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Abstract  Given two independent non-degenerate positive random variables X and
Y, Lukacs (Ann Math Stat 26:319-324, 1955) proved that X /(X + Y) and X + Y are
independent if and only if X and Y are gamma distributed with the same scale param-
eter. In this work, under the assumption X/U and U are independent, and X/U has
a Be(p, q) distribution, we characterize the distribution of (U, X) by the condition
E(h(U — X)|X) = b, where h is allowed to be a linear combination of exponen-
tial functions. Since the assumption for X and U above is equivalent to X|U being
Be(p, 1) scaled by U, hence our results can be viewed as identification of a power
distribution mixture.

Keywords Beta distribution - Characterization - Constant regression -
Conditional expectation - Gamma distribution - Mixture distributions

Mathematics Subject Classification (2000) Primary 60E0S5 - Secondary 62E10

1 Introduction

It is known that if X and Y are independent gamma random variables (rvs) with the
same scale parameter, i.e. X has a I'(p, r) distribution, Y has a I'(¢, r) distribution,
for some constants p, g, r > 0, then the two rvs
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X+7Y and
troad oy

are mutually independent and have I'(p + ¢, r) and Be(p, ¢) distributions, respec-
tively. Here the notation I'(p, r), p, r > 0, and Be(p, q), p, ¢ > 0, denote the
gamma distribution and beta distribution having the probability density functions (pdf)

xp—le—x/r

filx) = T x >0,

and

L'(p+q)

L Tyl 0<x <1,
I'(p)g)

fx) =

respectively, where I'(-) is the gamma function defined by

o0
L@ = /x’_le_xdx, t>0.
0

Lukacs (1955) showed that the above property can be used to characterize the
gamma distributions in the following sense. If X and Y are independent non-degen-
erate positive rvs and X + Y and X /(X + Y) are mutually independent, then X and
Y must have gamma distributions with the same scale parameter, but possibly with
different values of the shape parameter.

By setting U = X + Y and W = X/(X + Y) in Lukacs type characterization,
we obtain another form of characterization using the independence of U and W, and
independence of UW and U (1 — W). Note that X = U W, both X and U have gamma
distributions, and W has beta distribution in this case.

Under the condition X and Y are independent, Bolger and Harkness (1965), Hall
and Simons (1969), Wesolowski (1989, 1990), Li et al. (1994), Huang and Su (1997),
Bobecka and Wesolowski (2002), Chou and Huang (2003), Huang and Chou (2004)
and many others characterized the distribution of X and Y by weakening the indepen-
dence of X + Y and X/(X + Y) to the so-called constant regression.

Instead of weakening the independence condition of X /(X + Y) and X + Y, weak-
ening the independence of X and Y, and replacing the independence of X /(X + Y)
and X + Y by the stronger assumption: X/U and U are independent and X /U is
Be(p, q) distributed, Gupta and Wesolowski (1997, 2001), Huang and Wong (1998),
Huang and Liu (2006), and Huang and Chang (2007) characterized the distribution
of U by using E(h(U, X)|X) = b, where h(U, X) is some function of (U, X) and
b is a constant. In particular, Huang and Chang (2007) proved if ¢ = 1, and for
some integer n > 1, E(Z?zl a; (U — X)i|X) = b, where ay, ..., a,, b, are real
constants such that a% 4+ 4 a,% # 0 and b # 0, or for some real number n > 0,
E((U — X)"|X) = b, where b > 0 is a constant, then the distribution of (U, X) can
be determined. Recently, other related works of Lukacs characterization were done by
Bobecka and Wesolowski (2008) and Meszaros (2010).
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Identification of power distribution mixtures

In this work, under the assumption X/U and U are independent and X/U is
Be(p, 1) distributed, we characterize the distribution of (U, X) by E(h(U —X)|X) =
b, where h is a linear combinations of exponential functions. Since the assumption for
X and U above is equivalent to X |U being Be(p, 1) scaled by U, hence our results
can be viewed as identification of a power distribution mixture.

2 Preliminaries

Let (X, Y) have the pdf

k

fx.y(x, y) = ;Ci o7 T

xP~le=x/1i ya=lo=y/ri

, X, y>0, (1

where k > 1, p, g > 0,r, ..., 1 > 0,c1, ..., ck > 0, Zlec,- = 1. The dis-
tribution of (X, Y) is the mixture of k distributions Fi(x, y), ..., Fx(x, y), where
Fi(x, y),i=1, ..., k, is the joint distribution function (df) of two independent rvs
with I'(p, r;), and I'(¢g, r;) distributions, respectively. Obviously when (X, Y) has
the pdf given in (1), then both the marginal distributions of X and Y are also mixed
gamma distributions. Let U = X + Y, and W = X/(X + Y). Then it is easy to see
that the pdf of (U, W) is

k

_ ubtele i N T(p+q) g
fU,W(us w)_(;cl F(p+q)rlp+q)r(p)r(q)w (1—U)) )

O<u<oo, 0<w<l.

Hence for the mixed case, U and W are still independent, the distribution of U is the
mixture of k distributions I'(p + ¢, r1), ..., I'(p + ¢q, rr), and W has a Be(p, q)
distribution. This is an example for X /(X + Y) and X + Y being independent, and
X /(X +Y) has a beta distribution, yet X and Y are not independent and neither of the
marginal distribution of X and Y is gamma.

Conversely let X and U be two rvs. Assume X/U and U are independent, and
X/U is Be(p, q) distributed. Then (X, U) has the pdf

_T+a

= T TP = ) T fy), 0 <x <u < T < o0,
F(p)T(q) 0

2

fx,ulx, u)

where fy(u),0 < u < T,isthe pdf of U, T = inf{u : Fy(u) = 1}, and Fy(u),
u € R, is the df of U. From (2), the marginal pdf of X, and the conditional pdf of U
given X can be determined while knowing fiy. That is

T

fx(x) = %x”_l/ul_p_q(u — )4 Y fywdu, 0<x<T,
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and

1—p—q (s _ -1
Suix(ulx) = u T = T fu ) O<x<u<T. 3)

S ut=r=au — )11 fy uydu’

For example,
(1) if U hasaI"(p + 1, r) distribution, then X has a I'(p, r) distribution;
(i) if
ko mi up+j 1 —u/r;

fuu) = ZZ Cij 0<u< oo,

=4

where Zle 27':1 cij = 1, such that fy(u) > 0,0 < u < oo, then

fx(x) = Cij 7. 0<x <oo.
i—1j=1 L(p+Jj—Dr e

The above two distributions of U play important roles in the next section.

3 Main results

Throughout this section, assume X /U and U are independent and X/ U is Be(p, 1)
distributed, p > 0. As pointed out in Sect. 2, once the distribution of U is determined,
then the distribution of X is determined too. So we only present the solution of U in
each of the following theorem. Theorem 1 below can be proved along the lines of the
more general Theorem 2. For the sake of completeness, we state without proving the
theorem.

Theorem 1 Assume
EY=Y1x)=0b “

holds for real constants @ # 0 and b > 0. Assume additionally that fy (u) is contin-
uous with support [0, T], where 0 < T < oo. Then T =00, a(b— 1) > 0and U is
'(p+1, (b—1)/(ab)) distributed.

In order to prove Theorem 2, we need the following Lemma, which gives necessary
and sufficient conditions for some linear combinations of gamma distributed pdfs to
be a pdf.

Lemmal () Letp>0,0<r <sandcy+cr =1.Then

Mp_le_u/r up—le—u/s
= , 0 00, 5
S3(w) = c1 F(p)r? + o F(p)s? <u< (5)
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Identification of power distribution mixtures

is a pdf if and only if

Sp

0<c < .
sP —rP

Q)

() Letp>q>0,r>s>0andcy +cy = 1. Then

upflefu/r uqflefu/x
= , 0 00,
fa(u) = F(p)r? +o ()5 <u<

isapdfifand onlyif 0 < cp, < 1.

Proof (i) First we show the sufficiency. That fooo f3(u)du = 1 is obvious. We now
prove f3(u) > 0, 0 < u < oco. From (6), we obtain

c c—1
o _o-1
sP P

Consequently,

C_2 - (CZ _ l)ef(l/rfl/s)u

> , 0<u<oo, @)
sP rP
which is equivalent to
upflefu/r upflefu/s
(1 —=c2) +c >0, 0<u<oo,

T(p)yr? | T(p)sP

as desired.
Next we show the necessity. Being a pdf, f3(u) > 0, 0 < u < oo, hence (7) holds.
If ¢c; < 0, then (7) in turn implies

1— —(1/r—1/s)u
(1 = c)e =250 0<u<oo. 8)
rpP sP

Ass > rand 1 — ¢y > 0, the left side of (8) tends to 0 as u — co. The contradiction
implies ¢; > 0. On the other hand, assume ¢, can be greater than s”/(s? — r?).
It turns out that there exists some 2 > 0, such that (5) can be a pdf when ¢, =
(s? + h)/(sP — rP). Substituting this ¢ into (7), yields

rPsP 4+ rPh > (rPsP + sPhye” /719U 0 <y < 0. 9)

As u — 0, the right side of (9) tends to r”s? + s”h, which is greater than the left side
of (9). The contradiction implies ¢ < s”/(s? — r?). This completes the proof of (i).
(i1) The sufficiency is obvious, we only need to prove the necessity. Being a pdf,

fa(u) >0, 0 < u < oo, hence

(1 — )T (q)sTuP~ e~ V=19 L T (p)rP =0, 0 < u < 0. (10
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As p > q,r > s,if ¢ > 1, the left side of (10) tends to —oo as u — oo;if ¢» < 0,
the left side of (10) tends to coI'(p)r? < 0 asu — 0. Consequently, 0 < ¢p < 1. This
completes the proof of (ii). O

An extension of Theorem 1 is to characterize the distribution of U by using
E(a1e' V=% 4 4,62 U= x) = p, (11)

where ai, az, a1, oz and b are real constants. Note thatif a; > 0, a1 %20, ap =0
and b > 0, then (11) reduces to (4) with the constant b in (4) being replaced by b/a;.
Therefore, in the following Theorem 2, the previous case will not be considered.

Theorem 2 Assume (11) holds for ayaxaiay # 0 and b > 0. Assume additionally
that fy(u) is continuous with support [0, T], where 0 < T < oo. Then only the
following cases are possible:

(i) b=0.

Then T =ocoand U isT'(p + 1, (a1 + az)/(a1a2 + anay)) distributed, where
aray <0, (a1 —az)(a; +az)az > 0and (a1a2 + azay)(ar +az) > 0;

(i) b >0anda; +ay = b.
ThenT =ocoand U isT'(p + 1, (a1a1 + azaz)/(x1o2(ay + a2))) distributed,
where (x1a; + apan)ajoy > 0;

(i) b > 0anda; + a» # b.
Let the equation

(b —ar — a)x* + (@1 + @2)b — aza) — @jaz)x +ajazb =0

have real roots —1/r and —1/s, where —1/r < —1/s. Then T = oo and
() if—1/r <0and 1/s > 0, then U is I'(p + 1, r) distributed,

2) if—1/r < —1/s <0, then
upe—u/r upe—u/s

Jol) = e p T T AT er T

0<u< oo,

where O < ¢, <sP/(s?P —rP)andcy +c2 = 1;
3) if—1/r=—1/s <0, then

upe—u/r up+le—u/r

! C(p+ Dretl + Czl"(p + 2)rpt2’

fuw) =c

0<u< oo,

where c1, ¢y > 0andci + c» = 1.
Proof Observe that it follows immediately for X/ U being Be(p, 1) distributed, sup-

port (X) = [0, T] C [0, oo) (if T = oo, then we write [0, T') instead of [0, T']), and
inf{u : Fy(u) = 1} = T. Note also that since X < U, a.s., if T < o0, it follows that

E(@1e V=D 4 4,e2U=D\X = T) = a) + as. (12)
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Identification of power distribution mixtures

By letting g() = u=? fy(u), u > 0, (3) and (11) imply

T T T
/ale“'(’“x)g(u)du —}—/aze‘“(“*x)g(u)du = b/g(u)du, 0<x<T.
X

X X

(13)

(1) b = 0. From (13), it yields aja; < 0. Taking the derivatives of both sides of
(13) with respect to x, we obtain

T
(@1 — anaz / 0D g (u)du = (a1 + agr), 0<x <T. (14

X

Obviously, (a1 —a2)(a; +az)az > 0. Suppose T < oco. From (11) and (12) we obtain
the contradiction a; + a; = b = 0. Hence T = oo. Again taking the derivatives of
both sides of (14) with respect to x, we obtain

(a1 + a2)g' (x) + (a1a2 + azar)g(x) =0, 0 < x < oo. (15)
Obviously, ajay + apa; # 0 follows. Now solving (15) yields

g(x) = ke~ (@ratmanx/(@+a) (g oy 0,
where k > 0 is a constant, and then
fuu) = kuP e~ (@tmanu/ata) o oy ~ oo,

Consequently, the assertion (i) can be obtained immediately.

(i1) b > 0 and a1 + a» = b. After taking the derivatives of both sides of (13) with
respect to x twice, we obtain

T
s (@ +az)/g(u)du — (wai+aagx), 0<x<T.  (16)
X

It yields that («¢ja; + anaz)ajar > 0. Again taking the derivatives of both sides of
(16) with respect to x, it arrives at

(a1a1 + a2a2)g'(x) + aron(ar +a2)g(x) =0, 0<x <T,
which yields the solution

g(x) = ke—alaz(al+az)X/(alal+062a2)’ 0<x<T, (17)
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where k > 0 is a constant. Substituting (17) into (16) for T < oo, we have
k(ajay +azaz)efalaz(al+az)T/(0t|a1+azu2) =0, 0<x<T,
and, consequently, k = 0. Hence T cannot be finite. Therefore, (17) in turn implies
fuu) = kul’e*alaz(m+a2)u/(ala|+aza2)’ 0 <u < oo.

This proves the assertion (ii).

(iii) » > 0 and a1 + ap # b. Suppose T < oo. Again from (11) and (12), we
obtain the contradiction a; + ap = b. Hence T = oo. After taking the derivatives
of both sides of (13) with respect to x three times, we obtain the second order linear
homogeneous differential equation

(b—a1—az)g" (x)+(bay +bay —ajar —aza) g’ (x)+ajazbg(x) =0, 0<x<oo.

The remainder of the proof of assertion (iii) is straightforward hence is omitted. O

A natural extension is to use
E(a1e®" V=% 4 g5e2U=% 4 434 U=0 x) = p, (18)

where ai, a», az, oy, az, a3z and b are real constants, to determine the distribution
of U.

Theorem 3 Assume (18) holds for ajorazaiazasz # 0 and b > 0. Assume addition-
ally that fy(u) is continuous with support [0, T], where 0 < T < oo. Then only the
following cases are possible:

(i b=0.
Let the equation

(a1 + az + a3)x” + (1a2 + azar + aja3 + @za) + azaz + azaz)x

+ajazas + ajazar + azaza; =0

have real roots —1/ry and —1/s1, where —1/r; < —1/s1. Then T = o0 and

(1-1) if =1/r1 < 0and 1/s1 > O,then U is I'(p + 1, ry) distributed,
(1-2) if =1/r; < —1/s1 <0, then

uPe—/m uPeu/s

+c )
T'(p+ Drl™! T'(p+ DsPt!

fu) = c

Pl P .
where 0 < ¢y <s1/(sy —rj)andci+cy=1;
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Identification of power distribution mixtures

(1-3) if —=1/r1 = —1/s1 < 0O, then
upe—u/rl up+le—u/r1

+o ,
T(p+rf™ "+

Sfu) = c

0<u< oo,

where c1, ¢c; > 0andcy +c; = 1.
(i) b>0anday +ax +az = b.
For ajay + apar + azaz # 0, let the equation
(a1a1 + aaz + @3a3)x” + (@1@2a1 + ajenay + ajaza) + ajaza;

+arazar + apazaz)x + ajonaz(a; +ax +a3) =0

have real roots —1/r> and —1/s2, where —1/ry < —1/s2. Then T = 0o and

@2-1) if=1/ry <0and 1/sy > 0, then U is I'(p + 1, rp) distributed,
2-2) if =1/ry < —1/s3 <0, then

Pe—u/r2 Po—u/s2
fuu) = c ne T te e - 0<u<oo,
I‘(p+1)rf I‘(p+1)s§7
where 0 < ¢y < sf/(sﬁ7 —rf) andc) + ¢ = 1,
2-3) if =1/rp = —1/s2 <0, then
upe—u/rz up+le—u/r2
fu) = c 0<u < oo,

+ ,
T'(p+ Drlt! T(p+2)rk*?

where c1, ¢c; > 0andcy +c; = 1.

Forajar+orar+azaz =0, U isT (p+1, B)distributed, where B = (a1a2a1+

ajonay + ajozal + ajosas + apozar + oapezas) /ajonas(ar +ax +az) > 0.
(iii) b > O0anda; +ax + a3z # b.

Let the equation

(b—ay —ar — az)x* — (1az + a1a3 + 02a) + a2a3 + azar + wzar
— (o1 + @2 + 03)b)x? + (@102 + @103 + 03)b — ajaaas
—ajara3—aja3)x + ajarazb=0
have roots —1/r3, —1/s3 and —1/t3, where —1/r3 < —1/s3 < —1/t3 ifall are
real numbers. Then T = oo and

GB-D) if—1/r3 <0and —1/t3 = —1/s3 > 0, or —1/1t3 and —1/s3 are nonreal,
thenU isT(p + 1, r3);
(3-2) if—1/r3 < —1/s3 < 0and —1/t3 > 0, then

uPe=ulrs uPeu/3

+ 2 ,
r'(p+ rl*! T'(p+ Ds?™!

fuw) =y 0<u<oo,

where 0 < ¢y < sf/(sé7 —rf) andcy +c = 1;
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(3-3) if —1/r3=—1/s3 <0and —1/t3 > 0, then

upe—u/r3 up+le—u/r3
fu) = c Fp+ Dl +Cz[‘(p IpSpEs 0<u< oo,
where ¢y, ¢c; > O0andci +c; = 1;
(B-4) if—1/r3 < —1/s3 < —=1/t3 <0, then
uPe=u/r3 uPe=t/53 uPe—/t
fuw)=c . 1)r§’+1 +Czr(p N l)sfH +C3F(p " 1)t3p+17 0<u<oo,

where c1 + c2 + ¢3 = 1, such that fy(u) >0, 0 < u < o0;
(3-5 if—1/r3=—1/s3 < —1/t3 <0, then

uPe=u/ms ubtle—u/ms uPe~ U/t
fuw)=cy +c2 +c3 , O<u<oo,
T(p+ D! "+ T+ et
where c1 4+ ¢2 + ¢3 = 1, such that fy(u) >0, 0 <u < oo;
(3-6) if—1/r3 < —1/s3=—1/t3 <0, then
uPe=u/"3 uPe—u/s3 uPtle—u/ss
fuw)=cy R T e3 5, O<u<oo,
T(p+ D™ T(p+Dsi™ T(p+2)si™
where c1 4+ ¢2 + ¢3 = 1, such that fy(u) >0, 0 < u < oo;
G- if=1/r3=—1/s3=—=1/t3 <0, then
uPe—ulrs uPHlg—u/rs uPF2o—u/rs
Juw)=c +c2 +c3 , O<u<oo,
T(p+ P T+ " T(p+ 32t

where c1 + c2 + ¢3 = 1, such that fy(u) >0, 0 <u < oo.

Proof Againif T < oo, then
E(a1e" V= 4 4,201 4 1305 U="D X = T) = a| + ay + as. (19)

By letting g() = u™? fy(u), u > 0, (3) and (18) imply

T T T
ai /e“‘(”_x)g(u)du +ap /e“z(”_x)g(u)du + a3 /6“3(”_x)g(u)du
X X X
T
= b/g(u)du, O0<x<T. (20)

X

(1) b = 0. Suppose T < oo. Then (18) and (19) imply a; + a2 + a3 = b = 0.
Taking the derivatives of both sides of (20) with respect to x twice yields

T
(a1 — a3) (a2 — a3) (a1 + a2) / B e(uydu = A1g(x), 0<x<T, (21)
X
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where A| = aja;+arar —aza; —aszay. It follows (o —a3) (o —a3) (a1 +az) Ay > 0.
Again taking the derivatives of both sides of (21) with respect to x yields

A1g'(x) + Big(x) =0, 0<x<T, (22)
where B] = ajona) + ajonay — ajozay — apazar. Obviously, By # 0. Hence

g(x) = ke A¥/BI 0 <x < T, (23)

where k > 0 is a constant. Substituting (23) into (21), we find e =BI/ADT — 0 <
x < T, which contradicts the assumption 7" < co. Hence T = co. Now taking the
derivatives of both sides of (20) with respect to x three times yields

(a1 + a2 + a3)g" (x) + (a1a2 + aza; + ajaz + azar + wraz + azaz)g’ (x)
+ (xjopa3 + ajazax + oxazar)g(x) =0, 0 <x < oo

The remainder of the proof of assertion (i) is straightforward hence is omitted.
(i) b > 0 and a; + a2 + a3 = b. Taking the derivatives of both sides of (20) with
respect to x twice yields

T T
aras (ar +ax + aa)/g(u)du — (a2 — 3) (1a3 — a3a3)€_“3x/ea3“g(u)du
X

X

= (x1a1 +a2az +azaz) g(x), 0<x <T, (24)

and then taking the derivatives of both sides of (24) with respect to x yields

T
Cz/g(u)du = A (x)+ Brg(x), 0<x<T, (25)

X
where Ay = aja; + axay + azasz, By = ajara) + ajar + ajaza; + ajazaz +

ara3ar +arazaz and Cor = ajopaz(ay +az + a3). Finally after taking the derivatives
of both sides of (25) with respect to x, we obtain

Arg"(x) + Bog'(x) + Cog(x) =0, 0<x <T, (26)
which yields the solution

—B2+«/B%—4A2C2x —By—/B3—447C)

kie 75 T koe 7 Y, ifAy #£0, B —4A2Cy > 0;
— _B _B
8= fye 25" 4 kyxe 77, if Ay #0, By —4A2C2 = 0;
_&
kse Bzx’ if Ap =0.
(27
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where ki, ..., ks are constants. For A, = 0, substituting g(x) as in (27) into (25)
yields ks Bye=€2T/B2 = 0, 0 < x < T. This in turn implies that T = oo. Similarly,
for each of the other two situations in (27), by substituting g(x) into (24), will also
lead to T = oo. Having obtained 7" = 00, the remainder of the assertions in (ii) follow
immediately.

(i) b > 0 and a; + ax + a3 # b. Again if T < oo, then (18) and (19) lead to
aj + a» + a3 = b. This contradiction implies T = oco. Taking the derivatives of both
sides of (20) with respect to x four times yields the third order linear homogeneous
differential equation

(b—ayr —ax—a3)g" (x) — (a1a2 + a1a3 + aza; + aaz + aza; + azaz
— (a1 + oo+ a3)b)g” (x) + (102 + o103 + @203)b — ajonaz — a3
—ajpa3)g’ (x) + ajapazbg(x) =0, 0 <x < oo.

The remainder of the proof of assertion (iii) is straightforward hence is omitted. O

Remark 1 1t is known that every cubic equation of the form
Ax* 4+ Bx* +Cx + D =0, (28)

where A # 0, B, C, D are real constants, has at least one real root. Denote the
discriminant of (28) by

A = 18ABCD —4B>D + B>C? —4AC? — 27A>D?. (29)

Then (29) can be used to distinguish the nature of the roots that (28) has three distinct
real roots if A > 0; a multiple root and all its roots are real if A = 0; one real root
and two nonreal complex conjugate roots if A < 0.

Remark 2 As in Lemma 1, it is desired to investigate necessary and sufficient condi-
tions for linear combinations of three gamma distributed pdfs which appear in Theo-
rem 3 to be a pdf. Similar to Theorem 2, in Case (iii) of Theorem 3, the coefficients
c1, ¢ and ¢3 do not need to satisfy 0 < c1, 2, c3 < 1. We give example for each
situation below.

(1) Letcy = =3/5, ¢ =3/2,¢3 =1/10, p =0, 3 = 1,53 =2, 3 = 3 in
assertion (3-4), then

fu = —2e+ 2 (Lo t) 4+ L(Let) 50, 0<u<oor GO)
-2 2= (%) > < o0:
! 5¢ T2 \2f 10 \3° ’ =

@) Letc; = —1/20, ¢ = 9/10, ¢c3 = 3/20, p = 0,3 = s3 = 1,3 = 3 in
assertion (3-5), then

fu ) Loy Doy 2 (L8} 20, 0 o0;  (31)
u)=——e —ue —(=e3)>0, <u < oo;
v 20 10 20
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(i) Let c; = —1/20, ¢ = 9/10, ¢c3 = 3/20, p = 0,3 = 1,53 = 3 = 3 in
assertion (3-6), then

fo=—aep 2 (Lo t) 1 2 (Lue¥) 50, 0<u<oor (32
vi="50¢ T10\3° 20 \9"¢ : =

@iv) Letcy = 3/10, ¢ = —1, ¢c3 = 17/10, p = 0, r3 = 53 = t3 = 1 in assertion
(3-7), then

3 17 (/1
fuu) = Ee‘” —ue "+ 10 (Euze_”) >0, 0<u<oo. (33)

However, we do not have alemma which is parallel to Lemma 1 for linear combinations
of three gamma distributed pdfs to be a pdf.

Inspired by the previous theorems, it is natural to ask whether

n
E(Z a,-ei(UX)|X) =b
i=1

can be used to determine the distributions of U. The general case is too cumbersome,
for the special case a; = - -+ = a, = 1 and b > n, a characterization can be obtained.
We omit the statement of this result.

In Huang and Chang (2007), they also used the condition E((U — X)"|X) = b to
characterize the distribution of U. For our present situation, it is easy to see that the
solution of U of E(e"V—X )|X ) = b, can be obtained immediately from the solution
of E(eV=X|X) = b. We omit the details here. In Theorem 2, along the lines of the
present proof, it can be shown the result still holds, if «1, a2, aj, ap are allowed to
be complex numbers such that oz, ajaz, @) + o2, a; + a2 and apa; + «ja; are real
numbers (b is still a real number). Then by letting oy = i, ap = —i, a; = —i/2 and
apy = i/2, we have the following consequence immediately.

Corollary 1 Assume
E(sin(U — X)|X) =b (34

holds for constant b > 0. Assume additionally that fy(u) is continuous with the
support [0, T], where 0 < T < oo. Let the equation

bx’+x+b=0 (35)
have roots —1/r = (=1 —~/1 —4b2)/2b and —1/s = (=1 + +/1 — 4b2)/2b. Then

T = oo and there are only the following possible cases:

(1) if0 < b < 1/2, then

uPeir uPe s

T+ Dt TOT G et

Ju) =c 0<u < oo, (36)

where 0 < ¢y < sPt1/(sPH — Py and ey +¢o = 1.
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@{i) ifb=1/2, then

uPe—u/r uPtle—u/r

T = R T YR e

0<u< oo,

where c1, ¢c; > 0andci + ¢ = 1.

We omit the statement of a similar characterizing result based on E(cos(U —
X)|X) = b.

4 Conclusion

In this work, we characterized the distribution of (U, X) by E(h(U — X)|X) = b,
where £ is allowed to be an exponential or trigonometric function of U — X. It is
expected that there are some other functions of 2(U, X) can be used to characterize
the distribution of (U, X).

For example, in Theorem 1, let « = 1, then (4) becomes E €Y= X|1X) = b, or
E(eY|X) = beX. This is a special form of E(eY|X) = aeX + b. It can be shown the
distribution of (U, X) can be determined under the assumption E(eV |X) = aeX +b.
We omit the details here.
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