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Abstract

Let X and Y be two independent non-degenerate random variables. Also let
(U,V) be a bijective map of (X,Y). It is desired to use certain regression
assumptions between U and V to characterize the distributions of X and
Y, and consequently, the distribution of (U,V). In most of the previous
investigations, U and V turn out to be independent too.

Recently, for X, Y valued in (0, 1), Seshadri and Wesotowski (2003) charac-
terize X and Y to be beta distributed based on two constancy of regression

assumptions between U and V, where (U, V) is a particular bijective map of
(X, Y).

In this work, first we will generalize the results in Seshadri and Wesolowski
(2003). It will be proved that for the bijective map given in Seshadri and
Wesolowski (2003), X and Y are beta distributed under some more general
regression assumptions. Next we illustrate that for some other special bijec-
tive maps (U, V'), under certain regression assumptions between U and V', X
and Y can also be characterized to be beta distributed, yet U and V may
not be independent.
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1 Introduction

Let X and Y be two independent gamma random variables with the same
scale parameter, i.e. X is I'(p, r) distributed and Y is I'(g, r) distributed, for
some constants p,q,r > 0. Let

(S,T) = <XL+YX +Y>
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be a bijective map of (X,Y). Then it is known that S and T are mutually
independent and have Be(p,q) and I'(p + ¢,r) distributions, respectively.
Denote this as (S,T) ~ Be(p,q) @' (p+q,r). Here I'(a, ), o, 5 > 0, denotes
the gamma distribution with the probability density function (p.d.f.)

xa—le—m/ﬁ
flx)=————, >0,
)= Tap
and Be(p, q), p,q > 0, denotes the beta distribution with the p.d.f.
r
flx) = Mm”_l(l —2)7 L 0<x <.

L(p)L'(q)

In fact, independence of S and T is a property only enjoyed by the
gamma distribution. More precisely, Lukacs (1955) proved that if X and Y
are independent non-degenerate positive random variables and S and T are
mutually independent, then X and Y have gamma distributions with the
same scale parameter. Since then many papers considered different exten-
sions. Among others, Huang and Su (1997), and Chou and Huang (2003)
obtained similar characterization, under the weaker conditions

E(S*™NT) = aB(S*|T) and E(S™TTHT) = bE(S™|T),

with » = 1 and 2, respectively, s being some fixed integer, and a and b being
some constants. Under the so-called dual regression schemes, that is instead
of independence of X and Y, independence of S and T together with the
regression conditions for X and Y:

E(Ys+1’X) — CLE(YS’X) and E(Ys+2’X) = bE(YS—l—l‘X)7 (1.1)

for some fixed integer s, where a and b are constants, were assumed, Chou
and Huang (2003) proved X and Y are gamma distributed with the same
scale parameter. A technique of change of measure for the traditional
Laplace transform methods used by Huang and Chou (2004) to extend the
above results to that s needs only to be a fixed real number.

Now let X and Y be two independent non-degenerate random variables.
Besides the gamma law, there are many characterizations of X and Y, by
using the independence, or some weaker regression assumptions, of a bijective
map of X and Y. The following are some famous examples.

Matsumoto and Yor (2001) considered the bijective map

1 1 1
(M, N) = <Y_X+Y’X+Y>’
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and proved that if X and Y are generalized inverse Gaussian (GIG) and
Gamma distributed, respectively, then M and N are also independent and
are Gamma and GIG distributed, respectively. The converse of the above
result was studied by Letac and Wesolowski (2000), Seshadri and Wesolowski
(2001), and Wesotowski (2002). Instead of the independent conditions, by
giving two weaker conditions for M, N as in (1.1), Chou and Huang (2004)
obtained similar characterizations.

Let X and Y be two independent non-degenerate random variables val-
ued in (0,1). For the following bijective map
1-Y

(U>V) = (m,

1- XY), (1.2)

Seshadri and Wesotowski (2003) used constancy of regressions
E{U'|V)=a and E(U?|V)=0b,

where (i,7) = (1,2) or (1,—1), and a and b are constants, to characterize X
and Y, and consequently, U and V, to be beta distributed.

In this paper, first we will generalize Seshadri and Wesotowski (2003) by
using the regression assumptions similar to (1.1)

EUSTHV) = aE(U|V), (1.3)
and
EUsTV) = bE(UTHV), (1.4)

for some fixed real s, where a and b are constants. In particular (7, j) = (1, 2)
and (1,—1) corresponds to s = 0 and —1, respectively. Some conditions
which are equivalent or not equivalent to the bijective map (1.2) are also
studied. Then in Section 3, we will illustrate that for some bijective maps,
under suitable regression assumptions, X and Y can be characterized to be
beta distributed, yet U and V are not independent.

2 Characterization of the Beta Distribution

In this section, first we extend the results of Seshadri and Wesotowski
(2003).
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THEOREM 2.1. Let X and Y be two independent non-degenerate ran-
dom variables valued in (0,1), and (U, V) be defined as in (1.2). Assume
that (1.3) and (1.4) hold for some fixed real s such that E((1 —Y)*) < oo,
where a and b are constants. Then 0 < a < b < 1, and there exists p > 0
such that (X,Y) ~ Be(p, ¢)®@Be(p+q,r), where g = (1—a)(1—-b)/(b—a) >0
and r = a(1-b)/(b—a)—s > 0. Consequently, (U, V') ~ Be(r,q)@Be(r+q,p).

PROOF. First as U is also valued in (0, 1), hence 0 < a,b < 1. On the
other hand, a < b follows from Holder inequality. Next (1.3) and (1.4) imply
E(1-Y) " XY)=0a(l- XY)E((1-Y)%XY), (2.1)
and
E(1-Y)2|XY)=b(1—- XY)E((1 -Y)*"HXY), (2.2)
respectively. Substituting (2.1) into (2.2) yields
E(1-Y)2|XY) =ab(l — XY)?E((1 - Y)*|XY). (2.3)
From (2.1) and (2.3), for every integer k > 0, we have
E(1-Y)"YXY)F) =aB((1 - XY)(1 -Y)*(XY)K), (2.4)
and
E((1-Y)*"™(XY)*) = abE((1 — XY)*(1 - Y)*(XY)h). (2.5)

Since X and Y are valued in (0,1) with E((1—Y)*) < oo, we have E(X*) <
o0, and E((1 - Y)*Y*) < E((1 — Y)*) < ¢ for every integer k > 0. Now
denote

E(Xk—i-l)

g(k) = N GR and h(k) =

E[(l _ Y)syk-l—l]
E[(1 -Y)sYk] ~

Then independence of X and Y, and (2.4) and (2.5) lead to

1—a

h(k) = ma

(2.6)

and

1-2h(k)+h(k)h(k + 1)=ab—2abg(k)h(k)+abg(k)h(k)g(k+1)h(k+1), (2.7)
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respectively. Substituting h(k) and h(k + 1) into (2.7), we obtain
(a—b)g(k)g(k+1)+(1—2a+ab)g(k+1)=(1—2b+ab)g(k)+b—a. (2.8)
By denoting ¢ = (1 —a)(1 —b)/(b — a) > 0, (2.8) can be rewritten as

1+ (q—1g(k)
q+1—gk)

Define p by ¢(0) = E(X) =p/(p+q). As0< E(X) <1, and ¢ > 0, it can
be seen easily p > 0. Then (2.9) leads to

g(k+1)= (2.9)

E Xk+1 k
g(k) = E((Xk)) = k+;iq, (2.10)

for every integer k > 0. Since X has bounded support, by the celebrated
Carleman criterion (see e.g., Chung (2001)), the distribution of X is deter-
mined by its moments. We obtain that X is Be(p, ¢) distributed.

Next, substituting (2.10) into (2.6), it follows that

_EA-YPYH  kt+ptq  k+ptg
k) = E(1-Y)sY* — k+p+q/(1—a) k+p+cq (2.11)

where ¢ = (1 —a)™! > 1. Now let Fy denote the distribution function of Y.
As in Chou and Huang (2003), define a new probability measure G on (0, 1)
by

§(1 —y)*Fy (dy) = G(dy), (2.12)

where 67! = E((1 — Y)®) < co. Let Z be a valued (0,1) random variable
with the distribution function G. Then (2.11) and (2.12) yield

E(ZF)  k+p+g
E(ZF)  k+p+cq

for every integer k > 0. Hence Z is Be(p + q,(c — 1)q) distributed. In
view of (2.12), we obtain (¢ —1)g — s > 0. Consequently, (2.14) implies Y is
Be(p+q,(c—1)g—s) = Be(p+gq,r) distributed, where r = ag/(1—a)—s > 0,
as required.

When the two independent random variables X and Y both are valued
in (0,1), except the (U,V) defined in (1.2), we are interested in knowing
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whether there are other bijective maps of X and Y, which can also be used
to characterize both X and Y to be beta distributed. Before answering this
question, first we illustrate the connection between Lukacs type character-
ization for gamma distributions and the present characterization for beta
distributions.

Let X1, Y7, Z; be independent gamma random variables with the same
scale parameter, say

(Xl, Yla Zl) ~ P(p7 t) ® F(qa t) ® F(Ta t)a
where p,q,r,t > 0. Then it is well-known that

( X1 Xi1+Y
X1+ Xi+v+ 24

> ~ Be(p,q) ® Be(p + q,r), (2.13)

< VAL Y1+ 723

~ 2.14
ez )~ Belnd o Belrtan). (210

and

< X1 X1+ 2y

, ~ Be(p,r) @ Be(p+7,q). 2.15
X 1 Z, X1+Y1+Zl> (p,7) (p+r,q) (2.15)

Let X = X1 /(X1 4+ Y1) and Y = (X5 +Y7)/(X1 4+ Y1 + Z1), and substitute
X and Y into the right hand side of (1.2), it yields

Z1 Yi+ 724 >
UV)= , .
( ) <Y1+Z1 X1+ +24

In view of (2.14), this explains why U and V' defined in (1.2) are independent
and have Be(r,q), Be(r + q,p) distributions, respectively, when (X,Y) ~
Be(p,q) ® Be(p+q,r).

It is expected that there is a bijective map of (X,Y’) corresponding to
(2.15). Indeed this is true. Define

XY

which obviously is a bijective map of (U, V'). Again by substituting (X,Y") =
(X1/(X1+Y1), (X1 +Y1)/(X1+ Y1+ Z1)) into the right hand side of (2.16),

we obtain

X X1 +72
(U17V1)=< 1 1 1 >

Xi+Zy Xi+ Y+ 2
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Consequently, in view of (2.15), U; and V; defined in (2.16) are independent,
when (X,Y) ~ Be(p, q) ® Be(p + ¢,r). Hence it is not surprising that there
exists a characterization of beta distributions by using the independent as-
sumption of U; and Vi. But this is not a new result as can be seen by first
rewriting

1-Y
= (1-—=,1-XY
(Ula‘/l) < 1 - XY’ >7

where X’ = 1 — X, and noting that independence of U; and V; implies
(1-Y)/(1 = X'Y) and 1 — X'Y are independent, hence X’ and Y, and
consequently X and Y are beta distributed. Yet characterization by using
constancy of regression assumptions based on U; and Vj is another story.
We state and prove the result in the following Theorem.

THEOREM 2.2. Let X andY be two independent non-degenerate random
variables valued in (0,1), and (U, V1) be defined as in (2.16). Assume that

EU;T Vi) = aE(UF V1), (2.17)
and
E(U;T? Vi) = bE(UTT W), (2.18)

hold for some fized real s such that E(X?®) < co and E(Y?®) < oo, where a
and b are constants. Then 0 < a < b < 1, and there exists ¢ > 0 such that
(X,Y) ~ Be(p,q) @ Be(p + q,7), where p = a(1 —b)/(b —a) — s > 0 and
r=(1—a)(1-b)/(b—a) > 0. Consequently, (U1, V1) ~ Be(p,r)@Be(p+r,q).

PROOF. As in Theorem 2.1, we obtain 0 < a < b < 1 immediately. Next
(2.17) and (2.18) imply that for every integer k > 0,

E[(1 - XYY X'V = aB[(1 - X'Y)((1 - XY)S(X'Y)F], (2.19)
and
E[(1 - X"HY)**2(X'V)¥] = bE[(1 — X'V)((1 — X)Y)*THX'Y)¥], (2.20)

respectively, where X’ = 1 — X. Since X’ and Y are valued in (0,1) with

E((1 - X")*) = B(X®) < 0o and E(Y*) < 00, we have E((1 — X')¥(X")F) <

E((1 = X")*) < 00, and E(Y*t*) < E(Y*®) < oo, for every integer k > 0.

Now denote

Bl(1 - X") (X))
E[(1 — X7)s(X")¥]

E(ys+k+1)
E(Ys—i—k) '

(2.21)

g(k) = and h(k) =
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Following similar steps as in Theorem 2.1, (2.19) leads to

_ h(k)—a
g(k) = A= ah(k)’ (2.22)
and (2.20) leads to
Wik + 1) = L = DA(k) (2.23)

r+1—nh(k) ’

where r = (1 —a)(1 —b)/(b—a) > 0. Let Fxs and Fy denote the distribu-
tion functions of X’ and Y, respectively. Again define two new probability
measures G; and Gy on (0,1) by

(1 —2)°Fx/(dx) = Gi(dz) and dy°Fy (dy) = Ga(dy), (2.24)

respectively, where 671 = F((1 — X')*) < oo and §,' = E(Y®) < co. Let
W1 and W be valued (0, 1) random variables with the distribution function
G and G, respectively. Then (2.24) yields

EWF)  Eloi(1 - X') (X))
EWF) — Eloi(1—-X") (X"

= g(k),

and

E(Wzk—i-l) B E[52Y5+k+1]
E(W¥) — E[5Y*tH]

= h(k),
for every integer k > 0. Define now m by h(0) = E(W2) = m/(m +r). As

0 < E(W3) <1, and r > 0, it can be seen easily m > 0. Again (2.23) yields

EWStY  k4m
EWE) — k+m+r’

h(k) = (2.25)

for every integer k > 0. Thus we obtain that Wy is Be(m,r) distributed,
and consequently, Y is Be(m — s, 1) distributed.

Next, substituting (2.25) into (2.22), it follows that

CEWFTY  k+m—ar/(1-a)
gk) = E(I/Ilflk) - k+m

<1, (2.26)

for every integer k > 0. Hence ¢ = m —ar/(1 —a) > 0, and W is Be(q,n)
distributed with n = m — ¢ = ar/(1 —a) > 0. Then (2.24) implies X’ is
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Be(q,n — s) = Be(q, p) distributed, where p = n — s > 0. Consequently, X
is Be(p, q) distributed, and Y is Be(p + ¢,r) distributed, as required.

Next, we consider

1-Y

(U27‘/2) = <)‘ - m7

1—XY>,

where A is a real constant, which is a bijective map of (X,Y’) more general
than (Uy, V). It is desired to use constancy of regression assumptions to
characterize the distribution of (X,Y). As the three consecutive moments
E(U3|Va), E(UsT™|V2), and E(Us*?|V3), do not have a simple relationship
when (X,Y) ~ Be(p,q) ® Be(p + ¢,7), we do not have results similar to
Theorem 2.1. Yet when s = 0, we can use the following assumptions

E(U2|V2) = A —c, (2.27)
and
E(U3|Va) = A2 —d\ +e, (2.28)

where ¢, d, and e are some constants, to characterize X and Y to be beta
distributed. But again as can be seen below, this is not a new result. Sub-
stituting (Uz, V2) = (A—=U, V) into (2.27) and (2.28), where (U, V) is defined
in (1.2), yields

EUV) =c,
and
E(U?|V) = (2¢c —d)A + e = b;.

Consequently, conditions (2.27) and (2.28) are the same as the constancy
of regression conditions (1.3) and (1.4), when s = 0, a = ¢, and b = by /a.
Except this trivial case, for the bijective map (Us, V2), we do not have char-
acterization results by using regression assumptions for Uy and V5.

Now consider another bijective map

Y
(s, V3) = <m=X+Y—XY>'

Again it is easy to see that (Us, V3) can be rewritten as

1-Y’

_ _ IAVd)
(U37V3)—<1_le,71 XY>7
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where X' = 1— X and Y/ = 1—Y. Hence characterization of (X,Y") by using
independence, or weaker conditions of constancy of regression, of Us and V3,
is equivalent to characterization of (X,Y") by using parallel conditions for U
and V. For example, if

E(USTHV3) = aE(U5|V3),
and
E(U52|V3) = bE(U5 T |V3),

for some fixed real s, where a and b are some constants, then (X', Y”) ~
Be(p,q) @ Be(p+ q,r). Consequently, (X,Y) ~ Be(q,p) ® Be(r,p+ q), where
p, q and 7 are given in Theorem 2.1.

3 Characterization of the Beta Distribution Based on
non-independent U and V

In this section, we illustrate that for some bijective maps (U, V') of (X,Y),
under suitable regression assumptions, X and Y can be characterized to be
beta distributed, yet U and V' are not independent. First we consider the
following bijective map

1+nY
1- XY’

(Us,V5) = ( 1-XY), (3.1)
where 7 is a real constant. If n = —1, then (Us, V5) = (U, V), where (U,V)
is defined in (1.2). Note that this is the only case that Us and V5 are inde-
pendent when (X,Y) ~ Be(p, q) @ Be(p+q,r). We have the following result.

THEOREM 3.1. Let X and Y be two independent non-degenerate random
variables valued in (0,1). Let (Us, Vs) be defined as in (3.1). Assume that

1
E(Us|Vs) = (1+ 77)7 —on, (3.2)
5
and
2 9 1 1 2
E(Us|Vs) = (1+n) Ve 2en(1 + 77)7 + cdn?, (3.3)
5 5

hold for some constants ¢, d, where d < 1, and n # 0. Then 0 < ¢ < d,
and there exists p > 0 such that (X,Y) ~ Be(p,q) ® Be(p + q,r), where
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g=01—-c)1—-d)/(d—¢)>0and r=c(l—d)/(d—c)>0.

PROOF. Again 0 < ¢ < d can be obtained easily. Also (3.2) and (3.3)
imply for every integer k > 0,

E((14nY)(XY)")=E((14+n—cn(1 — XY))(XY)¥), (3.4)
and

E(1+nY)*(XY)") = E(1+n)? — 2n(1+n)(1-XY)
+ (1 — XY)?)(XY)Y), (3.5)

respectively. Now denote

(k) = EE(‘E(;)I ) and h(k) = %
Then for 7 # 0, (3.4) leads to
olh) = M (3:6)
and (3.5) leads to
Bk + 1) = L= Dk) (3.7)

r+1—nh(k) ’

which is exactly the same as (2.23) with » = ¢(1 — d)/(d — ¢) > 0 here.
Hence Y is Be(m,r) distributed, where m > 0 is defined by h(0) = E(Y) =
m/(m+r).

Next, substituting h(k) into (3.6), it follows that

_ E+m—r(l—-c)/c

9(k) k+m

<1 (3.8)

Hence p =m—r(1—c)/c > 0, and X is Be(p, q) distributed with ¢ = m—p =
r(1—c¢)/c > 0. Consequently, Y is Be(p + ¢,r) distributed, as required.

In Theorem 3.1, the joint p.d.f. of (Us, V5) is
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fus.vs (us, vs)

Cus(1 —vs)P (nus — (N +1 — usv5)) 7 (n + 1 — usvs)" 1,

IS <y < ZE 0 < w5 < 1,if 7 >0,

— U5

—Cus(1 —v5)P " Hpus — (n+ 1 — usv5)) 71 (n + 1 — usvs)" L,

nt+1
where C' = T'(p + ¢ + r)n*~27" /(T(p)T'(¢)T'(r)). Obviously, from (3.1), the
marginal distribution of Vj is still beta distributed with parameters r + ¢
and p. Yet Us is not beta distributed any more, if n # —1. As mentioned
it before, n = —1 is the only case that Us and V5 are independent when
(X,Y) ~ Be(p,q) ® Be(p+ q,r). This also can be seen from (3.9). When
n = —1, (3.2) and (3.1) become

<u5<’7+1v%,0<v5<1,ifn<0,

E(Us|Vs) = ¢ and E(U2|Vs) = cd,
which corresponds to the case s = 0 in Theorem 2.1 with a = ¢, and b = d.

Next, we state without proof a result based on the following bijective
map

(Us, V) = <% 1-— XY) : (3.10)

THEOREM 3.2. Let X and Y be two independent non-degenerate random
variables valued in (0,1). Let (Us, Vi) be defined as in (3.10). Assume that

1
EUg|Vg) = — —
(Us|Vs) 7 c,
and
E(U2\V6):L—2ci+cd
6 ‘/*62 ‘/6 I

hold for some constants ¢ and d, where d < 1. Then 0 < ¢ < d, and
there exists p > 0 such that (X,Y) ~ Be(p,q)® Be(p + q,r), where ¢ =
1—-c¢(1—=d)/(d=c)>0andr=c(l—d)/(d—c)>0.

Obviously, Theorem 3.2 together with (3.10) imply the marginal distri-
bution of Vj is still beta distributed with parameters r + ¢ and p, but Ug is
not beta distributed. Also Ug and Vi are not independent.
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For the above two bijective maps (Us, Vs) and (U, Vg), Vs = Vs = V,
and both the denominators of Us and Ug are the same as that of U. The
last bijective map we consider in this work is

1-Y
(U77V7) - <W7XY> 5 (311)
which is also a modification of (U, V'), where U7 has the same numerator as
that of U, yet V7 is the same as the denominator of U, but is slightly different
from V. For this new map, we can use the general regression assumptions as
in Theorem 2.1 to characterize the joint distribution of (X,Y"). The proof is
still omitted.

THEOREM 3.3. Let X andY be two independent non-degenerate random
variables valued in (0,1). Let (U7, Vz) be defined as in (3.11). Assume that

1—
B(U37Vi) = - BU3|Ve), (3.12)
7
and
1—
BE(U;*|vp) =d VV7E(U$“IV7), (3.13)
7

hold for some fized real s such that E((1 —Y)®) < oo, where ¢ and d are
constants. Then 0 < ¢ < d < 1, and there exists p > 0 such that (X,Y) ~
Be(p,q) @ Be(p + q,r), where ¢ = (1 —¢)(1 —d)/(d —¢) > 0 and r =
c(l—=d)/(d—c)—s>0.

Again in Theorem 3.3, the marginal distribution of V7 is Be(p,r + ¢) dis-
tributed with non-beta distributed U7. Also U7 and V7 are not independent.

4 Conclusion

From Theorem 1.2, it is known that the distribution of (X,Y) can be
determined by the regression assumptions with the form such as (1.3) and
(1.4), based on either (U, V) or (U1, Vi). The latter is equal to (1 — U, V).
But this is not the case for the bijective map (Uz, V7). For this map, based
on (Us,Vg) = (1 — Uz, Vz), we only can use (3.12) and (3.13) with s = 0, to
obtain (X,Y") ~ Be(p,q) ® Be(p + q,r).

Finally, it should be mentioned here, not every bijective map of (X,Y)
can be used to characterize the distribution of (X,Y") to be beta distributed.
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For example, consider the following bijective map

W va) = (15 %)

Then consider the regression assumptions

1
B(UF1Va) = ey (U 16), (41)
and
S 1 S
E(U; ™ |Vy) = dng(UgJ’_l“/b)a (4.2)

which hold when (X,Y") ~ Be(p, q) @ Be(p+g¢, ). Obviously, (4.1) and (4.20)
are equivalent to

E((1-Y)*) =cB((1-Y)*),
and
E((1-Y)**?) =dE((1 -Y)*),

which are satisfied by any valued in (0, 1) random variables X and Y.

Acknowledgements. We are grateful to the referee for the valuable com-
ments and suggestions.
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