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Abstract

Following the paper by Gupta and Chang (Multivariate skew-symmetric distributions. Appl. Math. Lett. 16, 643—-646
2003.) we generate a multivariate skew normal-symmetric distribution with probability density function of the form
f2(2) = 2¢,(z; )G(¢'z), where >0, « € R, ¢,(z;€) is the p-dimensional normal p.d.f. with zero mean vector and
correlation matrix ©, and G is taken to be an absolutely continuous function such that G’ is symmetric about 0. First we
obtain the moment generating function of certain quadratic forms. It is interesting to find that the distributions of some
quadratic forms are independent of G. Then the joint moment generating functions of a linear compound and a quadratic
form, and two quadratic forms, and conditions for their independence are given. Finally we take G to be one of normal,
Laplace, logistic or uniform distribution, and determine the distribution of a special quadratic form for each case.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The univariate skew normal distribution was introduced by Azzalini (1985, 1986), and Gupta et al. (2004b),
and its multivariate version by Azzalini and Dalla Valle (1996), Azzalini and Capitanio (1999), Gupta and
Kollo (2000), and Gupta et al. (2004a). These classes of distributions include the normal distribution and have
some properties like the normal and yet is skew. They are useful in studying robustness. Here a p-dimensional
random vector Z is said to have a multivariate skew normal distribution if it is continuous and its probability
density function (p.d.f.) is given by

f2(z) =2¢,(z; Q)P(«2), (1)
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where Q>0, a € R, ¢,(z; Q) is the p.d.f. of N, (0, L) distribution (the p-dimensional normal distribution with
zero mean vector and correlation matrix ), and @(+) is the standard normal cumulative distribution function
(c.d.f.). It is denoted by Z~SN (€2, &), to mean that the random vector Z has p-variate skew normal p.d.f. (1).
Quadratic forms of skew normal random vectors have been studied by many authors, including Azzalini
(1985), Azzalini and Dalla Valle (1996), Azzalini and Capitanio (1999), Loperfido (2001), Genton et al. (2001),
and Gupta and Huang (2002).

The classes of univariate symmetric p.d.f.s which depend on a skewness parameter have also been studied by
Gupta et al. (2002), and Arellano-Valle et al. (2004). In particular the skew normal, uniform, Student’s ¢,
Cauchy, Laplace, and logistic distributions are given and some of their properties are explored. The
multivariate skew-Cauchy distribution and multivariate skew z-distribution are studied by Arnold and Beaver
(2000), and Gupta (2003), respectively. Following Gupta et al. (2002), Nadarajah and Kotz (2003) studied
univariate skewed distributions generated by the normal kernel. More precisely, they generated skew p.d.f.s of
the form 2f(u)G(1u), where fis taken to be a normal p.d.f. with zero mean, while the c.d.f. G is taken to come
from one of normal, Student’s ¢, Cauchy, Laplace, logistic or uniform distribution. A class of multivariate
skew distributions has been introduced by Gupta and Chang (2003).

Following Gupta and Chang (2003), the general form of multivariate skew-symmetric distribution is given
by the following lemma.

Lemma 1.1. Let f be a p.d.f of a p-dimensional random vector symmetric about 0, and G an absolutely
continuous distribution function such that G' is symmetric about 0. Then

f2(zo) =2f(2)G(a'z), zeR, 2)
is a p.d.f. of a random p-vector Z for any o € R?.

Note that in Lemma 1.1, for f,(z) being a p.d.f., the condition for G may not be needed. For some
k>0, 0< G(x)<k, G'(x) exists, and G(x) + G(—x) = 1, Vx € R', is enough. For example, if G(x) = %, vx e R!,
then f ,(z; ) = f(z), z € R, is a p.d.f. Also the multivariate skew normal distribution is one special case of the
general form, which is obtained by taking /' = ¢, and G = @ in (2).

In this paper, we consider a class of multivariate skew-symmetric distributions generated by the normal
kernel. We only take /"= ¢, in (2), and let G be defined as in Lemma 1.1. Namely, we say Z has a multivariate
skew normal-symmetric distribution, if the p.d.f. of Z is given by

f2(2) =2¢,(z:Q)G(@z), zeR, (3)

for some a € R’.

Gupta and Huang (2002) have studied quadratic forms of multivariate skew normal-normal model. That is
they consider the case G = @ in (3). In this paper, we will obtain some parallel results for the class of
multivariate skew normal-symmetric distributions. In Section 2, we discuss the moment generating function
(m.g.f.) of the quadratic form, Q = (Z — a) A(Z — a), where a € R”, Ais a p x p symmetric matrix, and Z has
a multivariate skew normal-symmetric distribution with p.d.f. given in (3). In Section 3, the independence of a
linear compound and a quadratic form, and two quadratic forms are studied. Then in the following sections,
we discuss some skewed models generated by a normal kernel: the multivariate skew normal-normal model
(Section 4), the multivariate skew normal-Laplace model (Section 5), the multivariate skew normal-logistic
model (Section 6) and the multivariate skew normal-uniform model (Section 7). The reason that we do not
consider the normal-# and normal-Cauchy models, which are also studied in Nadarajah and Kotz (2003), is
that the closed form of the m.g.f. of Q cannot be obtained in either case.

Note that when Z has the p.d.f. (3), the m.g.f. of Z is

Mz(t) = E(e"%) = 2 explit QN1 Ey[G(d' U + &' Qt)], te R, 4)
and the m.g.f. of the linear form K'Z, h € R?, is
My () = E[e"?] = M z[th] = 2exp{l*h QR Ey[G@ U + 1/ Qh)], 1€ R, (5)

where U~N,(0, Q).
Throughout the rest of this paper, let a € R?, A’ = A, a p x p matrix.
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2. Moment generating functions of certain quadratic forms

In this section, let Z be a multivariate skew normal-symmetric distribution with p.d.f. given in (3). First we
derive the m.g.f. of the quadratic form Q = (Z — a) A(Z — a).

Theorem 2.1. The m.g.f. of Q is given by
2 expla[tA + 2P A(Q " — 2t4) ' Ala}
I —2:4Q|'/?
xEy [G(—21/(Q7" = 2tA) ' da + o (Q7" — 2t4)"2U)), 1€ R, (6)

Mo(t) =

where Ui~Np(0,1).
Proof. For t € R, the m.g.f. of Q is
Mo(t) = E(e'?)

=2 [ explitz - @Gz — )9, GGG dz
R

1 ,
= 2/ exp{— E(z’ﬂ_lz —2t(z —a) A(z — a))}G(oc’z) dz
R?
_ 2explatA + 22 AQ" — 2t4)"' Ala}
N |l —2:49Q|'/2
XxEy [G(—=212/(Q7" = 2tA) ' da + £(Q7' — 2t4)"V?U )], 1€ R

We also need the following two preliminary lemmas.

Lemma 2.2. Let X be a normally distributed random variable with mean zero. Let F(y) be a continuous function
which satisfies F(y) + F(—y) =1, y € R!. Then

E[F(X)] =1

Lemma 2.3. If X~N,(u,X), where C is an n x m constant matrix, m<n, and V is an m x 1 constant vector, then
Y=CX+V~N,(Cu+V,CEC). Specially, if m=1, i.e. C =cis an n x 1 column vector, and let V =0,
then Y = ¢ X~N(c'n, ' Le).

By using the above results, the following corollary gives the distribution of four special quadratic forms.

Corollary 2.4. Let Mo (t) = E(e'?), te R', i=1,2,3,4.

(i) Let Q) = Z'AZ, where AQ = diag(dy,...,0,). Then Z'AZ ~37"_ 6;X;, where Xj=y7, j=1,...,p, are
independent and identically distributed (i.i.d.).
(i) Let @, = Z'Q'Z. Then ZQ 7' Z - 2.
(iii) Let Q3 = (Z — a) Q™ (Z — a). Then

2 exp{(t/(1 — 20)a'Q 'a}
(1 =20y

Mo, () = x Ey, , teR.

-2t 1
G o a+ : 2a/Q'/2U1
1—2t (1-20) /

(iv) Let Q, = Z'AZ. Then
Mo,() = [I —2tAQ|7'%, Q7' —2t4>0, teR.
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Proof. (i) Substituting @ = 0, and AQ = diag(é1,...,d,) in (6), we obtain the m.g.f. of Q;:

Mo (1) = x Ey [G&(Q~" —2t4)"?U))]

2z
I —2tAQ|'/?

P -1/2 P
= LH(I - 215]-)] =[Ja -2, teR,
=1 j=1

where Ey [G(o(Q™" —2t4)"'/?U,)] = L is obtained by using Lemma 2.2.
(i) By case (i), substituting 4 = Q! such that AQ=Q'Q =1, i.e. 0;=1,j=1,...,p, we obtain the
m.g.f. of O,:

P
Mo, =]J(1—2:8)""* =1 =207, 1eR"
j=1

(iii) Substituting 4 = Q! in (6), we obtain the m.g.f. of 0y
2 exp{a[iQ' + 2207 ' Q7 — 2097 'Q 7w}
|\ —2:Q7'Q|'/?

xEy [G(=21/(Q7' —21Q7 ) Qe+ (@7 — 21072 U)))
_ 2exp{(t/(1 — 20)a Q" 'a) c —2t dat 1 £Q'0,

(1 =20y 1—2¢ (1—=20)"? ’
(iv) Substituting @ = 0 in (6), we obtain the m.g.f. of Qy:

Mo, () =1 -2t4Q|7'%, Q@' —2t4>0, teR'. O

Note that Mg (1), M g,(f) and Mg, (¢) are the same as those in Gupta and Huang (2002), respectively, where
multivariate skew normal-normal model is considered. In other words, the distributions of the three quadratic
forms Q,, Q, and Q,, are independent of G. In particular, the distribution of Q, = Z'AZ is the same as that
of the corresponding quadratic form where Z~N (0, ). Also from (iv), it is easy to obtain the following more
general result than (ii) (see Proposition 7 of Azzalini and Capitanio (1999)).

MQB(I) =

XEU1 IERI.

Corollary 2.5. Let B be a symmetric positive semidefinite p x p matrix of rank k such that BQB = B.
Then Z'BZ~y;.

3. Independence of linear forms and quadratic forms

Theorem 3.1. For h € R?, if AQh =0 and AQa =0, the linear form K'Z and the quadratic form Z'AZ are
independent.

Proof. The joint m.g.f. of #Z and Z'AZ is

exp{— L[z Q7 'z — 211z — 21,7/ Az]}
My =2 [ SR T Y 6wz az
2exp{l2h(Q " —26,4)"'h)
- [ — 26,49
x Ey [G(hd ( Q7" —20A) "h+ o/ (Q 7 = 264)71 U, 11,6 € R (7)

By Lemma 2.3, we have
Ha(Q7 =264 h+ (Q7 — 20,4710,
~N( L Q7 = 26A4) 7 h, (Q7 = 26,4) ). (8)
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Now note that

o0
Q' 2047 =Q ) 2n)(49), 9)
j=0
for ||2t,bAQ| < 1, where || - || is a matrix norm. Hence the expansion (9) is always valid in the neighborhood of
t» = 0 (see Horn and Johnson, 1996, p. 301). Finally from (7)—(9), if AQh = 0, and AQa = 0, it yields
2exp{31ih Qh} _1)
Mi(ti, 1) = 2" 5 Ep, [Gtid Qh+ Q72U 11,6 € R, 10
111, 12) T = 2640 v, [G(1) 1D &) (10)

which in turn implies #Z and Z'AZ are independent. [

For the normal-normal model, it is shown in Gupta and Huang (2002), #'Z and Z'AZ are independent if
and only if AQh =0 and AQa = 0. Yet for the general model, we only can show the if part. The following
theorem nevertheless is in if and only if form.

Theorem 3.2. Let By and B, be p x p symmetric matrices. The quadratic forms Z'B\Z and Z'B>Z are
independent if and only if BiQB, = 0.

Proof. The joint m.g.f. of Z'B|\Z and Z'B>Z is

exp{—%[z'ﬂ_lz — 247 Bi1z — 20,7 Boz]} ,
Mo(t, ) =2 G d
2(t1,12) /w’ LI (z)dz
2
= Eu (G@(Q" —2tB, — 26,B,)""*U
Q0 T~ 28, — 2,7 O B 2eB) )
=1 -2(t;B, +6LB)QI™'? 1,6 eR". (11)

Again the last step is obtained by using Lemma 2.2. Now from (11) for independence we get the condition
B OB, =0. O

Corollary 3.3. Let By,...,B, be p x p symmetric matrices. The quadratic forms Z'B;Z, i=1,...,n, are
mutually independent if and only if B;QB; =0, i#].

By (11), M»(ty, 1) is independent of «. Hence as in Proposition 2 of Loperfido (2001), we have the following
consequence.

Corollary 3.4. Let By,...,B, be p x p symmetric matrices. The joint distribution of the quadratic forms
(Z'BZ,...,Z’B,Z),i=1,...,n, does not depend on a.

4. Multivariate skew normal-normal model

Let G = @, then we obtain the multivariate skew normal-normal distribution for Z. As mentioned it before,
this distribution has been studied by Azzalini and Dalla Valle (1996), its applications are given in Azzalini and
Capitanio (1999), and its quadratic form has been studied by Gupta and Huang (2002).

4.1. M.GF. of (Z—a)A(Z —a)

In this section we derive the m.g.f. of the quadratic form Q = (Z — a)A(Z — a). For this we need the
following lemma (see Zacks, 1981, pp. 53-59).
Lemma 4.1. Let U~N,(0,Q). Then, for any scalar u and v € R’, we have
u
E[®ou+vU)]=d— 5. 12
[P+ v U)] {(va)l/z} (12)

Using the above lemma, we obtain the following theorem (Theorem 2 of Gupta and Huang, 2002).
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Theorem 4.2. The m.g.f. of Q is given by

20/(Q7" = 2¢t4) ' 4a

2exp{a[tA + 22 A(Q " — 2tA) " Ala} ol
(1 +o2(Q7" = 2t4) 'w)/?

| —2tAQ|'/?

Mo(t) = , teR. (13)

4.1.1. Special case
Case (iii). The m.g.f. of Q5 is

2exp{(z/(1 — 2[))‘1/9—1“} X d’[ —2t o'a ] cR!

M =
o,(D) (1 =20y 1 =201 4 wQa/(1 - 20)'/2

5. Multivariate skew normal-Laplace model

Let G = G, be the c.d.f. of a Laplace distribution, namely

oty — 1 —lexp(—x), x>0,
2%) = Texp(x), x<0,

we obtain the multivariate skew normal-Laplace distribution for Z.

5.1. M.G.F. of (Z — a) A(Z — a)

In the following we derive the m.g.f. of the quadratic form Q = (Z — a) A(Z — a). For this we need the
following lemma which can be obtained by routine computation.

Lemma 5.1. Let U~N,(0,Q). Then, for any scalar u and v € R, we have

o1 1, —(u+ vQuv) u
E[Gy(u+ v U)] = Eexp{u +3v 9v}¢ (W) to <—(v,gv)1/z>

1 1 u—vQu
- = —u+-0Qv o — . 14
2exp{ u+2v v} ((v’ v)'/2> (14)
Substituting (14) in (6) yields the following theorem.

Theorem 5.2. The m.g.f. of Q is given by

2exp{a[tA + 2P AQ " — 2t4) ' Ala)
I —2:4Q)'/?

Mo(1) =

1 1
X [5 exp{—zm’(gl —2tA) ' da + 5ac’(srl — 21A)_loc}

» 20/(Q " —2tA) " Aa — o (Q7 — 2tA) o 2t/ (Q7" —214) ' Aa
(@' —2t4) ') /? (@(Q ' —2t4)'w)'/?

1 1
- Eexp{zma(gl —2tA) ' da + Eoc/(srl - ZtA)_loz}

(15)

o —2t/(Q7" = 2t4) " Aa — £ (Q 7" — 2t4) ' R
(@ = 2t4) w2 ’ '
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5.1.1. Special case
Case (ii1). The m.g.f. of Q; is

2exp{(t/(1 — 20))a' Q" 'a} (=2t/(1 — 21))da
X | P
(1 =20y ((1/1 = 21))o Qar)'/?
2t 1 ) Q2t/(1 = 2t)da — ((1/(1 — 28))d Qt
{‘ - Q“}¢< (1/(1 = 20)( Q) )

1 2t 1 , (=2t/(1 = 2t)a'a — (1/(1 — 20))d' Qa 1
2exp{—1 — 2laza+72(1 — 2l)a9a}q§< (/1 — 2t))oz/ro)1/2 )1 teR.

MQz([) =

1
+ Eexp

6. Multivariate skew normal-logistic model

Let G = G; be the c.d.f. of a logistic distribution, namely
1
1 +exp(—x/p)’

we obtain the multivariate skew normal-logistic distribution for Z. Using the Taylor series expansion for

14+w) ! then
E 1 CX[) <_]_> X>O
=\ J B) 7

Gi(x) = W e (=1 ix
exp(ﬁ>]§)< ; > exp<ﬁ>, x<0.

6.1. M.G.F. of (Z — a) A(Z — a)

Gi(x) =

—00< X< 00,

In the following we derive the m.g.f. of the quadratic form Q = (Z — a) A(Z — a). First we need a lemma
given by Nadarajah and Kotz (2003).

Lemma 6.1. Let U~N,(0,Q). Then, for any scalar u and v € R', we have

B+ von =3 () exp{—£u+iv’ﬂv}¢<w>

= B 27 (v Q)'/?
G+ G+, } —u—(G+1)/BrQov
—i—exp{ 5 u+ 27 v Qo <15< L )] (16)

Substituting (16) into (6), we obtain the following theorem.

Theorem 6.2. The m.g.f. of Q is given by

2expl{d[tA + 22 AQ™" — 2t4)"' Ala)
I —2:4Q|'/?

o (—1 2tj 1 1 i 1 1
X Z ( . ) {exp{Fa’(Q —2tA)” Aa +Foc’(ﬂf —2tA)” oc}
=0 \J B

2t/ (Q7" = 2tA) ' da — (j/p) (Q " — 2t4) ')
x P
(@(@Q " —2t4) ')

MQ([) =
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+exp{ 2(’;1) «(Q —2td) " da + o« (Q7! 21A)_1a}

o 20/ (Q7" —2tA)  da— (G + /P — 2t4) . teR.
(@(Q! = 2t4) ')/

G+’
247

(17)

6.1.1. Special case
Case (iii). The m.g.f. of Q5 is

Zexp{(t/(l —20)dQ 'a} > (—1) [ { 2tj 2 , }
Mo (1) = oy L_Zo ) |exp = 2t)/3 2(1 = 2t)/32“ Qo
(=2t/(1 = 2t)aa — (j/(1 — 21)p))o Qa 2G+1) G+1)? }
( (1/(1 = 20 Qa) > * eXp{ =20 o 2™

o @1/ =20)a'a— (G + 1/ — 20)A'Qa R
(1/(1 = 20)a’ Qa)'/? ’ '

7. Multivariate skew normal-uniform model

Let G = G4 be the c.d.f. of a uniform distribution, namely

0, x< —h,
h
G = S8 —h<x<h,
1, x=h,

we obtain the multivariate skew normal-uniform distribution for Z.

7.1. M.G.F. of (Z — a) A(Z — a)

In the following we derive the m.g.f. of the quadratic form Q = (Z — a) A(Z — a). Again first we give a
lemma.

Lemma 7.1. Let U~N,(0,Q). Then, for any scalar u and v € R?,

(vlgv)l/zex {_(h+u)2}_(v/gv)l/2€x{ (h_u)Z}
P T v 2 P\ 20w

u 1 h—u u 1 h+u
D)) ) G ) "

Substituting (18) into (6), we obtain the following theorem.

E[Gsu+vU)] =

Theorem 7.2. The m.g.f- of Q is given by
2exp{d[tA + 22 A(Q ™" — 2t4)"' Ala)
I —2:4Q|'/?
5 l(cx/(Ql —2td) 'w)'2 o {_ (h—2t(Q" — 21A)‘1Aa)2}
2h\/27 2a(Q —2t4) )

Mo(t) =
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@@ -4 o {_ (h+ 2t/ (Q" — 2tA)1Aa)2}
2h/21 20(Q = 2t4) )

26/ (Q7 —2tA) ' da 1 h+4 2t/ (Q7" —214) " Aa
+ —5/|® 1 —1 \1/2 I
2h 2 (@(Q" —2t4) ')/
—20a/(Q ' —2t4) "4a 1 h—2t(Q ' —2t4)7'4
+( il ) “+—><p x( D _Aa) R, (19)
2h 2 @(Q " —2t4) o)/

7.1.1. Special case
Case (iii). The m.g.f. of Q5 is

2exp{(t/(1 — 20))ad' Q' a}

Mo, = (1—20y"
((1/(1 = 20))o Qar)'/? (h— (2t/(1 = 20))ol a)? (h+ (2t/(1 = 20)o a)?
2h/2m (e"p{‘ /(1 — 20 } - e"p{‘ /(1 - 20)xQa }
n ((—21/(1 —20)da _l) & h+Q2t/(1 =2t)oda \ i
2h 2 (1/(1 = 20)a’ Q)"
(=2t/(1 = 20)ola 1) h—Qt/(1 = 2t))oda X
+< 7w 2)\ o —2owan?) [ 1S
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