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»ñ{.�.Tàó.�

t�:Õ×S“��*Tiã@êTÿ”ÝZa(9ì�Ì“Tÿ”)��

Z×��èÕ:

??&Æ'.ß+Û�aªeÿ�¡, µ.ðV5gÝ!

J, »A{��Í�Ý“68-95-99.7!J”, {ßßBì¼�Þ,

�m�å�Õ	`0Õ9f`aÝ���@ê	F, ý/à�

i"îÞ45g(n, p)�, 	n�¼��`, §¡î�¨Ý8E

gó5gà]%²lº@�¿�×f`a, 9f`aµÎðV

5g`a, T�ÌÖ�`a�4Q&ÆP°'{�ßJ�9

Í�§, ¬Îé\�iÝÿa[��3�Ý�/�é&ð�

Ñ!

#½Tÿ×Z��¿ÍXÛ�ß�é�ÑÝ%�¬Í@X�ÝT&ÿ

aÝ%, ô¬&“à]%”(histogram), �Î“^£²�Ðó”(probability

mass function, �Ìpmf), Ûà�Ò÷l�^�óã&��Â�^£, .

h%�3&ãÂ�{�õ1�
�'XnbÞ45µB(n, p), �Xn = Xn/n�Tÿ×Z!î¿ÍXn�

pmf%, p/ã0.5, nJ5½10, 30, 50, 70, 90, 110��½nÝ¦�, %

�“«{”�¼�	ðV5µ`a����áTÿ×ZÝ®ïÎÍ¥�Õ,

�X0Ý£6Ípmf%, ÍÁ�M��!, .h¬P°ËÑ"î%�Ý²l,
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º¿�£×`a��µÕ�§º&pmf%Á�M��n��, A�¯nµ�

¦�, :-�|-Xn�pmf%, º¿�ðV5µ`a�
EXnbB(n, p)5µ,)ãp = 0.5, nJ5½10, 30, 100, 1,000, 10,000,

C100,000, &Æ0�ËËXn�pmf%��%1Á�M�B�J(ATÿ

×Z), %2Á�M�/8!�

%1. Xn�pmf%, Á�M�B�J

&Æ:Õ3%1�, �½n�¦�, Xn�pmf%�¼�«ê, t�{

�(sß3Xn = 0.5)J@�ìª�	n = 100, 000`, Xn�pmf%¿{©

y×f�kàaðÝ�P¡A¢, Eyn = 1, 000|î, Xn�pmf%�V�

º�¯:R¼	Ö�, .hôµ�ºÆÿº¿��ðV5µ`a�Tÿ×

Z©0Õn = 110-�cÝ, ^b:Õn��`pmf%��;�.h4®ï

Æÿ�é�Ñ, ®ßTÿ, ©Î9ê×ehv1�»��á9°pmf%,

EÝ��³Á§�§Ý/�, Í@¬^%��QÃ�
3%1�, Eyn = 10, 30, C100, Xn�pmf%, Ý@¯ß:R¼“	”ð

V5µ`a�¬9��ÎÚÆîÝZ´�ãyh�B(n, p)5µ�p = 0.5,
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X|pmf%EÌ, � t{, 'Ë�ìª�yÎ¯¯ÆÿbAÖ�, 
�

|	ðV5µ`a�¯@î, ©�ÎE½ØFEÌÝ5µ, Ípmf%?

?-º¯ß|	ðV5µ`a�
Í@Xn�5µÒ÷l, ãÂ0, 1/n, 2/n, · · · , (n − 1)/n, 1, ¬&Gã

JóÂ��AGX�, EÒ÷l, pmf%Ý{��^£, ÎÍ{�õ1, �

&pmf%�ì��]�Ý«�õ1��39F, µ��1XnÝpmf%, �

ðV5µ`ab%�HÛ6Ýn=�.ðV5µ`aì]Ý«�1��

�Tô¥�Õ, 3%1�, 	n�¼��, XnÝpmf%�¼�A�9Î	Q

Ý, .U���ü�, .hn��`, XnãÂ�Û, ^3×RÝn;, ¯%

��A�
3%2�, &Æ�Á�M�8!, 9ø´|:�E�!Ýn, pmf%ËÑ

Ý�;�n = 100, 000`, pmf%¿{©õXn = 0.5î���AF�9Î.

h`EN×i = 0, 1, · · · , n, Xn = i/n�^£K�{0, .hÍpmf%�à�

U�8ì, ¯�¿¿{:�Õ�

%2. Xn�pmf%, Á�M�8!
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&ÆýÝà]%(h�^£à]%, ¨bóAà]%), Û�O%�

ì, £°��]��«�õ1��^�óuãJóÂ, J.N×��]�

Ý9I�1, Æ|pmf%®�Ý£°��]�«�õ1�9`pmf%�

à]%�1Î×øÝ�ãyTÿ×Z, �%1C%2, 0ÝKÎXnÝpmf%,

X|%�ì�]�«�õ1/n�Þ{��Wn¹¡, �Îà]%�
�½n�¦�, Xnpmf%�t{F�¼�±Ýæ.Î%�? 	n

�ó, Xn = 0.5�^£
(

n
n/2

)
/2n
�¿à�«n!ÝStirling2P(�?Z

*(2010)°128-130), �ÿh^£�«8�(asymptotically equal)y
√

2√
nπ�

(1)

ÇXnpmf%�t�{�, |
√

2/
√

nπÝ>�ìª�0�9�|%1¼�

J�Eyn = 100, �n = 10, 000, Þpmf%�t�{�, 5½�V0.08�

0.008, ¡ïVGïÝ
√

100/
√

10, 000 = 1/10�
¨², n��`, Xn�pmf%�¼�êÝæ.Î%�? 9Ñ1��ó°

J(?�@Ý1Î3�ó°J)�EXnbB(n, p)5µ, 	n → ∞`, Xnº

^£[e�p(h�p0.5)�ôµÎXnº÷/3p!�×��P�/Ý^

£���|ó.P�¼�î, ÇEN×Ñóa, 	n →∞`,

P (|Xn − p| < a) → 1�

bØ{�ó.�Í, 1“^£�Ý�TÂµÎÙ������óAÝ

¿íÂ”, 9	QÎý0Ýý°�|Þ45µ», �ó°JÎ1, n�

�(��óA)`, Xn(¿íÂ)��TÂ(p)�-²��Ý^£����E

�Î1n��`, Xn = p�Eðóó�{an, n ≥ 1}, 	n → ∞`, an → a,

ßÆ�º|Íâ�n��`, an = a�¬E�^ó�{Xn, n ≥ 1}, b
°ß4�ó°J�¤¤îý, Q�©^�Ñ@ßéÍ�[eÝâ�, =æ

Íðóó��, �º�ýÝ“[e�ÄQ0l8�”K�Ý�
¯@îãXn�pmf%, EÝ��ó°JQÃ���¬uk¢hÝ��

³Á§�§, -��Î`aOeÝ�£ÎÍ)bð°¢ã%î¼1��³

Á§�§?
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	XnbB(n, p)5µ, ã�³Á§�§, n →∞`,

Xn − p√
p(1− p)/n

=
√

n(Xn − p)
p(1− p)

(2)

�5µ, ÇÞæÍ¿{��ÝXn − pÊ	2w�(3��TÂ¡t|ý

ã-, ÌÞXnýã;), º��ýãðV5µN (0, 1)�Ep = 0.5, Ç

ÿn →∞`,

Zn = 2
√

n(Xn − 0.5)

�5µ��N (0, 1)5µ�9ì¼:A¢Þî�Ä�%î�
5½Þ%2�Ý6Ípmf%, {��¶în, |ÿà]%, Q¡'�¿

É0.5��(�Xn − 0.5)�t¡ÞÁ����;2
√

n, U����;

1/(2
√

n),hM»¸à]%«�î¹1,ÛDÌÞXn−0.5¶î2
√

n�A

hÿ2
√

n(Xn − 0.5)�à]%, &Æ�3%3�

%3. Xnýã;¡�à]%
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;�à]%�Á�CU�Ý���, bAÞæÍê{êêÝà]%'

ì^D, ¸Í?Ë�÷���úÝÎ, Bã9øÝ^D, N (0, 1)5µÝ`

a, �½n�¦�, -@���Ý��÷¼l�×ì�.N (0, 1)5µ�^

£Û�Ðó

f(x) =
1√
2π

e−x2/2, x ∈ R,

ÆÍÐó%��t�{�sß3x = 0, Çt�{�1/
√

2π��ã(1),
√

2/
√

nπ¶în, ÿ
√

2n/
√

π, hn��`, Xnà]%�«8�Ýt�{

��ê{êêÝà]%, Á����;2
√

n¡,
√

2n√
π
· 1
2
√

n
=

1√
2π

,

æt�{�-ìªÝ, �«y1/
√

2π, �N (0, 1)5µ`a�t�{�

Ù)�3%3�, E&n, &Æ©½ýî�%��t�{�, |º\

ï�1/
√

2π(V0.3989422)f´����:Õ, Ç¸nG10, ýã;

¡Xn�à]%Ýt�{�
(
10
5

)

210
· 10 · 1

2
√

10
=

126
√

10
1, 024

.= 0.389108,

-�1/
√

2π-²��Ý�En = 10C30,&ÆÞ%3�Ý%�,�N (0, 1)5

µ`a5½f´, �%4��:�Ç¸E�H�Ýn, Þï�Õ#�Ý�

%4. Xnýã;¡�à]%�N (0, 1)5µ`af´
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î��³Á§�§Ý%îÄ�, ���E^£§¡b°Ã�Ýß, �

��çÍ�æ��9øÝ�ðøa, E{�ß§�Þ45µ��ðV5

µ, Q�á�b9�ÝQÃ?

XnbB(n, p)5µ, B(2)PÝýã;¡, ��N (0, 1)5µ�p = 0.5Ý

�µde Moivre (1667-1754)31733OJ�;×�Ýp�J°,JÎLaplace

(1749-1827)31812Os�Ý��ÆÝ®°, ÎÞB(n, p)5µÝ^£8�,

ôµÎÞpmf%�{�8�, Q¡OÍÁ§�h���, �¢�?Z

*(2010)°269-276��½^£§¡Ýs", ¡¼�§Þ45µ, b?×�

ÌÍÝ�³Á§�§, vJ°����ãyÍ×�P, ¸�³Á§�§,

W×ú�bæÝ�Ì, ��ó°J, ¬�^£�ËÍÁ¥�Ý�§�
!ñ×è, EXnbB(n, p)5µ, 1“nÈ�`, XnÝ^£5gº�«

�TÂnp, ýã-
√

np(1− p)ÝðV5g”; T1h`Í“^£%ÎE

ÌvÓÖ�, #�ðV5g”; T1“^£5g%��TÂnp, ýã-
√

np(1− p)ÝðV5g`a, ËïqÛ)”(9Î×°{�ó.�Í

îÝý°), K��ª	��á�½n�¦�(�&©�º3100¼�),

XnÝpmf%(.XnãJóÂ, X|Ípmf%ôÎà]%)º�¼�	×fi

¿a, qÍ�	Ö�; ��TÂnp, ýã-
√

np(1− p)ÝðV5µ, 	n�

�`, �TÂþÕ�G(np��), �.ýã-��, ÆÍ`aôÁ	×f

i¿a�¼�Ëï�Û), ¬ÎM��³Á§�§Ý�æ�bA1n��

`, 1/n, 1/(n + 1)C1/n2�#�, ó.î4Ñ@, EÁ§Ýà�, Q�ÈÞ

ã�n →∞`, ëï/��0, .hÝ@�#��¬1/n�1/(n + 1)ÝfÂ

��1, �1/n�1/n2ÝfÂQ��∞�
v«2, b{�ó.�Í1, n��`, “XnÝ5gº�«¿íóp,

�²óp(1− p)/nÝðV5g”, T1“XnÝà]%��TÂp, ýã-


√

p(1− p)/nÝðV5g`a, ËïqÛ)”, ô&ÞãÝý°�.×

ËnËÝÈ�, h`GïÝà]%, �¡ïðV5µÝ`a(�²óÁ�),

/bA×fkàað�
EXnbB(n, p)5µ, �³Á§�§Xú�Ý, Ûýã;¡ÝXn,
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A(2)P, Týã;¡ÝXn, Ç

Xn − np√
np(1− p)

,

	n → ∞`, Í5µº��N (0, 1)5µ�{�ó.�Í�, Q??�ú

�XnTXnÝÁ§5µ�9øÝSå, �&�³Á§�§ÝÍ����×

F, ÞXnÝà]%'�¿Énp��, �ÞÁ����;1/
√

np(1− p),

U����;
√

np(1− p), Jn�\¦�`, Ó¨�¼Ý%�, Þ�¼�

	N (0, 1)5µÝ`a�
&ÆÝ�¡Î, �3{�ó.�ý��³Á§�§, �1�“;IPÝ

+Û”, “�ñ.ßEy�³Á§�§ÝàÌ”({�ó.�è�Ýà+), @

3Î{p��&Æ6ù��.×��èï, E^£Ù�Ý¥Ú�©Î�Æ

«{H±£�³Á§�§Ý���

***���[[[
��JYÍ�XÈâC10��ë�>0, EÍZèº&9�ò��,

¸ÍZ?¶���
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1. ?Z*(2010). ^£¡, ÏÞÌ�º�Z;¯¼ô	b§2¥, ¬
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