°1Jn��`, |Xn − µ|�
ºøÄε, ¬©��²óσ2D3, Jh^£P (|Xn − µ| > ε)Ý��, -�

ßé, ÇV2(1 − Φ(ε
√

n/σ))�hÂ�½n���∞���0(.n → ∞`,

Φ(ε
√

n/σ) → 1)�¨²,u(23)PWñ,Çÿn →∞`, P (|Xn−µ| > ε) →
0, 3�ó°J-WñÝ�.hy:�ì, �³Á§�§Î×f3�ó°J

�úÝ�§��ÄGï��'�²óD3, ¡ï�à�3´úÝ�'ì,

Î��ÿÕ´úÝ���
3�³Á§�§�, �¡�^�ó��!5µ
¢, ©m�TÂC�

²ó/D3-Êà�#�¸b?×�ÝlP�}ñPC5µ8!Ý�'

/�w´,�¢�?Z*(2010a)Ï"a�§5.3�ãybh.ÂÝÌÍ,?

�|�Õ¢|�K�^¨é, /�|ðV5µ¼à���AßÝ�¤��

{, CØüÓâ��, 9°�^Ý�, ð�Ú
�9��Ý�^[Tá

�XCW, .h??�àðV5µ¼à��19tS`, vvv©©©èèè(Adolphe

Quetelet, 1796-1874)C{{{ñññ(Francis Galton, 1822-1911), s¨�9ßÎ

�Ý©Ç, Í5µ/Ð)ðV5µ�9Îh5µ�Ì
ðððVVVÝ×Íx.,

ô2âÍ�5µ�ÕðV�ðV5µµÎAh�.â�
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ðV5µêÌ{{{úúú555µµµ(Gaussian distribution)�000---§§§¡¡¡Î{úE

^£¡Ýx�Q¤, ��³Á§�§, �Eh§¡b�?Ý�Õ�ðV5

µ^£Û�ÐóÝ%�,æ�Ì
{{{úúú`̀̀aaa(Gaussian curve),T{{{úúú000---

`̀̀aaa(Gaussian error curve)��Ä�èèè«««ßßß(Karl Pearson, 1857-1936)�

¡, ßÆ��Ìh
ðððVVV`̀̀aaa(normal curve)�¨², “�³Á§�§”Ý

(Ì, JÎ1920O, ã®®®¦¦¦±±±(George Pólya, 1887-1985)XãÝ�`�*

^, �³Á§�§3^£¡�Ý2�, )ÎKñ�¬�
ãy	x → ∞, Φ(x)��1Ý>��", .h1 − Φ(x)C2(1− Φ(x))�

�0Ý>�ù�"�»A, 1 − Φ(4)µ�VÎ3.17 · 10−5Ý��1��×°

�Φ(x)bn��«Â�

�1. ×°nyΦ(x)�Â

x Φ(x) 1− Φ(x) 2Φ(x)− 1 2(1− Φ(x))

1 0.8413447 0.1586553 0.6826895 0.3173105

2 0.9772499 0.0227501 0.9544997 0.0455003

3 0.9986501 0.0013499 0.9973002 0.0026998

4 0.9999683 0.0000317 0.9999367 0.0000633

5 0.9999997 0.0000003 0.9999994 0.0000006

%5��ÍZ×��X1Æ»10y¸î, XwÝ×�ðV5µN (µ, σ2)

�^£Û�ÐóCÍ%�, Í�¢óµ
@ó, σ > 0�

O
x

f(x)

-

6

µµ− σ µ + σ

f(x) = 1√
2πσ

e−(x−µ)2/(2σ2)

%5. N (µ, σ2)5µ�^£Û�ÐóCÍ%�

'XbN (µ, σ2)5µ, Jµ, σ5½
X��TÂCýã-�ðV5µb

Í©P, Ç(X −µ)/σbN (0, 1)5µ�ôµÎBýã;¡, N (µ, σ2)W
ý
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ãðV5µ���¿à(19)P, ÿ

P (|X − µ| ≤ σ ) = P (|X − µ

σ
| ≤ 1) = 2Φ(1)− 1 .= 0.6827,

P (|X − µ| ≤ 2σ) = P (|X − µ

σ
| ≤ 2) = 2Φ(2)− 1 .= 0.9545,

P (|X − µ| ≤ 3σ) = P (|X − µ

σ
| ≤ 3) = 2Φ(3)− 1 .= 0.9973�

ÇXubN (µ, σ2)5µ, Jýã;¡ÝX, a3û�TÂ1,2,3Íýã-/

�^£, 5½V
0.68, 0.95C0.997, �µ, σ2�Â/Pn�9µÎ�.

>Ih�, XÛ68-95-99.7°J(!J)�b°�Ìh
“68-95-99.7B�°

J”, Tµ©Ì“B�°J”�$b®ïJÌh
“ðV5gÝB�°J”(A

ÙDW(2010))�¯@î, Îbß168-95-99.7 rule, Tthree-sigma rule,

Tempirical rule, ¬¬P68-95-99.7 empirical rule�¬vG�ëËÌñ,

íÎ�y×�^£Ù�Ýh��&Ë��ZÙ�.(Þ, CÙ��ÞÎ

�, ôKbó�ï�E�^�óXÌN (µ, σ2)5µ, ºbXÛ68-95-99.7Ý

P², Î�“J�”�(X − µ)/σbN (0, 1)5µ; Q¡“�Õ”��1, ��Î

3%�“B�”�ÿÕÝ�

»»»3.A�bß×å¯,�}ñ27V1Í2ÑÝY�10,000g,ÿÕ5,250Í

Ñ«, ¯8*[?

���.ã�ó°J,¯á¼�VºÿÕ5,000ÍÑ«�¬ã(10)P(n =10,000),

ºª?ÿÕ5,000ÍÑ«Ý^£, GV0.008�.h���O×���¨ª

?5,000ÍÑ«, �8*hY�
2Ñ�¬×Í)§Ý�OÎ, �¨ÝÑ«

ó�35,000“!�”�ÇA�Ò5,000ÄG, º�ß�¶Y��Î2Ñ�?


×M, A�ÿÕÝÑ«óÄ9, ��ºH'8*Y��¨Ñ«Ý^£�

y1/2; A�ÿÕÝÑ«óÄK, ��ºH'8*Y��¨Ñ«Ý^£�

y1/2�
uY�
2Ñ, J�ÿÕ�K5,250ÍÑ«�^£


10,000∑

k=5,250

(
10,000

k

)
(
1
2
)k,
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G«1ÄÝ, .b
(
10,000

k

)
94, t&k�#�10,000, ÍJî�õ�Ý�×

4, K�H?O�, ?��1OÍõÝ�9`�³Á§�§-��îà�

Ý�
EÍ»�7V2ÑY�Ý�µ��Xi = 1, �ÏigÿÑ«, Xi = 0, �

ÏigÿD«, i = 1, 2, · · · ,10,000�JP (Xi = 1) = P (Xi = 0) = 1/2�.

hµ = E(Xi) = 1/2, σ2 = Var(Xi) = 1/4, σ = 1/2�ãhÿ

X1 + · · ·+ Xn − nµ

σ
√

n
=

5,250− 5,000
1/2 · 100

= 5�

¿à�³Á§�§, ¬ã�1, ÿP (X1 + · · ·+ Xn − nµ > 5σ
√

n)�^£V


3 · 10−7(&Æ�ÝÍ@ÎP (X1 + · · · + Xn − nµ ≥ 5σ
√

n), �ÄÞï-

²Áb§)�h^£��È¯&Æú¦�¶hY��2ÑP, &Æ.?Y

�Ñ«�¨Ý^£����y1/2�
ÞµCσ/|1/2�á(20)P, ÿ

P (X1 + · · ·+ Xn ∈ [
n

2
− c

√
n

2
,
n

2
+

c
√

n

2
]) .= 2Φ(c)− 1, c ≥ 0�(24)

¨×]«, ãc = 3, ÿE7V×2ÑÝY�10,000g, �¨ÝÑ«óa

3[4,850, 5,150] (Ò�TÂ5,000�øÄ3Íýã-)�^£, V
0.9973�
h^£;ð-��-
È�Ý�Ç-
XÿÑ«ó, �Hºayh  

²�hÃF&Æì×;º�D¡�
(24)P�î, 	nÈ�`, }ñ27V×2ÑY�ng, XÿÑ«óa3

×|n/2
�T�EÌ  Ý^£uü�, ÉA1/
2Φ(c) − 1, J� 

 ��5c
√

n/2, Þ�½n�¦��¦��¬h�5ut|7Vón, ÿ8

E�5c/(2
√

n), Þ�n�¦���3�E!×^£, �½7Vón�¦�,

XÿÑ«óa3ÝP�º�¼���¬8E7Vó��, Ûa3×�¼�

êÝ  �
�Ê8E  Îb¼§Ý�E7V100g,   �55g, ª7Vó

�5%; 7V1,000,000g,   �5W
500g,   4Q��, ¬�5Q©

ª7Vó�0.05%�8Ey7Vó, ¡ïÛÎ×´Pnl¦Ý�  �

�:×Í»��
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»»»4. Øg��Þê�
óCÞ�50Þ, NÞb4Íó4�Øß�Ì�K^

²h, .h�IKà�Ý�Wºsì¡, ��E21Þ�¯b¢Ý¡?

���. A��^2�, �EÝÞêó, T3�TÂ50 · 1/4 = 12.5!��u�

ÒhóÄG, &Æº�¶ÎÍË�^2��u�EÝÞêÄ9, �î�ß

��¬&���º�A*�ß�E21Þ, 21ÞÈ�È9÷? &Æ¼5�:

:�
�'�^2���Xi = 1, �ÏiÞ�E, Xi = 0, �ÏiÞ�ý, i =

1, · · · , 50�JP (Xi = 1) = 1/4, P (Xi = 0) = 3/4�.hµ = E(Xi) =

1/4, σ2 = Var(Xi) = 3/16, σ =
√

3/4�ãhÿ

X1 + · · ·+ Xn − nµ

σ
√

n
=

21− 50 · 1/4√
3/4 · √50

.= 2.776�

Bã�ÿ1 − Φ(2.776) .= 0.0027�ôµÎu�^2�, Jº���K21Þ

�^£V
0.0027�h^£È�, �|¯&ÆÿÕ�ß���¬&��à

�Ý�.¡�

»3C»49v®Þ, /òÙ�����'''lll���(hypothesis testing)ÝP

��3ó.�&Æð3J��¬3I.îTßþ�, ×�¯ÎÍ
Ë, ð

©bFLÿ�&Æ©�µsß^£���, ¼�.¡��¡Î»3�Ý7

VY�, T»4�Ý���Þ, Ç¸Y�
2Ñ, Î��7V�5,250ÍÑ

«; �Þ�à�Ý, ôb���E21Þ, #�50Þ��Eô&����.


hÞ¯�sß�^£/
Ñ�ãyË8
¢, ðµÎP°¾�, X|2

à“�'”×Þ��ÿÕÝ.¡ÛÎ###åååØ×�', T`̀̀���Ø×�'��

'l��, '��×��.¡Ý���sß^£���, 
�.¡�x�

µA�	^£�Õ�|, uøÍóÈ�, ??�³Á§�§-��îà�,

|�;�Õ�
�9^£Ù�hî1	øÍón ≥ 30, �³Á§�§-Êà�Ç

ubiidÝ�^�óX1, · · · , Xn, vµ = E(X1), σ2 = Var(X1)/D3, J

	n ≥ 30, (X1 + · · · + Xn − nµ)/(σ
√

n), T(Xn − µ)/(σ/
√

n), -/�

|N (0, 1)5µ¼�«�9Ff´�ú, º�Í;t¡�1��uXib
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Ber(p)5µ,hî?1, qABBB���°°°JJJ(a rule of thumb, 9�ËÎB�°

J), ;ð©�npCn(1 − p)/�y5, �³Á§�§-Êà�ùÇ	p =

0.2`, n ≥ 26Ç�; �	p = 0.5`, n?©�KKÝ11|î-��Ëb9�

ß�[? Á§ìÝ��, Q�àH�ÝøÍó, -�Êà?

¯@î, uXi’s�!5µ�^£Û�Ðó, EÌyÍ�TÂ, n??

�àH�, �³Á§�§-�Êà�ÍJnµÿ´�°�|pi�{��

¨iF�^£, i = 1, · · · , 6�yëà�!Ýpi’sì, %6��n = 5, Cn = 10,

X1 + · · · + Xnà]%�3(a)%�, pi’s/
1/6, JÇ¸n = 5, à]%

-�¯ß®ßðV5µÝ“�Æ”, ¬)Óû
Ï�3(b)%�, pi’s
E

Ì(p1 = p6, p2 = p5, p3 = p4), n = 10`, à]%�b°¿âÝ���:

�3(c)%�, Ç¸pi’s´�E, n = 5`, à]%4�º¯ßÐ�ÕðV5

µ, ¬n = 10`, à]%Ç¸)b°û
Ï, ¬��l�º¯ß�ÕðV5

µÝ�9ì&ÆE9Ë|%�¼1��³Á§�§, ¯�1��
n = 5

10 15 20 25 30

0.02

0.04

0.06

0.08

0.1

n = 10

20 30 40 50 60

0.01

0.02

0.03

0.04

0.05

0.06

0.07

(a) p1 = p2 = p3 = p4 = p5 = p6 = 1/6

10 15 20 25 30

0.02

0.04

0.06

0.08

0.1

0.12

20 30 40 50 60

0.02

0.04

0.06

0.08

(b) p1 = 0.1, p2 = 0.15, p3 = 0.25, p4 = 0.25, p5 = 0.15, p6 = 0.1

10 15 20 25 30

0.02

0.04

0.06

0.08

0.1

20 30 40 50 60

0.01

0.02

0.03

0.04

0.05

0.06

(c) p1 = 0.2, p2 = 0.1, p3 = 0, p4 = 0.1, p5 = 0.4, p6 = 0.2

%6. &«�¨^£�!Ý3Í{�, 5½7V5gC10g,
XÿFóõ�à]%

40



&Æ�¼:×ì�.>Ih§�1�3�.�+Û�³Á§�§, �

nGjEÞ45µ, ©Îb°�Õ¬�HÑ@�9ì
×°>Ih�Ýý

°:

3¢óÎ(n, p)ÝÞ45¾�, 	��Ýgón�È�

`, W�góXÝ^£5¾º�«y¿íóµ
np, ýã-

σ

√

np(1− p)ÝðV5¾�
	n�È�`, Þ45gÝ%��«×¿âÝÖ�`a, h

`Þ45g�«yðV5g�
�:�	n = 32�p = 0.5`, Þ45g^£%ÎEÌvÓ

Ö�, #�ðV5g�· · ·¯@î, E��0 < p < 1, ã�³Á

§�§�á: nÈ�`, Xº#�ðV5g�
XnÝ8Egóà]%�8&ð#�Ö��
nÈ�, �^�óp̂ = X/n�«ðV5¾, Í¿íóµ = p,

ýã-σ =
√

p(1− p)/n, · · ·�
	øÍónÈ�`, p̂Ý5µº��y¿íó
p, ýã-



√

p(1− p)/nÝðV5µ�

&Æ)Î×C�;, �AGX�, 5µ�5¾�5gÛ;à�
XÛn�È�, 	Q�ânPc¼2¦��ESnbB(n, p)5µ, &Æ�

1Ä, �¡p
¢, n��`, SnÞ���ôÎ���|^£Ý+�¼1, µ

În → ∞`, Sn^£[e�∞�!§, 3î×;D¡�ó°J`�1Ý,

n → ∞`, Sn/n^£[e�p�.h1, nÈ�`, SnCSn/nº5½�«

£×ðV5µ, K&Ñ@�Íg¼1�%���½n�¦�, B(n, p)5µ

�à]%, Þ��ì�i¿2ý�(��t�{���0), §º�«Ö�

`a(�%7)? �yn��`, Sn/nÝà]%, ÞA9I�F
p��2J

o, {Ñá2(�%8), ô��º¯ßÐ�ÕÖ�`aTðV5µ�ê“�

�”
Á§ìÝ�
�G«XSt¡×J�, øÍónG
“È�”, -#

Õ“º��”, h¬&Á§�Ý1°�
	n¹�¦�, �%î�³Á§�§, K��¯�, ����	Q
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SnbB(n, 0.5)5µ

%7. Sn�à]%, n = 10, 000

0.0079786

SnbB(n, 0.5)5µ

%8. Sn/n�à]%, n = 10, 000

79.786

��B�, EiidÝ�^�ó, �³Á§�§Î1, øÍõX1 + · · · + Xn,

CøÍ¿íXn, K�Býã;¡, �º�«N (0, 1)5µ�¬�Î1X1 +

· · ·+ Xn, CXnb�«ÝN (0, 1)5µ, 9F6©½ú��ny%î�³Á

§�§Ý
×M1�, �¢�?Z*(2011c)×Z�
¯@î,3Feller(1968)p.185�È,ESnbB(n, p)5µ,C0 ≤ a ≤ b,u

|ìP¼�«Sn+ya, bÞJó �^£

P (a ≤ Sn ≤ b) .= Φ

(
b− np√
np(1− p)

)
− Φ

(
a− np√
np(1− p)

)
,

Jn!“Ê	2�”(¥�¬&�O“nÈ�”)�æ.Ûu�Î2(13)T(16)P,

J��a, b, 0 ≤ a ≤ b, 	n��`, P (a ≤ Sn ≤ b)qÍµ��, 9`îP

¬P��(h`��	Qô��)�
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êÄ6×èÝÎ, ãy}³Ý(Ì“�³”, ��CÝ5µ(�
“ð

V”, b°ß½0|
^£Ù��©bðV5µ��áðV5µ4PX�

3, XÛ0Îbð, ¬3@�î, )�¯�¾\ÎÍÊ)à¼	ÿl�L

Íb`��×:µ&ÌðV5µ, ?��D£2à�A2011O7`rI.

`�“Hello KittyÝó.”×Z�, E�/Õ×�`X�óÝgó, ¶½“q

AðV5µÝ50-68-95°J· · ·”, @�áB�ðV5µ�¢�ß? «ù
�

	Q��6B, ¬&��}ñ�^�óõ, 	øÍóÈ9, ©�Býã;

¡, -�|ðV5µ¼�«, �Îb6��Ýf��¨², b>Ih1:

9v£]Ýgó5¾%Ó¨� ´{, v¼�EÌÝÖ�

`, &ÆµÌ9à£]Ó¨ðV5µ�
ùb®ï1(�ÙDW(2010)):

5µ`aKÎÓ¨�×{)Ý¼�EÌ`a, 9Ë`aÌ


ðV`a�
hvý°KÎ00�Õ9¢ÛÖ�? Ç¸ð�5µ�, tðV5µ²,

-b?¿ÍôÌ“�×{)¼�EÌ”Ý^£Û�Ðó%��AÞ�5

µ, t5µ, ZZZûûûZZZúúú555µµµ(Laplace distribution), C111���úúú555µµµ(Logistic

distribution)��%9��C(0, 1)5µ�^£Û�Ðó%�, Gµ�Ï��,

¯�5ï%9�	Ö�[?

O
x

φ(x)

-

6

−1−2−3 1 2 3

0.4
f(x) = 1

π(1+x2)

%9. C(0, 1)5µ�^£Û�Ðó%�

¨b>Ih1:

E×àóAiÍà]%¡, uÞNÍ�fcÐ�F|5a

=#ºb�9Ë�!ÝPø, ¬t¡:ÕÝÎ� {�?¼�

Ë\ìª, �«Ö��
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9øýEðV5µÝÖ�ÛÄ�.â�Ç¸¼�EÌK��ÿÎðV5

µ, ¢µ�9óA=¼�EÌK�Î, 	Q?�ºb%��«Ö��
t¡, G«èÕ�9hî1, 	øÍón ≥ 30, �³Á§�§-Ê

à�¬�³Á§�§±bÎÁ§ìÝ��, �@jTà`, øÍó	Q

Îb§�µÕøÍóøÄ30, ¿à�³Á§�§, |ðV5µ¼�«ý

ã;¡ÝX1 + · · · + Xn, TXn, 63�h�«~b?�?? ð­�1,

0-ÎÍÈ�? �á¯�|���«, ¬0-�����H��§��

0-��, Û�X1, · · · , Xn��!5µ
¢bn�Ü»¼:, �'Xi’s�

�!5µ
Ber(0.02), vn = 100�JX1 + · · · + X100bB(100, 0.02)5

µ��B(100, 0.02)�5µ�|P(2)5µ��?Ý�«�h�P(λ)�¢

óλ�®®®���555µµµ(Poisson distribution), Í^£Û�Ðó


f(k) =
e−λλk

k!
, k = 0, 1, 2, · · · ,

Û×Ò÷lÝ5µ�%10��P(2)5µ�à]%, 9	Q��	ðV5

µ, �§�ýã;K^à�EBer(p)5µ, ©�ª±p, JE?�Ýn, )

b9Ë®��«Ý���9ÎXÛÞÞÞ444555µµµ������®®®���555µµµ, �¢�?Z

*(2010a)5.1;�9v»��K�A1,000Íiid|P(0.001)
�!5µ�

�^�ó, ÍõbP(1)5µ(�¢�?Z*(2010a)ÏÞa�§6.8)�4ø

Íó{¾1,000, ðV�«EhQ�Êà�

x

f(x)

-

6

0 1 2 3 4 5 6

0.1

0.2

0.3

%10. P(2)5µ�^£Û�Ðó%�

44



7 ***äää      

ßÆð3�£��A�é	£�ÇÞrXt±Ýª$�, Å8£��

OBzW�£, .ßJÕá.�Wº�¡, £��
£×l���b°�

µ��Ó, ^£��|£�, ¼:ËÍ´��Ý»��
k£�×Y��¨Ñ«Ý^£p�×Í��Ý]°Î7Vu�g, É

A1ng, vÿÕXÍÑ«, J|Ñ«ó�¨Ý¿í, T18E�£X/n,

¼£�p�
�á¼Ø2 t{Ýß��{, b¢]°? u�ãÿ�2 Xbß�

{Ý£], ñÑ-á¼Ý�©Î��^b9Ë£], ô�pÞXbßK0

¼�?�)b×Í��Ý]°, ¬9/��ÎO¿íÝ, �Î|X�Ä�

2 t{ï��{¼£��©�¯�ÄÝßÈ9, v�lÎ�^�¨, J

h£�°ÞÈã@�
ÎÍ×��9ø£�÷? 	Q��ÿ�EyY�, ¯�|-
ãyÎ

Å8s�Ý, ×�2Ñ, Çp = 0.5�Ey�{, ¯ô�qAÄ�B�, ��

�?, µ£�t{ï, Í�{Ä�KÎ18825�X|u�ÕÝt{ïÎ¾

hÂ, -£�18825, ÍJ|X�ÕÝt{ï¼£��
î�Þ»/òF£�, |×�¼£�ØÎá¢ó�F£��â?ú�

Ý^£,;ð�{Í�,yÎ-s"�      £££���(interval estimation),|×

  ¼£�Ø¢ó��9Ë  , -Ì
***äää      (confidence interval)�
�³Á§�§3�ñ*ä  `, ðô�sì���9ì�×�µ¼

1��
�'X1, · · · , Xn
iid��^�ó, v'µ = E(X1), σ2 = Var(X1)/

D3�Eyµ, &Æá¼ð|øÍ¿íXn¼£��9ì&Æ¼:, A¢|

×  ¼£�µ�Ç¸�áXi’s��!5µ
¢, 	nÈ�, vσ�á, ¿

à(22)P, vãc = z1−α/2(.h 2 Φ(c) − 1 = 2(1 − α/2) − 1 = 1 − α), Í

�0 < α < 1, ÿ

P
(−z1−α/2 · σ/

√
n ≤ Xn − µ ≤ z1−α/2 · σ/

√
n
) .= 1− α�(25)

3h'ZbN (0, 1)5µ, JE∀0 < α < 1, zα��P (Z ≤ zα) = α�Ç
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%4�, 3x = zα¼�«�
α, .hΦ(zα) = α�(25)P��y

P (Xn − z1−α/2 · σ/
√

n ≤ µ ≤ Xn + z1−α/2 · σ/
√

n) .= 1− α�(26)

Æ	σ�á,   

[ Xn − z1−α/2 · σ/
√

n , Xn + z1−α/2 · σ/
√

n ],(27)

-Ì
¢óµ�×�«Ý(“�«Ý”ëCð�6¯)1 − α, Tï1100(1 −
α)%, ***äää      �;ðαã
×´�ÝÑó, A0.01, 0.05, 0.10��µÝ1−
α*ä  �Q�°×, ©�µa3�  �^£
1− α-��ÉA1

[Xn − z1−α/3 · σ/
√

n , Xn + z1−2α/3 · σ/
√

n ]

ùÎ��:�bP§9Íµ�1 − α*ä  �×�3!øÝαì, ºã*

ä  Ý���y�?�
�2��×°ðàÝzα��«Â��y×�Ýα, µ�¢Ãã�T¸à

�Õ^�ÿ�
�2. ðà�zαÂ

α 0.90 0.95 0.975 0.99 0.995 0.999

zα 1.282 1.645 1.960 2.326 2.576 3.090

A�σÎá, .|×  ¼£�µ, �  	Q��b¨×ÎáÝ¢

óσ, 3h�µì, ð|øøøÍÍÍ���²²²óóó(sample variance)S2
n�ÑÝ¿]qSn,

¼ã�σ, Í�

S2
n =

1
n− 1

n∑

i=1

(Xi −Xn)2 , n ≥ 2�(28)

1 − α, T100(1 − α)%, Ì
î�*ä  �***TTTiiiããã(confidence

level), T***äää;;;óóó(confidence coefficient)�&Æ¼:*ä  ÝÃF, A

¢Tà��Ó�Ý�µ�

»»»5. k£�Ø2óÓEØÎóß�Y¹�p�Bã���^hø, ÿ

ÕnÍøÍX1, · · · , Xn, Í�Xi = 1, �ÏiÍßY¹�Îóß, Xi = 0, �

�Y¹�|Xn¼£�p«{Î)§Ý�9ø£�Ý0-
¢?

46



���. �'óÓ�bpÝf»Y¹�Îóß�¬X1, · · · , Xn¬�}ñ, .9Î

òyã�¡�w/, À��!×Íß®�Ëg!øÝ®Þ��Ä;ðóÓ

ó8EyøÍón��, X|ã�¡�w/, ãyøÍ�}ñXCWÝ0

-, µE¯?Ý�Ç�Ê�;¡Ý�µ, �'X1, · · · , Xn}ñ, vP (Xi =

1) = p, P (Xi = 0) = 1− p�.µ = E(Xi) = p, σ2 = Var(Xi) = p(1− p),

ã(23)Pÿ

P (|Xn − p| > ε) .= 2(1− Φ(ε
√

n/(p(1− p)))), ε ≥ 0�(29)

©�nÈ�, îP��Xn�p�-²�yε�^£Ý�«Â�
A�¯���×αÂ, 0 < α < 1, α;ðÎ×´�ÝÂ, ��O

P (|Xn − p| > ε) < α,(30)

T��2,

P (|Xn − p| ≤ ε) ≥ 1− α,(31)

Jn�9�÷? ã(29)P,

P (|Xn − p| ≤ ε) .= 2Φ(ε
√

n/(p(1− p)))− 1 ≥ 1− α�(32)

îP0l

ε
√

n

p(1− p)
≥ z1−α/2�

Ç

n ≥
p(1− p)z2

1−α/2

ε2 �

ãyp(1− p) ≤ 1/4, 0 ≤ p ≤ 1, ÆøÍó

n ≥
z2
1−α/2

4ε2
(33)

Ç��	Q.(29)P
×�«ÝP�, X|hnù
×�«Â�
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»A, uε = 0.03, α = 0.05(9Î×��Ó�`X'�ÝεCα), J

ã�2, z1−α/2 = z0.975
.= 1.960, �1.9602/(4 · 0.032) .= 1,067.1�Æãø

Íón ≥ 1,068�@jhø¡, W�ÝøÍó??�ºª?Î1,068, �

á(33)P(��PWñ), ���0-ε�Â�n > 1, 068`, ε-�y0.03; D

�εJ�y0.03�
!ñ×è, b°Ó����Ì“3b[øÍó1,068ì, y5�95Ý*ä

  
· · ·, v0-�øÄ3%”, 9ËóA×:-b°�¶�.Ó�;ðÎ

9�"õ!`
�, .h�c`, W�ÝøÍó, �1�pª?Î	�X

'�Ýêý1,068�.h>IhîÜÝ»�, A�¼Î“W�"®1,068�ó

Ó”, ôK&ª	�
¨², ¯��Æÿ|1/4ã�p(1 − p)HÕ·�hFÅ�?, .9ø

ºCW6ã´�Ýn, ¬�º3�Þ@P�ê(29)Pô©Î×�«2P

���ãyå"ï��ÿ��@/�®Þ, Ó�ô�`º�, .hÓ

�Ý��©�º¢��3×°Þ;Ä�3�Þ@�, ��º�W��

��»A, 0-ε = 0.03:«Ë�Ý, �Íª±, Aãε = 0.01? ã(33)P,

3α = 0.05ì, 	εã0.03ª�0.01, øÍó�W
9¹, ¾Õ9,604�EÓ�

��, .ðÿ3y` /�Wãø, æp�Þ¦���, 1��.hCW

?�Ý0-�|??Ý�ã'�, �â??Ý®àÞê, ??Ý"õIY

�, ¸øÍ?�^, ¬'°3�`"£, |ÿÕ?#�Ë@Ý��, �Î´

¥�Ý�

�©½èøÝÎ, AÏ4;�X�, ���^høXÿøÍ¬�}ñ,

6øÍó8´yÒ�ó��, h`0-�´��b°>IhÎº�hF,

Abhî1:

���^hø�ã×ûÍ)}óÓ, µ8	yóV×�Ñ

«^£
pÝY�×ûgÝ��, �.¡äÎóßY¹£Ý®

Þ, µ8	y.¡Y�Ñ«�^£Ý®Þ�

h1°	Q
ý0�b°®ïAnG¥(2006)CÙDW(2010), EÚX1,
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· · · , Xn�}ñ, ��J�øÍ}ñì, Xn�²óÝ2P, Xÿ	QôÎý

Ý�
Ù�@��, 
Ý�;ð2�«�¸à9°]°`�z½á¼�

�«Ýæ.�ÍJuÂ�Êà�«Ý�µ, �õQ2à, Xÿ��-

��êÝ�»A, �'óÓób1,000ß, Í�b300ßY¹ØÎóß,

Çp = 0.3�*2���^hø, vn = 1, 000, Ç2ûã�JøÍó�yÒ

�ó, ÞïfÂ
1, 	Q�Î���9`u)�ÌøÍX1, · · · , X1,000


�«}ñ, -�"°Ý�¯@î, h`X1,000 = p = 0.3, 
×ðó, ¬��

^��³Á§�§3h���Êà�
3»5nyÓ�Ý»��, 	ε = 0.03, α = 0.05, n =1,068, ��Y

¹�p�£�ÂXn = xn¡, Ó��Ý1°Î“395%�*Tiãì, hø

0-�øÄ3% ”�9Í@µ�!y1p�95%*ä  
[xn − 0.03, xn +

0.03]�

»»»6. Ey×sß^£
p�¯�, B¥�Ì?, J�|�¯��¨�8

E�£¼£�p�&Æù���p�*ä  , ®°v«»5�Ç'b�

^�óX1, · · · , Xn, Í�Xi = 1, �ÏigÌ?¯�sß, Xi = 0, �Î

sß�JX1, · · · , Xn
iid, vP (Xi = 1) = p, P (Xi = 0) = 1 − p�.

hµ = E(Xi) = p, σ2 = Var(Xi) = p(1 − p)�Jã(27)P, vÞÍ�

Ýσ|
√

Xn(1−Xn)ã�, ÿp��«Ý100(1− α)%*ä  


[
Xn − z1−α/2

√
Xn(1−Xn)/n , Xn + z1−α/2

√
Xn(1−Xn)/n

]
�(34)

h�|
√

Xn(1−Xn)ã�σ, ´|Snã�σ, �P��°�
E42ã6Ý�Dý, u�'2Ñ, J��Ý�'rD, =r(â&Ë��

�=r, A6=r, ×Í3=r×Í2=r, CëÍ2=r�)sß�^£��,

�y1/2, {¾0.5568(= 2,921,002/5,245,786)�h¿à4�à)-�O�,

¬�æp�¨�'bØß¬Î��Õh^£, �Ù�Ý400�, s¨Í�

b219���Ý�'rDb=r�.219/400 = 0.5475, vz0.975
.= 1.960,
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ÆãXÿóA, ÿÕ=r�¨^£�95%*ä  

[
0.5475− 1.960

√
0.5475 · 0.4525

400
, 0.5475 + 1.960

√
0.5475 · 0.4525

400

]

.= [0.4987, 0.5963]�

@jÝ=r^£0.5568Ý@a3h  �

&ÆèÄ, 3{�Sá*ä  , �1Î®Þ¥¥�9ì¯�1

��3{�ó.�, 
Ý�«, �+Û�³Á§�§, v|t��Ý�µ,

Ç°Äæ5µ
»�ý��³Á§�§¡, -|Ó�	Tà, .Sá*ä

  , �Î�ðøa+Û�³Á§�§Ýx�êÝ�©ÎÓ�Ýãø, 


���^hø, ôµÎã�¡�w/�ÉQÎã�¡�w/, Jã�Ýø

Í-�}ñ�3Ï4;&Æ�1Ý, h`�CÝÎø¿¢5µ, �&Þ45

µ�©Î�ýz½
%�3h�µì, �³Á§�§)Êà, ��Î£�

�|�{�ó.�Í, ¶Õ9�, Q-�®ßôp�yÎT�ýæ., ¯

ÞTÝ.ß��¶Ê; Týÿ×$�B, %C�?9æW�
¨², *ä  Ýâ�, ô¯�9ß®ßæÉ�&ÆÄ6¯�ÙÕ, ô

�¢�?Z*(2006)×Z�
3ãøG, (27)P
×�^  �ãø¡, ÿÕXn = xn, �á(27)P,

Jÿ×ðó  , Ç

[ xn − z1−α/2 · σ/
√

n , xn + z1−α/2 · σ/
√

n ]�

hü�  T�âµ, T��â, 1b1 − αÝ^£º�âµ, p¹�ßp

|H*�|7V¼£�Y��¨Ñ«Ý^£p��'B7V100g¡, ÿ

Õp�×95%*ä  (0.33,0.45)�A¢�Õ95%÷? �Êì�ëó4:

1. b95%Ý*T,   (0.33,0.45)�âp�
2. pa3  (0.33,0.45)�^£
0.95�
3. u¹�¥�G�7VÝ@�, Ngÿ×*ä  , J£°  �, V

b95%º�âp�
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b°ß��á¼Ý, ×�-
ó43ÛÑ@�Õ, hÇE^£Ý�£Ì

F��Ä�¥�, Î“Vb”95%º�âp�b°®ïAnG¥(2006)CÙ

DW(2010), 5½�Õ
“b95%�âËÑÝp”, C“b�ÈÝ*T¸Í�

Ý95%· · ·”, K*Ý“V”, ×C�-, -Î��¨�^ÝÃF�ó411Ý

�y^1, ¬vô&è5ª	Ýý°�.XÛ“*T”(T“*ä”), ÎEJ

Í�ñ�*ä  Ä�Ý*T, �&©ÎEXÿÕÝ£×ü�  Ý*

T��yó42, 4p¬&�^�ó, ¬Åô��Æÿbh:°�"°, 9

Í@ÎE^£xÌÝ�Õ�æ.Îã×Í
�^Ý  , Bãø�ÿ×

ü�, Ç���^Ý  , uqÍ�á@jpÂ
¢, ©?ã	�h  

®ßÝ]P, xÌ2-
h  �âpÝ^£
0.95�hÑA3___������




~~~®®®ÞÞÞ(Car-Goat Problem)�(�¢�?Z*(2010b), C(2011d)), bëG

�, Í�×G¡«b_�, ¨ËG¡&©b×�
~�¯ó�×G�¡,

x¹ßÆ�¨ËG��Ý×G, �¡Î
~, ®¯ÎÍ�?;óC�_�

~b3£G��¡, 3;ê��G\�@�, ¬&�^�¬ãy¯�á,

X|)�µ“�-)§”Ý�'ì, �Õ^£�¬qAóC?;T�?;,

¢ïÿÕ_��^£´�, ��X��	Q, A�¯á¼p�Â, µ�×ø

Ý�ÉA1ã×+y0,1� Ýp, Q¡Bãÿa, ®ß×*ä  , 9`¯

��á¼h  ÎÍ�âp, µ��1b0.95�^£pa3h  �
9ì
×v«Ý�µ, ¬ôæW�Kß��'b×2ÑY�, 7V¡

Ë��, �¯ß:��J�Í1ºÎÑ«Ý^£
1/2? �nÎ�|, )

�Ú
xÌ^£�4ÎÍÑ«�î�B@�Ý(bß.h1Ñ«Ý^£�

Î1-Î0), ¬.¯¬�Lÿ, X|)��^£�
��uG�1g, J�ÎsßµÎ�sß, 9`:��^£Ý®à�»

A, �'b×Ñ«�¨^£
0.9�Y�, �ß�7V�¡�¨Ñ«TD

«? �n	Q�����Ñ«�¬ubß�*¡, óCD«, ���º�

E, .sß^£0.1
Ñ�9`�ÎÍ��ÿ�21, Æ?^£Ý[? �|

ï�, u¹�7V, J¾¹óD«ï, Þ�I5Î�ýÝ�^£Ý��, -

Î39Ë�µì�¨�!§, ��u�×�¥�, JÇ¸xÌÝ^£, ô

�.h�JÍxÌÎÍÈ�Ì, |C�xÌ^£ÎÍ6��J�|G�-
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Bãø¡, Xÿ©�*ä  �âpÝ^£Û0.95
», 3�ó°J×å

&Æ, ©�¥�9g, JÞbV95%Ý  º�âp, �µ�JÍxÌ^£

b¼§! �áxÌ^£ô¬&��xÌ�(, �H���©��¥�Ý�

�, ÍxÌ^£ÎÍÈ�Ì, -�pl�Ý�
1 − αµÎ^£�A���9g@�, ÿÕ�9*ä  , ��/


2z1−α/2 · σ/
√

n(T2z1−α/2 · Sn/
√

n), ¬&  �R�F«âF��

�!�ã^£Ý�L, 9°  �, �Vb1 − αÝf£, º��p�»

A, uα = 0.05, vÿÕ100Í*ä  , JÍ�ÞVb95Í¼�º�

�p�@jîb¿Í��p	Q�×��¬3ãøG, &Æá¼(�÷E

¯9°95%*ä  ©Î“�«Ý”), º��p�  ó, h
×�^�

ó, bB(100, 0.95)5µ, ��b95Í, ô��b85Í(h^£��, ¿à�

³Á§�§, ÿh^£�yΦ(−4.588) < Φ(−4) .= 3.164 · 10−5, Þ@Â


Φ(−4.588) .= 2.238 · 10−6), TÍ�Â, ¬�lÎ95Í¼��
ÍZ3G��¼�, ��è��, �.ß|ÿaT@�, ¼�\“¢|

�9óÝ.ßXÿÝ*ä  Kº��p”�ý°���&�¨3Tá¼

Ý, ©�°ùóÈ9, T@�góÈ9, JubØ×°, �°.ßXÿÝ*

ä  , b?¿ÍÎ��p, Û��
���ÞD¡�¢�?Z*(2006)×

Z�
¨², O*ä  ¬�×��àÕ�³Á§�§�3£��TÂ

`, A��!5µµ�ÎðV5µÝ, £(27)P��µ×ª?Î(�&�

«)1−α�*ä  �£��u&øÍ¿í(AÍ;×��£��{�»),

���ôà�Õ�³Á§�§�3?Z*(2003b)9.2;, ?b�K�m�

³Á§�§, -���*ä  �»�X|��è��1, £�e¡Ý§

¡Î�³Á§�§, hý°@b�¤z�
&Æ�|1�
»�1�E1V��, 	Q�Î×222ÑÑÑ���			(fair

game)�Ey�²�, ;ð©bi÷T��"i�§©�×O¿û-Ý1

ð, ©9{¾óy0-, 1V«{q�ÿ¼�1ðÝ�Õ, ÛqAÄ�i

÷Ý£]���|�T�Xÿ��, 1�2¥Î�º*éÝ�E1V¼

1, 1�ÝêÝ, ¬&
Ý�þ�9×Ou¿HP¯, J¿û-Ý1ð-
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bA�s*Ý�h`T�È5, �����§©�
©�1V�9, 1�2¥Ý±�µ���
Ý�;, ×6�ºWÍ

K��?Ý, v�'1�2¥P�¢ãn��Ju1�2¥©b×Í1

V, v1�²�, ×Ë�1Vi÷, 1�2¥-Ó®Ý�»A, '�¢×

ß,×Oº�²i÷Ý^£
0.0007�15000,×O1ð'
5,000-�E

1V, �T�Xÿ
5 · 106 · 0.0007 − 5,000 = −1,500(-), Î��¼�¬

b0.0007Ý^£, 1�2¥ºÓ®��Ä@jî�º©b1ß71, ©�1

V�9, 1�2¥Ó®Ý^£-���1�Nß1Ý�Ü�4ê�¼8

!; .�®P², COë�æ., Nß1�ð£ô���!�9ì&Æ|

×��Ý®}�», ¼�î“1V�9, 1�2¥Ó®Ý^£-��”�¨

é�

»»»7. �'Ng7¥1-, ÎJÿ2-(�ÿ1-), íJ1-
®�[��'N

g®�ÎÝ^£
p, 0 < p < 1, v®Ýng, n ≥ 1�Ç'biidÝ�^

�óX1, · · · , Xn, P (Xi = 1) = p, P (Xi = −1) = 1 − p�®���Xÿ


X1 + · · ·+ Xn�&Æ�OP (
∑n

i=1 Xi ≥ 1), h
®ng¡®���Xÿ


Ñ�^£�ãyµ = E(Xi) = 2p − 1, σ2 = Var(Xi) = 4p(1 − p), ¿à

�³Á§�§ÿ, 	nÈ�`,

P (
n∑

i=1

Xi ≥ 1) = P

(∑n
i=1 Xi − n(2p− 1)
2
√

p(1− p)
√

n
≥ 1− n(2p− 1)

2
√

p(1− p)
√

n

)
(35)

.= 1− Φ

(
(n + 1)/2− np√

np(1− p)

)
�

ÜÍ»¼:îP�Æ8Ýaª	ò, �1Ît��Ý®Y�×�9

ÎÙ�y17tS, °»ó.�OOOúúú���(Blaise Pascal, 1623-1662)Xs�

Ý×Ë»Y�¨�'®ÝÎ���PPPÆÆÆ888(European roulette), Çb1�36Ý

óC, �ó
R�, �ó
A�, �î×ä�Ý0(YYYPPPÆÆÆ888(American

roulette)J$b×00), 0�¨Õ��Î�iRA�ÝØ×Ý�, ©£


1©1, Jp = 18/37, V
0.4865, G¯�y1/2�N®1g, ��¿í

©�Î1/37 .= 0.027(-), ®�¬ÎH*é(YPÆ8JE®�?�¿), ®
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�À���T®��èº“2Ñ�	”�E×°�!Ýn, �3��®��X

ÿ
Ñ, ùÇ®�éþ�^£Ý�«Â�u®Ýgó�9, A©®1g, ®

�bV0.4865Ý^£ºé, ®100g, ®�éÝ^£K�bV0.3555�¬�

½®Ýgó¹�¦�, ®�¿{�1%��©�

�3. �PÆ8®�é�^£

®Ýgón 102 103 104 105

®�é�^£ 0.3555 0.1876 3.327 · 10−3 5.997 · 10−18

ãî», \ïT�#å©�1V�9, 1�2¥�1µ�àHTbÓ

®Ý®Þ�	Q9�«b×F�º�, µÎ1�2¥�b8	ÈÝ£��

��.¬&Xb1V!`�á1�, v1ð
×g[�, u�[Ý¿	1

ð, µbß�§©, J-}��§©�Ý�

»»»8. Yî»�®��á¼b0.99Ý^£, ¸�K���9K-?

���. ®����Ka-, Ç�®��XÿKy−a-�¨�OP (
∑n

i=1 Xi ≤
−a)��

P (
n∑

i=1

Xi ≤ −a)

= P

(∑n
i=1 Xi − n(2p− 1)
2
√

p(1− p)
√

n
≤ −a− n(2p− 1)

2
√

p(1− p)
√

n

)

.= Φ

(
−a− n(2p− 1)
2
√

np(1− p)

)
= 0.99�

.z0.99
.= 2.326, ãîPÿ

−a− n(2p− 1) .= 2.326
√

np(1− p)�

Æ

a
.= n(1− 2p)− 2.326

√
np(1− p)�(36)

Çb0.99Ý^£, ®�V�K��Î(n(1− 2p)− 2.326
√

np(1− p) )-�

54



Ep = 18/37, C×°�!Ýn, �4��a��«Â�;ðp < 1/2,

ã(40)P:�, ©�nÈ�, a/
Ñ�Eyp = 18/37, n → ∞`, a ∼
n/37�

�4. �PÆ8®�b0.99Ý^£V�K��ÎÝ�Ü

®Ýgón 102 103 104 105 106

®� −8.9 −9.7 154.0 2,335.1 25,864.5

uE^£�*TÞÞ� â)b¶Éï, �¢�?Z*(2011e)×Z�

8 ���+++

×�-
, ^£Ù�Ûf��5�|>�¡ïbÎ§�L, GïQþ

z, .h´pààÌÝ]P¼>^£Ù���O¼, Ù�ÝÞCX��S

á{��©Î�3�.ó.�ÍKKÝS»�, Þ×°bF�wÝ^£Ù

�ÃFýz½, Ûò{p��E>IhÝ_ì, 
×�Ã;�0l¨�>

Ih�yhI5, ??+���, ¯>/�.ß, /ð®ßæÉ��#T

>/Xs�ÝTÿ, ôP��¹�Ê�Ký0�EÃÍÃFÝ�ÕÎ��

Þã, 9F»²´��Ý�.^£Ù�>Ih, ô�»²�:¼^£Ù�

�ûC;, Ý@Îæp, �5�²�
ÍZÉ(�
“öÓ�³Á§�§”, �Q�=Î'�û1�¾(prolet-

ariat, ¿Óy�)/�\ÿU�9	Q��|, [�OÍg, u�¯�KÌ

n{�ó.��ï, -�|Ú[, ôµ��¶hZÝ�.�TE3{��

>Ýó.�/, C×��XÝ�.ßC@~ß, y§�^£Ù�Ý/�,

�b°QÃ, X|ì�`4æOyç, ¬)���¯, �OÑ@�
0Ñ

ÃF, ôÞÍßXá, >IhCZaî�¨Ý×°®Þ, J�¼D¡, à�

Î�¹v«ý0×�sß��uÍZb�¢ý0, ôK�\ï¼��E^

£Ù�ÃF��Õ, Î��|Ùý, b`�b�!ÝÌF�6D«6>^

�, |OÞ
�ãyÎ|êG�.�, ��³Á§�§8nÝÞC
z�,
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X|4Ã�Ý^£Ù��, $b°ôð¯ßZÉÝÃF, A}ñP, Cf

�^£�, ÍZ/Î9½���¢�?Z*(2010b), C(2011d)ÞZ�
^£Ù�ÉQ���, µÿ�¤|E, ÂzÍ��^ÝÍ², ��ÎG

ÚÍ
´��Ýó.�Ah��ßq, è{»ÓÙ�ôò, ¾Õ3{�S
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!!!���××× EEE^̂̂£££���bbb***TTT

?Z*

»ñ{.�.Tàó.�

1 GGG���

3{�ó..I�TçìÝD¡ :Õ×S“^£T*TQ&A”ÝZ

a(|ìÌ
Q&A), ãÞêÇá�Z�%�Õ^£�*TÞ(Þ�
�3×Íßþ��þ�ÝÙ�Ý`�, Ìn�ÈÝÙ�áI, «{Î

Ä6Ý�9��Î�O¼, {�ó.¦��KÙ�ÞCÝx.�¬&×à

�QW{�ó.�>H9Ù��.�3×'ý~ÞãC��PÝ{�ó

.�, ¯.ß§��C�^ÃFÝÞC, �F-bÍæp�LÍ*ä  ,

3×��.Ù�>Ih�, Îw3´¡«Ýa;�.ß#Ç*ä  `,

�ÌnÈ9Ý^£Ù�Ã��A*Q®Ä×6ïnáI, Ä�0�2
á

{�ó.�, SsÝæÉ, 9ÄÚ[ÕÝÙ�áI, ôµ��
��b°

-ËÝ{�>/, �Âz×°ÃF, ¬ãy{�ó.�, �àÝ�ÌÁb

§, .h�9ÂzÝZa, ??�
ehv1�ÉÎ�z�¢ÃF, D¯

æÍzüÝI5, ôÿWR¼�ÍZ-aEQ&A, ¯�ÑÑC���

2 ^̂̂£££ÝÝÝ���LLL
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3Q&A�, |ì�®Þ��:

3Ø×g>/@êÝá)2��, b�/èÕ|ìÝ®Þ:

7V1©{�(FÙ6«{C, Fó1,2,3,4,5,6,F

ó1,4
R�, Í�Fó
A�), V�1 FÝ^£


¢? u�áV�ÝÝ�
R�, �®V�1FÝ^£


¢?

9Í®Þ3.ß^b.Ä“*ä  �*Ti

ã”�GÎ^b¶LÝ, �^bV�{�G, V�1F

Ý^£Î1/6; 3V�ÝÝ�
R�Ýf�ì, V

�1FÝ^£
1/2�¬.ß.Ä*ä  �¡º1,

�, �/, ÉQ{��V�, J{�Î1FÝ^£�

Î1µÎ0, �ºÎ1/2TÍ��¢óC�
��, .ÿ÷?Ý.ßT�Ý¶ÉQ÷��&Æ

�A¢/T9Í.ß? 3f�^£Ý�(ì, T�

¸à5^£6T5*T6?

Q&A®ïAì/�:

V×Í2Ñ{�×g, �¨×FÝ^£= 1/6�9Îã�ó

°JÿÕÝ, Æ|^£Ì��V×Í2Ñ{�×g, 3�á�

¨R�FóÝf�ì, �¨×FÝ^£= 1/2�9Îã�ó°

JÿÕÝ, Æ)|^£Ì��

Í�&ÆtÝ�î¿ÍýF², Íõ×CÎ;�
&Æ17V×Í2Ñ{�, h�“2Ñ”×ÞÛý+, Íâ�
{�&

«�¨Ý^£8!, Ç/
1/6�9Î{�2ÑìÝ��, �“�ó°J”¬

Pn;�µAu�'ßv�ß�Ý^º8!, £-�ßv�ß�Ý^£&


1/2�GÎ×�¯�!Ýý°���1Îã�ó°JÿÕ, �¬�Î¯

@, �v|¯ßE^£ß%, ¡�Î�/ß=E�ZCÝºà, KÞ´�
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*T�Q&A®ï1“.ÿ÷?Ý.ßT�Ý¶ÉQ÷�”, M�µÎ.ð

:Õ9°ô��zÝý°XCW?

G�Q&AXè�Ý®Þ, t¡b­“3f�^£Ý�(ì, T�¸à^

£T*T?” µÞ�, 3V�{�ÝÝ�
R��f�ì, V�1FÝ^£

µÎ1/2, ·P¶L�èÕ%�3f�^£Ý“�(”ì, èÕ%�“*T”,

©b�ß?
æÉ���Í¼P×Î, µ���&��
¨3¼:“{��V�, J{�Î1FÝ^£�Î1µÎ0, �ºÎ1/2T

Í��¢óC”, hQ&A�Xè.ßÝæW�k�h¶É, hq~ê, )Î

�/Õ^£Ý�L�
¯@î, ©�Î�^¨é, -��^£�bßk�, ÎvÎ�? ¯�1

v�^£&1/2��²£ßÝP½	QÎ@�Ý, ¬�ºEvE��¬ã

y¯�á, E¯��, ��v���, 9øÝ“Îá”, CW“¯”�Ú�²ï

�P½
×�^¨é��Ãyãºîv�V&�Ý-á, 3PÍ�£G

ì, 1/2Ý^£-Î9ø®ß�h�Q&A�, �áV�ÝÝ�
R�(Fó

b1,4Þ��), JV�1FÝ^£
1/2, Û×øÝæ§�¬u¯WÕ�²

F¼{«ìÝ�­Î, 1��º18WÎ�Ý�9�-àÕf�^£, ��

Ýf�Î“k�ïL{«ì”�	Q, u¯|?ÝB�, Îvßôb�KL

{«ìï, .h-
k�ïÛ�ßÝ^£
0.6, ùP���E!×�^¨

é, NÍß-�Ý^£, �|�xÌÝ�¬�¥�×F, ×Ë�Æ�, J�

²£ß, �ÎvµÎ��Ç9`k�ï
�ßÝ^£, Þ�Î1µÎ0, �

��10.8T0.6Ý�^£��b×��ì, �ÉQÎ�ì, µ�)§�u

���:ÕÎ�ß(Tvß), �1�ßÝ^£
0.8; Tu��'{�
2

Ñ, Q-
7V×g¡, ºÿÕ�óÝ^£
0.7, £µ�&3�^£Ý�
î�£v»������7V×Y�, �a2¡�R¼, �ß�Ñ«

TD«? JÍÀ�we¡, �ß�À�TV�? 9°KÎEb°ß¬&

�^¨é, ¬EØ°ßQ
�^¨é�»�êA��G×F)��Þ,

Þê�Î\��?Ý[? §�bß31“9Þ���º�”? ôÎv«

Ý¼§���×»���WÄ“_��
~”Ý®Þ[? h®Þù��¨

3éÅ“X{21F” ��bëG�, Í�×G�¡b_�, ¨ËG�¡
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~�¯ó�×G�¡, x¹ßÆ�¨ËG��×, ®¯ÎÍ�?;ó

C�óC���?;, 	QÎµ?;¡ÿÕ_�Ý^£ÎÍº��? ¯

:, _�3£×G��¡, ôÎ\�@�, ¬)��^£�_��
~®

Þ��ÞD¡, �¢�?Z*(2010)×Z�
�y
%��|1{�
2Ñ, Ç¢|á¼{�&Fó�¨Ý^£

/
1/6? 9b¿Ë��Ý�°, ��Õ“^£”×Þ¿Ë�!Ý�L, �

¢�?Z*(2011)×Z�&Æ��¿Ëð�Ý�°Aì�Ï×ËÎ.{

�b6Í«, Ãy8!Ý��P(�Î^£), 0lNÍ«�¨Ý^£/


1/6�ÏÞË�°�Ì
xÌÝ, 1��µÎÆÿ^b¼§£×«´|

�¨�ÏëË��, ÛãÄ�9g7VÝB�, ÌDÕ{�&«�¨Ý“8

E�£”(ÇØ«�¨Ýgót|À7Vó)p5T·��b×Ë��(9Î

�Kó.�2àÝ), µÎh
×�'�u{��ÎÌa, �ÎËb×{

�, J�¡Ãyî�£×Ë�°, ~bÎÍ�2*{�&«�¨Ý^£/


1/6, �|�×Ù�l��.h, 3î�ÏëËE^£Ý�°�, {�&

«�¨Ý8E�£, ÎÍÈ#�Õ�|Ú
8�, -�¢ÃÙ�l�¼¾

���ôÎ3ÏëË�°�, Ø«�¨Ý^£
1/6, 0l9g7V¡, �

«�¨Ý8E�£Þ#�1/6, �àÕ�ó°J�¬�b�^ÝÃF, Ç¸

Î2ÑÝ{�, �¡7V�9g, &«�¨Ý8E�£, K�p8��b

°ß|
7VóÈ9¡, º¸&«�¨Ý8E�£“8�”, 9��Îý

Ý�
¨², Ä6×èÝÎ, 3�^t&�, ×6KÎ�', ©:¯#å£×

Í�{�ÎÍ2Ñ,�¡7V�9g,)ÎFLÿ�Ù�l��,µPJ.

�ÝæJ, C3��X�� �Ùý^£ì, b×���, |¾��#å,

T`�(?1FÝý°Î“��#å”)£×�'�t&�Î�^¨é(AY

�Ë«/
Ñ), ÍJ�¡JA��½(A7VY�100gKÿÑ«), Í.

¡í��Ùý�&ÆG�|´?ÝÙ�]°, 3�Ùý^£�
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3 ***TTTiiiããã

Q&AÝÏÞI5Aì:

�³Á§�§

• �¿íó
µ, ýã-
σÝÒN��, |���^hø

°hãnÍøÍ, |X�îøÍ¿íÂ, 	øÍón�È�

`, JXÝ�TÂ
µ, �²ó
σ2/n�

• CLT: X5g�«ðV5gN (µ, σ2/n)�

• ¿íóýã;¡, 5µ�«N (0, 1)Ý5µ, Ç

X − E(X)√
V ar(X)

=
X − µ

σ/
√

n
→ N (0, 1),

P

(
−1.96 <

X − µ

σ/
√

n
< 1.96

)
≈ 0.95� (∗)

ã(∗)P�ÿÕ

P
(
µ− 1.96σ/

√
n < X < µ + 1.96σ/

√
n
)

(∗∗)
= P

(
X − 1.96σ/

√
n < µ < X + 1.96σ/

√
n
) ≈ 0.95�

¬Î, &ÆG®×ghø, ÿÕøÍ¿íóx, ýã-S, 95%*

ä  [x − 1.96S, x + 1.96S], h  b�âÕËÑÝµÂ, �

�µÎ^b�âÕËÑÝµÂ�(∗∗)P�, X
�^�ó, X|

Î¥��8!Ýhø�9g|¡XÿÕ^£, Æ(∗∗)Ý��,

)|^£�î�
¬Îå§yßæ�Îæ�Pæ, &ÆG®×ghø, Æ

Ì[x − 1.96S, x + 1.96S]
µÝ95%*ä  , &Æb95%*T

1µºa3h  /�
h�, &©½|µ�X�î, �T���p�p̂¢�, ¬Í�

¤Î8!Ý�
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Q&A�þz�ÈZCÝÚW, ZCôFb®�T��@��»A, q

Í^bp�p̂, ¢|1��¢�? .hb`�Há¼®ïÝ�¤�¬��,Ï

×ÍAF¡£ðB�, ��³Á§�§^bn;�h­¬��¯, Ía'

°ÑÑh­, ¬AGX�, .Q&AÝ®ï¬Î�|1�, P°Ý�h­�

�Z�nÐ�
�¹00, h­!Àt, X|µ�ðß�Ñ;�
���^hø, 5ã�¡w/Cã�¡�w/ËË�uÎGï, JE

XbÝøÍón, XÝ�TÂÄ
µ, �²óÄ
σ2/n, �mn���uÎ¡

ï, A�Ó�`, �Ò��('bNß)�^hãnÍøÍ((C, Té�)¡

�w/, k£�Ò��EØ×ÈÞY¹�f£, Já¼N , nCµ, Y¹Ýß

óXbø¿¢5µ(hypergeometric distribution), �TÂ
nµ�.hY¹

Ýf£X(= X/n)��TÂ, EN×øÍón/
µ��yXÝ�²ó�3

ìP:

V ar(X) =
N − n

N − 1
σ2

n
,

}�Ó°��:�©b	n�N8f��`, (N − n)/(N − 1)�º#

�1�X|P¡£×Ë���^hø, XÝ�TÂ/
µ��yXÝ�²

ó, Eã�¡w/, �yσ2/n; Eã�¡�w/, ©�n/N��(�&n�È

�), -#�σ2/n�ôµÎK�m�àÕ�³Á§�§�
Ä6×èÝÎ, �³Á§�§;ðÎjEã�¡w/Ý���^

hø, T?×�2, jE}ñvb�!5µ�øÍ�¨², Eyã�¡

�w/Ý���^hø, 3n�N8f��ì, 1n�È�`(	Q)�

fN�), XÝ�²ó“
”σ2/nüQ�E, ¬“#�”T“�«”ôK�Îì

6Ýý°�.nÈ�`, X��²óCσ2/n, Þï/�«y0��Þ�«

y0Ýó, �QBh�«�
ÏÞÍAF¡£­ô!Àt��³Á§�§, ¬&3ýXÝ5µ, Û

ÎjEýã;¡X�5µ�E}ñvb�!5g�øÍ, 	n��`, X�

�²óσ2/n�«y0��×�^�ó��²ó��, �î¸b��Ý^£

�«yðó�Çh`X�«yµ�^£���ôµÎEX, �¸´8nÝ

Î�ó°J, ¬&�³Á§�§�.h9­µ�§¸Ý, à#À*�
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3ÏëÍAF�, ¿ÍP��n�#å�ZCB��|øÍýã

-Sã�(∗∗)�ÝσôP÷, )
×�«ÝP��©ÎÏ×ÍP��b�

�ÝÐr“→”, .h!3“Ç”�¡, �î“n��∞`”, T“n →∞`”��

Ä“X|Î¥��8!Ýhø�9g|¡XÿÕ^£”9­×�ÿÀt,

��i�x�, 4¦æW�X
�^�ó, Î¸µa3  b“^£”��

�æ., ��9KghøPn��¼“å§yßæ�Îæ�Pæ, &ÆG

®×ghø”ô!Àt�Ngµ!øM»hø, �¡ÿÕ�9Ý  ,

N×Í/ÎµÝ95%*ä  , v95%ÕGÌ
“*Tiã”, �º�W“^

£”0.95�3£�`, Ç¸“ßæ�Îæ, CPæ”/�'§, Ngô©º(T

1©�)ÿÕ×Í*ä  , ÍJ~b�“*ä”£×Í? ¬3�å§×ì,

ãø�9(Çn��), XÿÝ*ä  ��Þ�y�ùÇEµÝ£�Þ?ã

@, 9Î�?9Þæ¡Ý���
�£�ÝÌF,   ´×ÍF?�“*ä”���Àß�µ¼ß��

þ1O, «1�V��þ6Í`�3O , ¢ï¯ßÆÿhÀß´I., ?Â

ÿ*ä? Ey£�, ÉA£�×Y��¨Ñ«Ý^£µ, 3@jãøG,

µb×^£Âºa3*ä  �AG�(∗∗)P, Í�b×“^£”0.95�¬

&Æ×��µ�Ì0.95“^£  ”�.µÎ
Ý£��ÿÕ�  , #�

-�ãø��×ËÿÕ×ü�Ý*ä  , 1h×©�Ý  , b0.95Ý

^£�âµ, p¹¯ßÆÿ�H�	, �ê�|�Õz½, X|	�S
*

ä  ÃF�Ù�.�, ���-�Ì0.95
^£�¬µÝË@Â±bÛ

òÎá,�óAº1�,¯�ÎÆÿ¯Ý7V��,ÀbÂÿ“*ä”��Ç

t&�Bá¼µÂÝ, ÍJb×�Ý“*T”, µºa3h  �95%, -à

¼à��*T���, Ì
*Tiã��yQ&AÝÏ×I5, Çæ���

X!áÝ^£Cf�^£ÝÃF, �*ä  qÍPn, �º.S
*ä

  ÝÃF¡�;��
©�Î
�^¨é(Ç¸Eb°ß¬&�^), µ��^£�S
*ä

  C!�Ý*Tiã¡, æ�Ý^£�º�W“*T”�E^£�b*

T�
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