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1 ���^̂̂���óóó

�'b×^£è (Ω,F ,P)�h^£è ��ÎÌ?Ø��^¨é�

ÿ, TµÎ����¡Íã¼�
øÍè �Ý-ô, �×�ÎóC, �|ÎR¦Cç¦, ô��ÎÑ

«CD«���Ó��ã, �Ý�Ó¾EØÈÞÝ:°, ó4��bÁæ

QW�QW��QW�Á�QW, C^����&Æ×'f´�K�§ó

CÝ®Þ�Eî��µ, �ÞR¦Ú
1, ç¦Ú
0; Ñ«Ú
1, D«Ú


0; ÁæQWÚ
5, QWÚ
4, �QWÚ
3, Á�QWÚ
2, ^��Ú


1�ôµÎÞ@�Ý��ó�;�
�ãóÓEØÎóßY¹�Í, |1�Y¹, 0��Y¹�4Îó�;

Ý, ¬u�ã1,000�óÓ, JøÍè ��b21,000Í-ô, N×-ô
×

��¾1,000ÍÝ0T1ÝóC, Í�ÏiÍóC
1, �ÏiÍóÓY¹�Îó

ß, 0��Y¹�9��ÝøÍè �¬p|ßé, ô�ÿá³�.&Æ�

�©EÍ��b9KßY¹�Îóß�Õ·¶��~bÎ£¿ÍóÓY

¹, hG>¬�¥��.h��

X = 1,000ÍóC�1ÝÍó�
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JEX, øÍè W
{0, 1, 2, · · · , 1,000}, 3�&9�
Ç¸æ�øÍè �Ý-ôµ�ÎóC, .ËËêÝ, &Æ)��º

�Ê¸ÝØ×Ðó�»A, u�^óã×À�, �?Í¥�, J�ãøÍ

è Ω = (0,∞)�uÀ�N��¥�Ý�}
a-, JÞÀ�Ý¥�ω, E

T�X = aω, �ÿÍ�}�	Q&Æô�|×��µÎÌ?×�^óã

ÝÀ���}, ãya > 0, h`øÍè )�ã
(0,∞)�
ãy|î9°æ., ���^̂̂���óóó(random variable)ÝÃF-�Q2®ß

Ý�XÛ�^�ó, µÎ×Í�L3øÍè ΩÝ@Ðó�u|X�×�

^�ó, JhÐóÝ�L½
Ω, ET½
@ó/)R, Â½J
RÝ×Í

�/)�ð­�1E∀ω ∈ Ω, X(ω) ∈ R�
Ç¸�¡î�XèÝ£°æ., 3ó.�&ÆÍ¼µBð3�Ê&Ë

Ðó�b°TàPÝ®Þ, ð�;
�«Ø×ÐóbnÝ®Þ�Ðó3ó

.�Ý��H¥�, ó.�ð3D¡ÐóÝ&ËP²�9ø:¼, �^�

óÝ®ß, µ?��MÝ�3!×øÍè , ??��L�P§9Í�^

�ó��L�^�ó, ��Î.@jm�, ô��©ÎöÜó.ÝêÝ�
Í@3�9�^���, &Æ\µ2â2¸à�^�óÝ�»A, 7

V×{�2g, �X�Fóõ; 7V×Y�20g, �Y�XÿÑ«ó��
Ey�^�óX, �|�Wæ�Ì?Õω, �»ð�X(ω), øÍè 

ãΩ»
R(TRÝ×Í�/))�¬ô��WXÌ?ÕÝ��µÎX�A

G��^óãÀ�Ý»��êA, G�Ó�Ý»�, �.høÝßbæ�

£], ¬�J§?¡, ø�¼ÝÙ�£], ÎY¹ÝßóX�E�I5Ýß

��, ÌDÂµÎX, øÍè 
{0, 1, · · · , 1,000}�ãh���^�óù
�Î×Ì?Â, Ú
×�^��Ý��, ÇÚ
øÍ�
�^�óÝÃFÉQÎAhÞ�P#{¡, ¸�ÄµÎ×ÍÐó(TG

Î�!$ðìÝøÍ), ¬&ÆôBðWÕbß1�Î3
Ý(Ù�)}ÿ

°�¡, �âyÝ��^�óÝ�L�9êÎ
%�÷?

´�|?&ÆEÐó, ð|f, g, hT�¶ÝF, G,H�ú(, ¢ó(T

Ì�ó), J|x, y, z��î�b`&Æ1b×Ðóf(x), Ç¸.Ðó´

9, b`ºã(
a(x), b(x)�, T¢Ã�6CÒξ(x), η(x)�, ´K�Õ
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|�¶ÝzZCÒX, Y, Z	�Ðó�¬Ey�^�ó, &Æ??|�¶

ÝX,Y, Z�ú(�ê|?ÝÐó, �óðÎ!3×RÝ, Af(x), g(y)��
¬�^�ó9ËÐó, Í�ó¬�ð�Ðó×R�¨�»A, &Æº

¶f(x) = 3, g(y) = 5��¬E�^�ó, ??¶WX = 3, Y 2 = 7��L

b
ï, tÝ3×���L`, 1�^�ó
×@Ðó, �¡&Æ�KÌ

¸
Ðó, =(ÌKâb“�ó”�.h�|¸ß�|?X.ÝÐó=�3

×R�
�:×Íæ.��^�ó�LyøÍè , øÍè �Ý-ô��¨

�µÎ�^Ý, |×^£Ðó¼à��»A, 3ó.��]�PÎ�¿

ðÝ�&Æ1�f(x) = 3, µÎ0���f(x) = 3Ý@óx�¬E�^�

óX, &Æ´K1�X = 3�XA�ÎãØ×ΩÌ�@óR, Î�|b×�

�X(ω) = 3 ��/){ω|X(ω) = 3}(A!]�P���|�, b`P°

�@2�î�h/))�¬&Æ;ð�ºµhÆ�, �º�Oh/)�^

£�#�¡¼BÄ×j;C(ì×;º1�), &Æð¯��X = 3ÝÄ�,

�à#��X = 3Ý^£(�9ì»2)�ð­�1, 4QÍ�Î×Ðó, ¬

ð¨b«^£bnÝÐó,  �×�^�ó, ¼ì��^�óÝ�
�£

°ÐóÝæ¼, µf´#�&Æ|?XÂÕÝÐó��£°Ðóô2à×

�&Æ!�ÝÐó�Ðr, Af, g, hCF,G, H��9ô�|�Õ
%�3

�^�ó9×$ð, &Æ�2YàÝÐóÐr�
ÏëÍæ.Î, ãy3øÍè Ωî, σ-�FóãÝ�!, ¸ÿ¬&N

×ãΩÌ�RÝÐó, /�	��^�ó�×��O(LÍ3´{�Ý^£

¡�)����

E∀x ∈ R, {ω|X(ω) ≤ x} ∈ F�(1)


%����hf�, ôº3ì×;�1��A�Fãÿ�°, Jb°Ωî

Ý@Ðó, µ�×���f�(1), .hµ&�^�óÝ�ó.�×'�?

h¼, �×�L, ��×°f�, Àº¯¸b`��, b`���, ®Þ.

h�;9Ð�4Q¦�Ã;P, E�.ï��, Z�ô���ß�5?3

Ù�.�, FðãÿÈ��»A, uΩ
×�óÝ/), &Æ;ðãF
�
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âΩ�Xb�/)X�WÝ/), .hf�(1)�QWñ�Ah×¼Xb

ãΩÌ�RÝÐó, -/
�^�óÝ�
Í��bu��.ï�|Ý��^�óÝÃF�æ., &ÆX�º�

Õ�
�^�óð|�¶ÝzZCÒ�î, �¸ÝÌ?ÂJ|ETÝ�¶C

Ò�î�b`º1“�^�óXãÂx”, T1“OX = x�^£”�
�L×�^�ó¡, ÍÂ½�Ú
±ÝøÍè , £æ¼Ý^£Ð

ó(�L3æ¼øÍè X®ß�σ-�), ÎÍ)Êàh�^�ó?

�'øÍè Ω = {ω1, ω2, · · · , ωn}, vA×�, ãF
�âΩ�Xb�

/)X�WÝσ-���L×�^�óX, ÍÂ½|Ω1 = {x1, x2, · · · , xm},
m ≤ n, ���Ì?ÕX = xi, uv°uæ��Ý��
ω ∈ Ω, v¸

ÿX(ω) = xi�J�ãΩ1
±ÝøÍè , Ω1�Xb�/)X�WÝσ-�

|F1��, �±Ý^£Ðó
PX , Í�

PX(X = xi) = P ({ω|ω ∈ ΩvX(ω) = xi}),(2)

Ah-ÿ×±Ý^£è (Ω1,F1,PX)��¥�ÝÎ, f´?Ý¶°

ÎPX({X = xi}), .{X = xi}�Î×/), �Ä
Ý�-, &Æð�

�2¶WPX(X = xi), b`¶WPX{X = xi}��|�JPXÝ@��

^£ÐóÝ2§�4QPX�P
�!ÝÐó(�L½-�!Ý), ¬.

b(2)P, *¡A��º��, &Æ;ð©¶P (X = xi), vÞP�Õ
“^

£”Ý�¤�

»»»1. 7V×Y�3g, ¬Ì?3gXÿ���JøÍè Ω = {ÑÑÑ,

ÑÑD, ÑDÑ, DÑÑ, ÑDD, DÑD, DDÑ, DDD}, Í�“ÑÑ

D”��Ëg�¨Ñ«, Ïëg�¨D«, õv.�v'N×øÍ�^

£
1/8(.h9Î×2ÑÝY�)��X��ÿ�Ñ«ó��QX�Â½


{0, 1, 2, 3}�J

P (X = 1) = P ({ÑDD,DÑD,DDÑ}) =
3
8�

!§�ÿP (X = 0) = 1/8, P (X = 2) = 3/8, P (X = 3) = 1/8�
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g�Y =Ñ«ó−D«ó�JY�Â½
{−3,−1, 1, 3}, v

P (Y = −3) = P ({DDD}) =
1
8�

!§�ÿP (Y = −1) = P (Y = 1) = 3/8, P (Y = 3) = 1/8�

»»»2. 7V×2ÑÝY�100g,¬Ì?100gXÿ���JøÍè Ω�

�b2100Í-ô�ãyhY�
2Ñ, X|NÍøÍ�^£í8!, /


1/2100
��X�Xÿ�Ñ«ó�kOX = 10�^£�.N×øÍ/


×��¾100Ý“Ñ�D”ZC, Í»�	î»�D|�Ü�ETX = 10�

æ¯��¬¿à4�à)Ý*», �ÿ

P (X = 10) =
Ω�b10Í“Ñ”�-ôÍó

Ω�-ôÍó
=

(
100
10

)

2100 �

êEi = 0, 1, · · · , 100,

P (X = i) =

(
100
i

)

2100 �

4Q&Æ¬Î"î�¯�{X = i}~b
¢, ¬Í^£Q�O��

×���, �Ω1��^�óXXSs�¼ÝøÍè , JE∀A ⊂ Ω1,

&Æ�LSs�¼Ý^£Ðó

P (X ∈ A) = P ({ω|ω ∈ Ω,vX(ω) ∈ A})�

»»»3. A�ΩÍ¼µÎ@óÝ×Í�/), JX(ω) = ω
×��QÝ�^

�ó�»A, ×��b10ùüT, 5½¶óC1�10��^2ã×ù, Ì?

Xÿ�Fó�JøÍè Ω = {1, 2, · · · , 10}��X(ω) = ω, -ÿ×�^�

ó�¨×Ëý°Î����^ã×ùüT, ¬�X�Xÿ�Fó�9Ëý

°µÎà#S
�^�ó�
Í�A�Y�Ø��ÝR¦ó, �Z�ØlZ¿`Ý.ßßó, KÎà

#S
�^�ó�»�R¦�Z¿`Í¼/&óC, ¬.&ÆÞÌ?Ý�
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�ó�;, Tï1�ÊóÂîÝ©P, -®ßÝ�^�ó�

3!×øÍè �, ��LPóÍ�^�ó�Ç¸Ω = {0, 1}©bË
Í-ô, E�Þ@óa, b, �X(0) = a, X(1) = b, -ÿ×�^�ó�
ðððóóóôÎ×�^�ó�ÇE×@óc, uX(ω) = c, ∀ω ∈ R, JX
×

�^�ó�b`|X ≡ c���9Ë©ã×ÍÂ��^�ó, ãy¬�º

�, 4Q)Ú
�^�ó, ¬Ì�
[[[;;;ÝÝÝ(degenerate)�^�ó�

»»»4.E»1�ÝΩ,µ��Z(ÑÑÑ) = a1, Z(ÑÑD) = a2, · · ·, Z(DDD)

= a8, Í�a1, a2, · · · , a8/
@ó, JZ
×�^�ó��:�uãa1 = 3,

a2 = a3 = a4 = 2, a5 = a6 = a7 = 1, a8 = 0, Çÿ»1��X; uãa1 = 3,

a2 = a3 = a4 = 1, a5 = a6 = a7 = −1, a8 = −3, Çÿ»1�ÝY��×�

LyΩîÝ�^�ó, /�BãÊ	2óãa1, · · · , a8�ÿ�

��×©�¬ð���^�ó�

»»»5. 'A
øÍè Ω�×�/)��IA�A�¼¼¼îîîÐÐÐóóó(indicator func-

tion), ÇuAsß, JIA = 1, ÍJIA = 0�IA-Î“¼î”¯�AÎÍs

ß�.h

IA(ω) =





1, ω ∈ A,

0, ω 6∈ A�

JIA
×�^�ó, ¸©ã1�0ËÍÂ, vP (IA = 1) = P (A), P (IA =
0) = 1 − P (A)�¼îÐóÎtÝ[;Ý�^�ó², t��Ý�^�

ó�¿à¼îÐó, �ÞN×¯�ET×�^�ó�O¯��^£, -�

Ú
O�^�ó�^£�

2 555µµµÐÐÐóóóCCC^̂̂£££ÛÛÛ���ÐÐÐóóó

�^�ó�BÎ×Ðó, E×�^�óX, &ÆêS�¨×¥�ÝÐ

ó, Çááá���555µµµÐÐÐóóó(cumulative distribution function), ;ð�Ì
555µµµ
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ÐÐÐóóó, êÌ555¾¾¾ÐÐÐóóó, T555gggÐÐÐóóó:

FX(x) = P (X ≤ x), x ∈ R�(3)

A��º��, FX(x)ô�©¶WF (x)�E�^�óX, ��×x ∈ R,

F (x)Û×^£Â�ãy&ÆðE�P
{X ≤ x}Ý¯��^£b·¶, X

|©½|ÐóF (x)�h^£Â�×°ðºàÕÝ�XbnÝ^£Â, K

�¢ãF�î�¼�5µÐó�1Î��^�óÝn;Á
Û6�×Ð

ó�
5µÐóÎ×�L½
@ó/), ET½
  [0, 1]ÝÐó�ã^£

è , �^�ó, �5µÐó, 	©�5µÐó`, Ù��^£è 
¢,

��m�z½�����!Ý^£è , b��ºÿÕ8!Ý5µÐó�
ãyÎ|(3)P¼�L5µÐó, 9��Õ
¢3î×;�, &Æ�è

Õ, 6��f�(1)�Î�^�ó�ÍJub×x ∈ R, ¸ÿ{X ≤ x} 6∈ F ,

Ç{X ≤ x}&¯�, .h-�á{X ≤ x}�^£, Ahµÿ�ÕF (x)Ý�

»»»6. 7V×2ÑÝY�3g, �X�Xÿ�Ñ«ó�J.P (X = 0) = 1/8,

P (X = 1) = 3/8, P (X = 2) = 3/8, P (X = 3) = 1/8, Æ

F (x) =





0, x < 0,

P (X = 0) = 1
8 , 0 ≤ x < 1,

P (X = 0) + P (X = 1) = 1
2 , 1 ≤ x < 2,

P (X = 0) + P (X = 1) + P (X = 2) = 7
8 , 2 ≤ x < 3,

∑3
i=0 P (X = i) = 1, x ≥ 3�

%1 
F (x)Ý%��

&Æ1�×ì%1�5µÐóF , Û�L3JÍ@óî, �&©�L

3XãÂÝ/)Ω1 = {0, 1, 2, 3}�»A,

F (2.7) = P (X ≤ 2.7) = P (X = 0, 1, 2) = P (X ≤ 2) =
7
8�

ð­�1F (2.7) = F (2)�¯@îE2 ≤ x < 3, F (x)�Â/
7/8�FÝ%

�, 3∀xi ∈ Ω1, b×®®®>>>(jump), ®>Ý{�ÇP (X = xi)�êx < 0`,
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- x

6

F (x)

d
r b

r b

r b
r

O 1 2 3

1/8

1/2

7/8
1

%1 »6�F (x)�%�

F (x) = 0, .X�ºã�Â��x > 3`, F (x) = 1, .X�ºã�y3�

Â�ô�:�FÝ%�
×$$$VVVÐÐÐóóó(step function), ¬vÎ���===���(right

continuous)�Ç

lim
t↓x

F (t) = F (x), x ∈ R,

Í�t ↓ x�tãxÝ���3���x�êt ↑ x�tãxÝ¼��¦���

x�
[;Ý�^�ó,Í5µÐóù
$VÐó�ÇuX ≡ c,JF (x) = 0,

x < c, F (x) = 1, x ≥ c�D�uXbG�5µÐó, JáX ≡ c�
&ÆÞ5µÐóÌbÝP², �W×�§�

���§§§2.1 'F
×555µµµÐÐÐóóó, Jbì�P²:

(i) 0 ≤ F (x) ≤ 1, ∀x ∈ R;

(ii) F
×&�3Ðó;

(iii) F
×�=�Ðó;

(iv) lim
x→−∞F (x) = 0, v lim

x→∞F (x) = 1�

3î��§�, f�(i)Í@�|�à, .(ii)�(iv)-0l(i)Wñ��

Ä&Æ�Î¶�¼, ¸5µÐóÝP²?z½�
D�, u×ÐóÌb�§1��(ii)-(iv)ëÍP², Ä
Ø×�^�ó�
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5µÐó, �ì�§, J�J¯��

���§§§2.2 'G
×&�3v�=��Ðó, ¬�� lim
x→−∞G(x) = 0, lim

x→∞
G(x) = 1�JD3×�^�óX, |G
Í5µÐó�

ãy�§2, �×&�3��=�, v�� lim
x→−∞G(x) = 0, C lim

x→∞
G(x) = 1�Ðó, /�Ú
5µÐó��Ä�§2ÎjED3P, ¯@î,

|G
5µÐó��^�ó¬�°×�\ï3î×;�:Õ, øÍè �

Ä6KÎ  (0, 1)�
A�&Æ©D¡^£, -©6á�^�ó�5µ, ^£è ¬Pnå

��#�b`�^�óÝ“(C”ù�¥�, Ì
X, Ì
Y/�, ��(�

L3£×^£è )�!ô^n;��!Ý�^�ó, �|b8!Ý5µ

Ðó(�9ì»9)�X,Y ,Z�, 3h�ÄÎ×Í“(C”���
'�^�óX�5µÐó
F , JE∀a < b, .{X ≤ a} ⊂ {X ≤ b},

Æã^£ÐóÝP²ÿ

P (a < X ≤ b) = P ({X ≤ b} \ {X ≤ a}) = P (X ≤ b)− P (X ≤ a)

= F (b)− F (a)�

&Æ|F�î�×°�Xbn�ð�¯�Ý^£Aì: ��F (x−) =

limt↑x F (t), x ∈ R, �F3x�¼¼¼ÁÁÁ§§§Â�A�F3x=�, JF (x−) =

F (x)�F (x)− F (x−)�F�%�3x®>�{��E�Þa, b ∈ R,

P (X = a) = F (a)− F (a−),

P (X > a) = 1− F (a),

P (X ≥ a) = 1− F (a−) = 1− F (a) + P (X = a),

P (X ≤ b) = F (b),

P (X < b) = F (b−) = F (b)− P (X = b)�
êEa < b,

P (a < X ≤ b) = F (b)− F (a),

P (a < X < b) = F (b−)− F (a) = F (b)− F (a)− P (X = b),

P (a ≤ X ≤ b) = F (b)− F (a−) = F (b)− F (a) + P (X = a),
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P (a ≤ X < b) = F (b−)−F (a−) = F (b)−F (a)+P (X = a)−P (X = b)�

»»»7. ¹�7V×�¨Ñ«Ý^£
p�Y�, 0 < p < 1, àÕ�¨×Ñ«

��c��X�À��7Vó�J

P (X = x) = p(1− p)x−1, x ≥ 1�(4)

.hEx = 1, 2, · · ·,

F (x) = P (X ≤ x) =
x∑

i=1

P (X = i) =
x∑

i=1

p(1− p)i−1

= 1− (1− p)x
�

F�%�)
$VÐó, 3ËJó� Îi¿Ý�×�^�ó, uÌb9

Ë5µÐó, Ì
b¿¿¿¢¢¢555µµµ(geometric distribution)�
bÝF , �ÿXa3�×  �^£�A

P (3.1 < X ≤ 7.2) = P (3 < X ≤ 7) = F (7)− F (3)

= (1− (1− p)7)− (1− (1− p)3)

= (1− p)3 − (1− p)7�

Í»ù�î, E×5µÐóF , �×�D3×x ∈ R, ¸ÿF (x) = 1�	

Qô�×�D3×x ∈ R, ¸ÿF (x) = 0�

9ì
5µÐó=�Ý»��

»»»8. '

F1(x) =





0, x < 0,

x, 0 ≤ x < 1,

1, x ≥ 1�

F2(x) =





0, x < 0,

1− e−λx, x ≥ 0�

%25½��F1CF2�%��F1CF2
=�Ðó, ���§1��4Íf

�, Æ/
5µÐó�5µÐóAF1, -Ìb3  (0, 1)�ííí888555
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µµµ(uniform distribution), |U(0, 1)��; 5µÐóAF2, -Ìb¢óλ�

¼¼¼óóó555µµµ(exponential distribution), |E(λ)��, Í�λ > 0�ê&Æô

��L3  (a, b)�í85µ, Í�a < b, ¬|U(a, b)��, Ç5µÐ

óF (x) = (x − a)/(b − a), x ∈ [a, b), vF (x) = 0, x < a, F (x) = 1, x ≥
b�¨², ô�bU [a, b), U(a, b]TU [a, b]5µ�

-

6

x

F1(x)

O 1

1

¡
¡

¡
¡

-

6

x

F2(x)

O

1

%2 »8�F1(x)CF2(x)�%�

�^�óX�5µÐóFu
=�Ðó, -ÌX
===���lll; uF
$V

Ðó, -ÌX
ÒÒÒ÷÷÷lll�ô�Ì5µÐó
=�lTÒ÷l��ÄôbÉ

&=�lù&Ò÷lÝ�^�ó�»A, �

F (x) =





1
2

1
1+e−x , x < 0,

1
2 + 1

2
1

1+e−x , x ≥ 0�

F���§1��4Íf�, Æ
5µÐó�¬F�%�¬&$VÐó, v

tÝ3x = 0b×{�
1/2�®>(X|P (X = 0) = 1/2), Íõ2]
=

��ÆFÉ&=�l, ù&Ò÷l�
Ò÷l�^�ó, Í5µÐóÝ%�, b®>��Ý/), Ä
�óÝ,

��Î×b§/), T�óÝP§/)�
b`&Æ�×5µÐó“F (x), x > a”, Í�a
×ðó, µ�F (x) =

0, ∀x ≤ a�êu1b×5µÐó“F (x), a < x < b”, µ�F (x) = 0, x ≤ a,

vF (x) = 1, x ≥ b�Í��P(AF (x), x < b)ôbv«Ý1��
�¥�ÝÎ, �¬3!×øÍè , �|�L��!Ý�^�ó, �5

µÐóQ8!, 3�!ÝøÍè , ù�5½�L�^�ó, vb8!Ý

5µÐó�

11



&Æ��Þ�^�ó555µµµ888!!!(identically distributed)��L�

���LLL1. Þ�^�óX,Y , uÍ5µÐó8!, Ç��

P (X ≤ x) = P (Y ≤ x), x ∈ R,(5)

JÌ555µµµ888!!!, ¬|X
d= Y���

'|F,G5½�XCY�5µÐó�X�Y5µ8!, �F (x) = G(x),

∀x ∈ R�ô�1X�Yb���!!!ÝÝÝ555µµµ�¬5µ8!��^�ó8!Î�

×øÝ, #�Þ-²��Ý�^�ó, K�b8!Ý5µÐó�&Æ|ì

Þ»¼1��

»»»9. 7V×2ÑÝY�3g, �X�Xÿ�Ñ«ó, Y�Xÿ�D«ó�J

	QX 6= Y�.uX = 0JY = 3�¯@î, �:�X�YÞ“Ðó”�º

b8�Ý`Î, ÇX(ω) 6= Y (ω), ∀ω ∈ Ω, Í�Ω�»1(A	ω =ÑÑÑ,

JX(ω) = 3 6= 0 = Y (ω))�¬.

P (X = i) = P (Y = i), i = 0, 1, 2, 3,

ÆX�Yb8!Ý5µÐó, ÇX
d= Y�

»»»10. 7V×2ÑÝY�3g, �Z�Xÿ�Ñ«ó�7V×2ÑÝ{

�3g, �W�XÿFó
�óÝgó�Z�W
ËÍ�8�Ý�^�ó,

Þï	Q���
�^�óÛÐó, �ÞÐóf�g8�Ý�LÎ���

(i) f�gb8!Ý�L½,

(ii) EN×�L½�Ýx, f(x) = g(x)�
¨.ZÝ�L½
»1��Ω, �b8Í-ô, �W��L½


{111, 112, · · · , 666},

�b216Í-ô, Í�ijk�7V{�Ï1gÿi, Ï2gÿj, Ï3gÿk, 1 ≤

12



i, j, k ≤ 6, W�Z��L½�!, ÆZ 6= W�¬���:�

P (Z = i) = P (W = i), i = 0, 1, 2, 3,

ÆZ
d= W�

3»9�, X�Y4
�!Ý�^�ó(©Î5µ8!), ¬ÞïÝn

;Qá¼, ÇX + Y = 3, Tï1Y = 3 − X�&Æô�O�AX > Y ,

X = Y + 1�¯��^£�¬3»10�, Z = 3`, WÎ9K, Î���á

¼Ý��¯�Z > W , TZ = W + 1Ý^£, ôP°Oÿ�9ÎòyËÍ

�^�óÝ®Þ, �á¼Z�W�Ð)5µ(�Ï5;)����á¼ZÝ5

µ, CWÝ5µ, ¬P°O!`�Z,WbnÝ^£�
4X

d= Y`, �×�0lX = Y , ¬X = Y , QÄ0lX
d= Y�h.

X = Y (ÞÐó8�), �X(ω) = Y (ω), ∀ω ∈ Ω, ÆE∀x ∈ R,

P (X ≤ x) = P ({ω|X(ω) ≤ x}) = P ({ω|Y (ω) ≤ x}) = P (Y ≤ x)�

Þ�^�óX, Y , ùb�����AX < Y , X < Y + 1, X > 3Y ,

TX2 = Y��»A, u�Y = X + 1, JbX < Y�B��^�óÇÐó,

.hÐóºbÝP²Tn;, �^�ó�Qô�|b�
E×�^�óX, tÝ �5µÐóF , ùb×�Ín;Û6ÝÐ

ó, Ç ^̂̂£££ÛÛÛ���ÐÐÐóóó(probability density function), TÎ ^̂̂£££²²²���ÐÐÐ

óóó(probability mass function), GïÎE=�l, ¡ïÎEÒ÷l��Ä


Ý�-, ;ð&Æ�5=�TÒ÷, /1Î^£Û�Ðó�9ì&Æ�

Í�L�
'X
×�^�ó, |F
5µÐó�uX
Ò÷l, Jì�Ðóf(u


 â�¶fX), -Ì
X�^£Û�Ðó:

f(x) = P (X = x), x ∈ R�(6)

ãyÒ÷l�^�ó, Í5µÐóÝ%�, b®>��Ý/)
�

óÝ, �h/)µÎ¸P (X = x)
Ñ�XbxÝ/)�'|C�h/

13



), JE∀x 6∈ C, f(x) = 0�.hÒ÷lÝ^£Û�Ðó, b`�î

Wf(x), x ∈ C, Í�C
Ø×�óÝ/), ��Î{1, 2, · · · , 10}, ô��Î
&�JóÝ/){0, 1, 2, · · ·}���yx 6∈ C`Ýf(x)??�è, .ÍÂ/


0�X|ÇÎÞh^£Û�ÐóÝ�L½ãWC��:�E×@óîÝ

/)A,

P (A) = P (X ∈ A) =
∑

x∈A∩C

f(x),

v

F (x) =
∑

t≤x,t∈C

f(t), x ∈ R�

»»»11. '�^�óX�^£Û�Ðó


f(x) =





(8/15)(1/2)x, x = 0, 1, 2, 3,

0, Í��

J�O�Í5µÐó


F (x) =





0, x < 0,

8/15, 0 ≤ x < 1,

12/15, 1 ≤ x < 2,

14/15, 2 ≤ x < 3,

1, x ≥ 3�


×$VÐó�
ê3OF (2.5)`, �µ�Lÿ

F (2.5) =
∑

x≤2.5

f(x) = f(0) + f(1) + f(2)

=
8
15

+
4
15

+
2
15

=
14
15

,

T¿à�O��F (x), .2.5 ∈ [2, 3), ÆF (2.5) = 14/15�

14



%3��f(x)CF (x)�%��

-

6

x

f(x)

1 2 3O

1/15
2/15

4/15

8/15 r

r

r
r

-

6

x

F (x)

1 2 3O

8/15

12/15
14/15

1

r

r
r r

b

b
b

c

%3 »11�f(x)CF (x)�%�

Ò÷l^£Û�Ðó�%�, b`|að����E©ãJóÂ��

^�ó, Í^£Û�ÐóÝ%�, b`|×°��]��î, N×��]

��9I�F
ãÂ�, {�
�F�^£, .h��]�«�õ
1�9

ø�î^£Û�ÐóÝ%�, Ì
ààà]]]%%%(histogram)�»11��f(x)ù

�0WA%4��Þ%, �%Çà]%�

-

6

x

f(x)

1 2 3O

1/15
2/15

4/15

8/15

-

6

x

f(x)

1 2 3O

1/15
2/15

4/15

8/15

%4 »11�f(x)�%�

ÍguX
=�l, JÍ^£Û�Ðó, Û�L
��ìP�&�Ð

óf :

F (x) =
∫ x

−∞
f(t)dt, x ∈ R�(7)

15



ã�§1, . lim
x→∞F (x) = 1, ÆáftÝ&��², $6��

∫ ∞

−∞
f(x)dx = 1�(8)

Çf(x)�%��x� �«�
1�
E=�lÝ�^�óX, ãyP (X = x) = 0, ∀x ∈ R, ÇXã�×�Â

Ý^£
0�Æ3OXa3Ø×  Ý^£`, �  ÎÍ�âÐFÎP

nå�Ý�ÇEa < b,

P (a < X < b) = P (a ≤ X < b) = P (a ≤ X ≤ b)

= P (a < X ≤ b) = F (b)− F (a)�

u|^£Û�Ðó�î, î��×^£/�y

P (a < X < b) =
∫ b

−∞
f(t)dt−

∫ a

−∞
f(t)dt =

∫ b

a
f(t)dt�

=�l�^�ó, Í^£Û�Ðó, ô�b¶Wf(x), c ≤ x ≤ d, Ý

lP, Ç�f(x) = 0, ∀x > dTx < c, ÇXETÝ�^�ó, ãÂ�º�

ydô�º�yc�
êã������555ÃÃÃÍÍÍ���§§§(fundamental theorem of calculus), uf
=�

Ðó, Jã(7)P,

F
′
(x) = f(x), x ∈ R�(9)

�¢ãîPÿÕh`�^£Û�Ðó�êÞ�^�ó, ub8!Ý^£Û

�Ðó, JÍ5µ8!�

»»»12. 3»8�, ETF1CF2�^£Û�Ðó5½


f1(x) =





0, x ≤ 0,

1, 0 < x < 1,

0, x ≥ 1;

f2(x) =





0, x < 0,

λe−λx, x ≥ 0�

16



T��2¶Wf1(x) = 1, 0 < x < 1, f2(x) = λe−λx, x ≥ 0�E=�lÝ

�^�ó, ^£Û�Ðó3b§ÍFÝÂ;�, Î�à3�Ý�.hG

�f1¶W

f1(x) = 1, 0 ≤ x < 1, f1(x) = 1, 0 < x ≤ 1, Tf1(x) = 1, 0 ≤ x ≤ 1,

�/��93Íf1ù/��F1(x) =
∫ x
−∞ f1(t)dt, x ∈ R, .h/�	�E

TF1�^£Û�Ðó�

Ä6×èÝÎ, =�lÝ5µ�×�b^£Û�Ðó, h.×=�

Ðó�×����ôµÎb��5µÐóF
=�, ¬�D3Ðóf , ¸

ÿ(7)PWñ�
ã5µÐó�ÿÕ^£Û�Ðó, D�ùbì��§�

���§§§2.3 ×Ðófu��ì�Þf�, Ä
Ø×�^�ó�^£Û�Ðó:

(i) f(x) ≥ 0, ∀x ∈ R,

(ii)
∑

x f(x) = 1(Ò÷l), T
∫∞
−∞ f(x)dx = 1(=�l)�

ãî��§á, ^£Û�ÐóÎ�|��|ÿÕÝ, E×&�ÝÐóg,

v
∑

x g(x)(Ò÷l), T
∫∞
−∞ g(x)dx
Ñvb§, JBt|�õT�5Ý

Â, -ñÇ�ÿ×^£Û�Ðó, �ì»�

»»»13. 'g(x) = 3−x, x = 1, 2, 3, · · ·�.
∑∞

x=1 g(x) = 1/2, Æf(x) =

2g(x) = 2 · 3−x, x = 1, 2, 3, · · ·, ÇW
×^£Û�Ðó�
¨², 'g1(x) = xe−3x, x > 0�.

∫∞
0 xe−3xdx = 1/9, Æf1(x) =

9g1(x) = 9xe−3x, x > 0, ùW
×^£Û�Ðó��'�^�óX|f1


^£Û�Ðó, J5µÐóF (x) = P (X ≤ x) =
∫ x
0 f1(u)du = 1− e−3x −

3xe−3x, x ≥ 0�

E=�lÝ�^�ó, Í^£Û�Ðóf(x)�x� �«��y1; E

Ò÷lÝ�^�ó, Í^£Û�Ðó�{�õ�y1�;ð&Æ´K�0

�^�óÝ%�(4Qh
×Ðó), ¬5µÐóC^£Û�ÐóÝ%�Å

17



Îð0Ý�
E×�^�óX, |F (x)
5µÐó, f(x)
^£Û�Ðó, b`�

|X ∼ F (x)TX ∼ f(x)����yuX
d= Y , ô�|X ∼ Y���E×

�^�óX, &Æðº1, XñÇØ×5µ, T1X�^£°J
· · ·�5
µµA!�^�ó, ^£îÝ°°°JJJ(law), Î�^�ó�ñÇÝ����^

£Û�Ðó, T5µÐó, T�¢Í��|°×X�5µÐó�»»»ððð(�

Ï4;)�, /Ì
������555µµµ, T1XXX���555µµµ�

3 ���óóó���ððð

3�9���, E×�^�óX, b`&Æ��ºEX�Ø×Ðób·

¶�ÉA1�?ÿÕiÝ�5X, ¬&Æ�á¼iÝ«�Y = πX2
�Ç¸

�¡@�îÝm�, 3Ï1;&Æ�¼�, 3ó.�&ÆðºD¡�×�ó

bnÝÐó�P²T�
�E×�^�óX, b`&Æº�á¼¸Ý×Í

ÐóY = g(X)Ý�
�Y-Ì
X����óóó���ððð(change of variable)��

ãX�Y = g(X), ô�Ú
×Ë�^�ó�»»»ððð(transformation of a

random variable)�Y)
×�^�ó�uXÝ5µá¼, J.YÝÂÎ

ãXÝÂXX�, ÆYÝ5µ, �ãX��XÝ5µ¼X��
EN×@óÝ�/)A,

P (Y ∈ A) = P (g(X) ∈ A) = P (X ∈ g−1(A))�(10)

3h

g−1(A) = {x|x ∈ R, g(x) ∈ A}�

Ey±Ý�^�óY , ã(10)P, kOYa3Ø×/)A�^£, )�/Õ

nyXÝ^£�¬u&ÆO�YÝ5µÐó(T^£Û�Ðó), 	Qµ�

|�à§ºXÝ�
uX
Ò÷lÝ�^�ó, JY = g(X)Ý^£Û�Ðó, ©�º�

ãX�YÝ�ðÎÍ
1−1(��ygÎÍ
�}��Ðó), J¢ã(10)P,

18



;ð��"2ÿÕ�9ì
×ÎlÝ»��

»»»14. 'X
×Ò÷lÝ�^�ó, v^£Û�Ðó


fX(x) =





0.15, x = 0, 3,

0.20, x = 1, 2,

0.30, x = 4,

0, Í��

�Y = X2, Z = (X − 2)2�&Æ5½¼X�YCZ�5µ�
´�X���ÝÂ
0, 1, 2, 3, 4, Y���ÝÂJ
0, 1, 4, 9, 16�.X©

ã&�ÝÂ, ÆãX�YÝ�ð
1 − 1(4g(x) = x2, x ∈ R, ¬&�}�

�Ðó, ¬3x ≥ 0�, g
�}��)�ê

P (Y = y) = P (X2 = y) = P (X =
√

y), y = 0, 1, 4, 9, 16�

ÆÿY�^£Û�Ðó


fY (y) = P (Y = y) =





0.15, y = 0,

0.20, y = 1,

0.20, y = 4,

0.15, y = 9,

0.30, y = 16,

0, Í��

��J
∑

y fY (y))�y1�
ÍgZ���ÝÂ
0, 1, 4�X = 0C4, /ETZ = 4; X = 1C3, /

ETZ = 1; X = 2, JETZ = 0�ÆãX�Z, ¬&1− 1Ý�ð�Z�^

£Û�Ðó


fZ(z) = P (Z = z) =





fX(2) = 0.20, z = 0,

fX(1) + fX(3) = 0.35, z = 1,

fX(0) + fX(4) = 0.45, z = 4�

19



��J
∑

z fZ(z))�y1�

9ì��×»�

»»»15. '�^�óX�^£Û�Ðó


f(x) =
1
31

24−x, x = 0, 1, 2, 3, 4�

�Y = X2 + 1�h
ãX�Y�1− 1�ð, X =
√

Y − 1�YãÂ31, 2, 5,

10, 17�ÆY�^£Û�Ðó


fY (y) =
1
31

24−√y−1, y = 1, 2, 5, 10, 17�

Íg�Z = g(X) = X3 − 3X2 + X + 2�J.

g(0) = 2, g(1) = 1, g(2) = 0, g(3) = 5, g(4) = 22,

Æh)
ãX�Z�1 − 1�ð�4�|��X = g−1(Z)�g−1ÝlP, ¬

)�¶�Z�^£Û�ÐóAì:

fZ(0) = P (X = 2) =
4
31

,

fZ(1) = P (X = 1) =
8
31

,

fZ(2) = P (X = 0) =
16
31

,

fZ(5) = P (X = 3) =
2
31

,

fZ(22) = P (X = 4) =
1
31�

�áXÛÐó, ©�N×�L½�Ý-ô, 3ET½�ªb×-ô�ÍE

TÇ�, �×�����×ÍÊà�L½�N×-ôÝlP�

Íg&Æ�Þ=�l�^�óÝ»��

»»»16. '�^�óXbU(0,1)5µ�ÇÍ^£Û�Ðó
f(x) = 1, 0 <

x < 1��Y = −λ−1 log(1−X), Í�λ > 0
×ðó�^£�Ù���¨

20



ÝEóÐrlog, ;ð
�QEó, Ç|e
9�h
×ãX�Y�1 − 1�

ð�ãyX+y0, 1� , ÆYãÂ3(0,∞)�JE∀y > 0,

FY (y) = P (Y ≤ y) = P (−λ−1 log(1−X) ≤ y) = P (log(1−X) ≥ −λy)

= P (X ≤ 1− e−λy) = 1− e−λy, y > 0�

.hY�^£Û�Ðó


fY (y) =
dFY (y)

dy
=





λe−λy, y > 0,

0, y ≤ 0�

ÇYbE(λ)5µ�

»»»17. '�^�óX�^£Û�Ðó


fX(x) =
2

π(1 + x2)
, x > 0�

�Y = 1/X�Jh
×ãX�Y�1 − 1�ð, vYãÂ3(0,∞)�&Æ�

X�Y�^£Û�Ðó�
E∀y > 0,

FY (y) = P (Y ≤ y) = P (1/X ≤ y) = P (X ≥ 1/y) = P (X > 1/y)

= 1− P (X ≤ 1/y) = 1− FX(1/y)�

.h

fY (y) =
dFY (y)

dy
= fX(

1
y
) · 1

y2
=

2
π(1 + 1/y2)

· 1
y2

=
2

π(1 + y2)
, y > 0�

ãyX�Y�^£Û�Ðó8!, ÆX�Yb8!Ý5µ, ÇX
d= Y�E

h©½Ý5µ, 4BÄ×ÅóÝ�ð, Xÿ�±�^�ó, Í5µQÎ;

��
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3î�.0�, ãy©Î�OY�^£Û�Ðó, X|&Æ¬Î

ÞFY (y)�@2¶��¯@î

FY (y) = 1− FX(1/y) = 1−
∫ 1/y

0
fX(x)dx

= 1−
∫ 1/y

0

2
π(1 + x2)

dx = 1− 2
π

arctan(
1
y
), y > 0�

ÞhFY (y)Ey�5, -ÿÕG�fY (y), y > 0�

3»17Ý.0Ä��, b

fY (y) = fX(
1
y
) · 1

y2�

ÇY�^£Û�Ðó, �ÞX�^£Û�Ðó�Ý¢óx, |1/yã�, �¶

î1/yEy�5Ý�EÂ��ãY = g(X) = 1/X, ��

X = g−1(Y ) =
1
Y �

ÆfY (y)�¶W

fY (y) = fX(g−1(y))
∣∣∣∣

d

dy
g−1(y)

∣∣∣∣�

î�9°D¡�ÌD, -S�9ìËÍ×�Ý�§�

���§§§3.4 '�^�óX�5µÐó
FX , ^£Û�Ðó
fX��Y =

g(X), Y�5µÐó|FY���ê�

Ω1 = {x|fX(x) > 0},(11)

Ω2 = {y|D3x ∈ Ω1,¸ÿy = g(x)}�(12)

(i) ug3Ω1
�}�¦Ðó, JFY (y) = FX(g−1(y)), ∀y ∈ Ω2;

(ii)ug3Ω1
�}�3Ðó,JFY (y) = 1−FX(g−1(y)−), ∀y ∈ Ω2�

�§4E=�CÒÒ÷lÝ�^�ó/Êà�	Y�^£Û�Ðó
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=�, J¿à�§4, �ã�55µÐó�ÿ�&Æ�W×�§�

���§§§3.5 '�^�óX�^£Û�Ðó
fX��Y = g(X), Í�g


×�}��Ðó, Ω1CΩ25½�L3(11)C(12)P��'fX3Ω1=�,

vg−13Ω2b×=�Ý0ó, JY�^£Û�Ðó


fY (y) = fX(g−1(y))
∣∣∣∣

d

dy
g−1(y)

∣∣∣∣ , y ∈ Ω2,(13)

vfY (y) = 0, y 6∈ Ω2�

»»»18.'XbE(λ)5µ��Y =
√

X�JΩ1 = Ω2 = (0,∞),vX�^£Û

�ÐófX(x) = λe−λx, x > 0, 3Ω1�=�; g−1(y) = y23Ω2�0ó2y


=��ÆY�^£Û�Ðó
fY (y) = f(y2) ·2y = 2λye−λy2
, y > 0� YÌ


Ìb¢óλ����¾¾¾555µµµ(Rayleigh distribution)�

3��ó�ð`, Ðógb`�
�}��, .h�§5µ�Êà�¬

??ºbg3×ÍÍÝ/)�, 5½
�}��(���A94Ðó�Ñ<

Cõ<ÐóÝ%�), �¢�×���Ý^£TÙ�Ýh�.h3N×Í

/)�, /���X = g−1(Y ), J)bð°O�Y�5µ�

4 ���TTTÂÂÂ

E×�^�ó, &Æð�Õ¯2á¼ÍÂ~b9�, ���TTTÂÂÂ(expect-

ation, TÌexpected value, mean), µÎð�J¼6�9Ë|×�×ÝÂ,

¼��×�^¨é���ó��Ý���
'�^�óX�^£Û�Ðó
f , JÍ�TÂ|E(X)�î, �L


E(X) =





∫∞
−∞ xf(x)dx, =�l,

∑
x xf(x), Ò÷l,

(14)

©�î��5TõD3�h�
∑

x xf(x)�EXb��Ýx(Çf(x) 6= 0)8

��;ð|µX(T©|µ)�E(X)�
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�'b10Íó: 1, 1, 2, 2, 2, 3, 3, 3, 4, 4, JÍ¿í


1
10

(1 + 1 + 2 + 2 + 2 + 3 + 3 + 3 + 4 + 4) = 2.5�

ãyóC�b¥�: b2Í1, 3Í2, 3Í3, 2Í4, X|¿íù��


1
10

(1 · 2 + 2 · 3 + 3 · 3 + 4 · 2) = 2.5,

Xÿ8!�ÏÞË®°Î&Æð2àÝ, ©½Î3óC´9T´�`�ê

îP¼��;¶


1 · 2
10

+ 2 · 3
10

+ 3 · 3
10

+ 4 · 2
10

,

Í�2/10, 3/10, 3/10, 2/10, �5½Ú
10ÍóC�, 1, 2, 3, 4XªÝ	

��X|ÏÞË®°ÛÎ×Ë�J¿í��^�ó�TÂÝ�L, -ÎÃ

y�J¿íÝ�°�9FãÒ÷l�^�ó�TÂÝ�L, ©½�|:�

¼�
�yX�×Ðóg(X)Ý�TÂ, J�L


E(g(X)) =





∫∞
−∞ g(x)f(x)dx, =�l,

∑
x g(x)f(x), Ò÷l�

(15)

ù�Bã�ó�ð, �O�Y = g(X)�^£Û�Ðó, �¿à(14)P�O

ÿE(Y )�
9ì�¿Í»��

»»»19. 'Ò÷l�^�óX�^£Û�Ðó


f(0) =
1
16

, f(1) =
2
16

, f(2) =
3
16

, f(3) =
4
16

,

f(4) =
4
16

, f(5) =
1
16

, f(6) =
1
16�

J

E(X) =
6∑

x=0

xf(x) =
47
16�
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ê

E((X − 3)2) =
6∑

x=0

(x− 3)2f(x) =
37
16�

3OE((X − 3)2)`, ô�¿à�ó�ð��Y = (X − 3)2�JYãÂ0,

1, 4, 9, v

fY (0) = P (X = 3) =
4
16

,

fY (1) = P (X = 2) + P (X = 4) =
7
16

,

fY (4) = P (X = 1) + P (X = 5) =
3
16

,

fY (9) = P (X = 0) + P (X = 6) =
2
16�

Æ

E((X − 3)2) = E(Y ) =
∑

y

yfY (y) =
37
16�

Í�
∑
ÎEXbÝy8�, Ç0, 1, 4, 9�

»»»20. '�^�óX�^£Û�Ðó
f(x) = 2x, x ∈ [0, 1]�J

E(X) =
∫ 1

0
x · 2xdx =

∫ 1

0
2x2dx =

2
3
,

E(X2) =
∫ 1

0
x2 · 2xdx =

∫ 1

0
2x3dx =

1
2�

¨², ù�¿à�ó�ð��Y = X2, �O�Y�^£Û�Ðó


g(y) = 2
√

y · 1
2
√

y
= 1, y ∈ [0, 1]�

Ah

E(X2) = E(Y ) =
∫ 1

0
y · 1dy =

1
2
,
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)ÿÕ8!Ý���

»»»21. 3��5�b
∑∞

i=1 1/i2 = π2/6�Æ

f(i) =
6
π2

1
i2

, i = 1, 2, · · · ,(16)


×^£Û�Ðó�¬.
∑∞

i=1 1/i = ∞, Æu�^�óX�^£Û�Ðó

A(16)P, JX��TÂ�D3�
¨², .

∑∞
i=1 1/i4 = π4/90, Æ

g(i) =
90
π4

1
i4

, i = 1, 2, · · · ,(17)


×^£Û�Ðó�ê'�^�óY�^£Û�ÐóA(17)PX��J

E(Y ) =
90
π4

∞∑

i=1

1
i3

< ∞,

E(Y 2) =
90
π4

∞∑

i=1

1
i2

=
90
π4

π2

6
=

15
π2

< ∞�

ÇE(Y )CE(Y 2)/D3�	QE(Y 3)-�D3Ý�

»»»22. '�^�óXbýýýãããÝÝÝÞÞÞ���555µµµ(Cauchy distribution,, Augustin-

Louis Cauchy, 1789-1857, 
°»½(ó.�), |C(0, 1)���ÇÍ^£

Û�Ðó


f(x) =
1

π(1 + x2)
, x ∈ R�

JX��TÂ�D3�h.

E(X) =
∫ ∞

−∞
x · 1

π(1 + x2)
dx,


×������555(improper integral)��µ�L, h��5D3, uv°u

∫ ∞

0

x

π(1 + x2)
dx,

∫ 0

−∞

x

π(1 + x2)
dx
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/�D3�¬hÞ�5/�D3, 5½
∞C−∞�ÆE(X)�D3�

ãî���5D3Ý�L, �:�E(X)D3, uv°uE(|X|)D
3��TÂb�KP²�»A, ×bbb&&&ÝÝÝ(bounded)�^�ó, �TÂÄ

D3�3hE×�^�óX, uD3×ðóM > 0, ¸ÿP (|X| ≤ M) = 1,

-Ì��^�ó
bbb&&&ÝÝÝ�uXbU(0, 1)5µ, -
b&; bC(0, 1)5µ,

J&b&�&Æ���×°P²Aì�

���§§§4.6 'X
×�^�ó, a, b, c
ðó, g1, g2
ÞÐó, ¸ÿE(g1(X)),

E(g2(X))/D3�J

(i) E(ag1(X) + bg2(X) + c) = aE(g1(X)) + bE(g2(X)) + c;

(ii) ug1(x) ≥ 0, ∀x ∈ R, JE(g1(X)) ≥ 0;

(iii) ug1(x) ≥ g2(x), ∀x ∈ R, JE(g1(X)) ≥ E(g2(X));

(iv) ua ≤ g1(x) ≤ b, ∀x ∈ R, Ja ≤ E(g1(X)) ≤ b�

ãî�§�(i), ©½2, ©�E(X)D3, J

E(aX + b) = aE(X) + b, E(b) = b�(18)

Ç×ðó��TÂ�y�ðó�ãyE(X)
×ðó(�&�^Ý), ÆÍ

�TÂ)
Í��ÇE(E(X)) = E(X)�
�TÂ9Í(Þô&º�b°ß�ÕæW�7V×2ÑÝ{�×g,

�X�Xÿ�Fó�JX�^£Û�Ðó
f(x) = 1/6, x = 1, 2, · · · , 6�
.h

E(X) =
6∑

i=1

i · 1
6

=
21
6

= 3.5�

7V×{�, Fó��TÂ
3.5�Fó
Jó, P¡§�7VKÿ�

Õ3.5�£§º�TÿÕ3.5÷?

µõv�����TÂC«îÝâL��Ä�TÂÎ×�^�ó

�“t·”ðóÝ��Â�XÛt·, ¼ÝÎ0-¿]Ý�TÂt���ì
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�§�

���§§§4.7 '�^�óX��E(X2) < ∞�JEXba ∈ R, E((X − a)2)�

Á�Âsß3a = E(X)��

�h�ß®ÝÀ�, ��qb-²�bß®¯, À�NÍ¥��VÎ

9K, A¢/�÷? ßÆð�|×ðóa¼��×�^�óX��p1£

×Íat?, 0-X − a)Î�^Ý�¬30-¿](X − a)2��TÂt�

ì, î�§¼�, �TÂE(X)-Ît?ÝóC�
Íg&Æ�L���---(moment)�'n
×Jó, JuE(Xn)D3, -Ì

h
�^�óX�nggg���---��E((X − µ)n)Ì
XÝnggg���TTT���---(nth

central moment), Í�µ = E(X)�©½2, Þg�T�-Ì
XÝ���²²²

óóó(variance), |σ2
X , Var(X)T��2|σ2��, Ç

Var(X) = E((X − E(X))2)�(19)

Var(X)�ÑÝ¿]q, |σXTσ��, Ì
X�ýýýãããÒÒÒ---(standard de-

viation), Týýýããã---�ííí]]]---�¨², A!�TÂ, Eyng�-, )

bE(Xn)D3, uv°uE(|X|n)D3�
3^£¡�&ÆS
Ý�^�óÝÃF�»A, .ß��A�.ÝY

ê�, N��¥402\, O25�.ßÝÀ�¥, �Î¯N�.ßÝ�¥b

×^£5µ�4Q9øÝÿP´)§, ¬.P°ßé�^Ý����, &

Æ�ê��b×��Â�ãyÌb�9?ÝP², �TÂ½ð�J¼	�

�^�ó���Â��TÂ	Î�^�ó5µ�×ÍmT, �^�ó��

ãÝÂ, ÷µ3�TÂÝ¼��Í�ùð�J¼	��^�ó���ÂÝ

$b������óóó(median)C¾¾¾óóó(mode)��¾ó\�Ì
ÛÛÛ///óóó�3h×@

ómu��

P (X ≤ m) ≥ 1
2
, vP (X ≥ m) ≥ 1

2
,(20)

-Ì
�^�óX(TÍ5µ)�×������óóó�µh�L��ó�×�°

×�	QA�X�5µÐó
=�v�}�¦, J��ó-°×�h`
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��ó
°×��F (x) = 0.5�x�uX�5µEÌym, JX���ó


m�¨², uf(a)
X�^£Û�ÐóÝ×�EÁ�Â, -Ìa
X(T

Í5µ)�×¾¾¾óóó�EX
Ò÷lÝ�^�ó, Í¾ó�Xt��ãÝ

Â�¾ó�×�D3ô�×�°×��v��óC¾ób`4D3¬Q

�|O��

»»»23. 'X
×Ò÷lÝ�^�ó, vP (X = 0) = 1/4, P (X = 1) = 1/2,

P (X = 2) = 1/4�JXb°×Ý��ó1:

P (X ≤ 1) = P (X = 0) + P (X = 1) =
3
4
≥ 1

2
,

P (X ≥ 1) = P (X = 1) + P (X = 2) =
3
4
≥ 1

2�

Æ1
×��ó�ê�×a < 1,

P (X ≤ a) ≤ P (X = 0) =
1
4

<
1
2
,

�×a > 1,

P (X ≥ a) ≤ P (X = 2) =
1
4

<
1
2
,

/&��ó�
¨², �:�X�¾óù
1�

»»»24. 'X
×Ò÷lÝ�^�ó, vP (X = 0) = 0.1, P (X = 1) = 0.4,

P (X = 2) = 0.4, P (X = 3) = 0.1�J�×a ∈ [1, 2]/
��ó, �1, 2/


¾ó�

»»»25. '�^�óX�5µÐó
F (x) = x2, 0 ≤ x < 1��x2 = 1/2,

��x =
√

2/2 .= 0.707�ÇX���ó

√

2/2�ô�|1F���ó



√

2/2�uãX�^£Û�Ðó
f(x) = 2x, 0 ≤ x ≤ 1, JX�¾ó


1�uãX�^£Û�Ðó
f(x) = 2x, 0 ≤ x < 1, J¾ó�D3�

&Æð�¢ÃÙ��&ËX��7£Ø4¯¼, ��W���¿u

�, ��´?�ª´u��£Õ9���7£÷? ��©:ÕW�^£�
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�(1���¿��), ô��©:Õ�¿��(1��W�^£�±), Õ

×Õ�Xÿ��TÂ, Î×��ÝX�µA�&Æ¿ð3¾\�����

ñ$r, ôÎ�8Õ×ì�Tª´(�£�ì$Ý^£, Cì$�ñrÝª

´�)��TÂ3�X�`, ð6�¥�Ý���

»»»26. Ø®	Ý®°Aì: 7V×2ÑÝY�, uÏng7V�´��¨Ñ

«, J®4��ÿan-, Í�0 < a ≤ 2, 
×�Â��µ�TXÿ, X�®

4Ng®�G, �}9K-, h®	�Î2Ñ�3h2Ñ®	, Ûï×�

Ý-á, ¼X}Ýþ�y�TXÿ, Ç¯�T�Xÿ
0�
���.�p:�Ïng7V�´��¨Ñ«�^£
2−n, n ≥ 1��X�®4

®1g�Xÿ��'0 < a < 2, J

E(X) =
∞∑

n=1

an · 2−n =
∞∑

n=1

(
a

2
)n =

a/2
1− a/2

=
a

2− a�

�yua = 2, J

E(X) =
∞∑

n=1

2n · 2−n =
∞∑

n=1

1 = ∞�

»A, 	a = 1.999`, E(X) = 1,999, ÇNg®�G�}1,999-�×�

��º-
Ng®�ÿÕ1.999n-, �ÿÕ2n-, PH�-²�Ý@, »

A, n = 10`, 1.999n .= 1,018.89, �210 = 1,024, -²���¬EGï,

Ng®©�}1,999-, E¡ï, J�}∞Ýþ�¬b w�}(�vô^

b)∞Ýþ�Ô×®	÷? �~ÞÌD�Ea = 2, |á

P (Xÿ ≥ 2n) = 2−n+1, vP (Xÿ ≤ 2n−1) = 1− 2−n+1, n ≥ 1�

»A, 	n = 11, b^£1 − 2−10 .= 0.999, Xÿ�øÄ1,024-�ê

	n = 21, Xÿ�øÄ220 = 1,048,576(Vy0-)�^£, V
0.999999,

�È#�1Ý��ÿÕy0-|î, �1Á��|�¬Q��}∞Ýþ, �

�Ô×g�¬9�Ì2Ñ®	÷! 9µÎ½(ÝBBBÿÿÿ¡¡¡���¡¡¡(Petersburg

paradox, Daniel Bernoulli, 1700-1782, Xè�)�	a = 2`, A¢'��
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×´)§Ý}ð]P, ¼¢�h®	, �¢�?Z*(2010)pp.295-297�

�¡�TÂÎ9?Ý×Í�^�ó���Â, p¹º�Ò��^�ó,

A¢�?�-~bb9�÷? 9µÎ�²ó�ýã-Ý���
'b×�^�óX,v'�TÂE(X)D3�JX�E(X)�ÒÒÒ---
X−

E(X)�hÂbÑb�, ¬�TÂE(X −E(X)) = E(X)−E(X) = 0� Ò

-��TÂ
0, hù
�TÂ�×P²�¬&Æ??ÎEÒ-��EÂ

´�·¶�hÑA ²h`, b`î�b`ì�, À��ÿ�21¿íú

�RT�
||X − E(X)|�Ò-��EÂ, h�)
×�^�ó, A¢É�Í�

�÷? ã�TÂ
×ð°�ôµÎO�?Ò-��EÂÝ“¿í”�¬A

�¯��5.ÿ��ýÝ�, Tá¼bn�EÂÐó�OõT�5, ??

b°jì(��O
∫ 3
−3 | sinx− 0.3x|dxÝ»�)�EyE(|X − E(X)|), �D

¡¢`X ≥ E(X), ¢`X < E(X), 9°��P��ÿ?��.h;ðÝ

®°, Î�ÊÒ-¿]��TÂ, �9µÎ���²²²óóó�ãyÎ¿]Ý�TÂ,

	ÎûÒÝ¿]�.huÞ�²ó�¿], µ	¸Í/ÕûÒ, ýýýããã----

®ßÝ�

»»»27. �'bA,BÞ47£�7£Ay×O¡, b1/2Ý^£�×¹Ýþ,

b1/4Ý^£©×�Ýþ, b1/4Ý^£���©�7£B×O¡, b3/4Ý

^£�×�Ýþ, b1/4Ý^£���©�uw10,000-y7£A, J×O

¡��¿X, 
×Ò÷lÝ�^�ó, ^£Û�Ðó
(¯�“-”, 9ì!)

fX(x) =





1/2, x = 10,000,

1/4, x = −5,000,

1/4, x = 0�

uw10,000y7£B, J×O¡��¿Y , ù
×Ò÷lÝ�^�ó, ^£

Û�Ðó


fY (y) =





3/4, y = 5,000,

1/4, y = 0�
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µî�f�, �ÿ

E(X) =
∑

x

xfX(x) =
1
2
· 10,000 +

1
4
· (−5,000) +

1
4
· 0 = 3,750�

E(Y ) =
∑

y

yfY (y) =
3
4
· 5,0000 +

1
4
· 0 = 3,750�

Ç7£A�7£B�¿��TÂ8!�4Qb8!Ý�TÂ, ¬X�5µ
´Y�5µ, ÷µÝ´�, X|&Æ�?X��²ó´��9ì¼�Jh

�?�

Var(X) =
∑

x

(x− 3,750)2fX(x)

=
1
2
(10,000− 3,750)2 +

1
4
· (−5,000− 3,750)2 +

1
4
(0− 3,750)2

= 42,187,500�

Var(Y ) =
∑

y

(y − 3,750)2fY (y)

=
3
4
(5,000− 3,750)2 +

1
4
(0− 3,750)2

= 4,687,500�

ãyVar(X) > Var(Y ), �î7£A��²´��u��A�ï, 1�

�º27£A, b`ºb´{�¿�ÍP1Fï, ��º27£B, %Ú%

Æ�

»»»28. Ø4³`Î|^_p�, N�ýî162\�u����, )�

��ºp¨, u��Ä9, 2¥ôbª´��X�N������

'XbU [15.8, 16.2]5µ, Ç^£Û�Ðó
f(x) = 2.5, 15.8 ≤ x ≤
16.2�J

E(X) =
∫ ∞

−∞
xf(x)dx =

∫ 16.2

15.8
2.5xdx = 16.0�

X|¿í��, ^ p�Ý��ÎÑ@Ý�¬

P (X < 16) = P (X > 16) = 0.5,
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Ç&b0.5Ý^£, º����C��øÄ�&Æ¼OÍ�²ó�

Var(X) =
∫ ∞

−∞
(x− 16)2f(x)dx =

∫ 16.2

15.8
2.5(x− 16)2dx = 0.0133�

ýã-

√

Var(X) .= 0.115�

Ýª±�², 2¥S
±^ , ±Ý��Y�^£Û�Ðó


g(y) =





25(y − 16) + 5, 15.8 ≤ y < 16,

25(16− y) + 5, 16 ≤ y < 16.2�

J)bE(Y ) = 16, ¬Var(Y ) = 1/150 .= 0.006, ýã- .= 0.0816��²ó
ìª×�|î, ýã-JìªV29%�
%5��XCY^£Û�Ðó�%��ã%�ù�:�Y��²ó

´X��²ó�: ´9Ý^£gH3Y��TÂÝ�l�

-

6

x

f(x)

-

6

y

g(y)

2.52.5

5.0

15.8 16.0 16.2
A

A
A

A
A

A

¢
¢
¢
¢
¢
¢

15.8 16.0 16.2

(a) X�^£Û�Ðó (b) Y�^£Û�Ðó
%5 »28�XCY^£Û�Ðó�%�

&Æ���²ó�×°P²�

���§§§4.8 'X
×�^�ó, Jì�ÞPWñ, Í�a, b
ðó�

Var(aX + b) = a2Var(X),(21)

Var(X) = E(X2)− (E(X))2�(22)

ãy�²ó×��Î�Ý(&��^�ó(X − E(X))2��TÂÄ


&�, ��§6�(ii)), Æã(22)Pÿ

E(X2) ≥ (E(X))2�(23)
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êã(21)P�:�(ãa = 0)ðóÝ�²ó
0�9Fã(22)Pù�:

��ÇuD3×ðób, ¸ÿP (X = b) = 1, J.E(X2) = b2, E(X) = b,

ÆVar(X) = 0�9	QÎ)§Ý�ÉQÎðó(�Ú
×[;Ý�^�

ó), µ^b�², NgÌ?/ÿÕ�ðó�D�, uVar(X) = 0, JD3

ðób, ¸ÿP (X = b) = 1�

»»»29. 7V×2ÑÝ{�, �X�Xÿ�Fó��OX��²óCýã

-�
���.G«�O�E(X) = 3.5 = 7/2�êE(X2) =

∑6
i=1 i2/6 = 91/6� Æ

Var(X) = E(X2)− (E(X))2 =
91
6
− 49

4
=

35
12

,

vX�ýã-

√

35/12 .= 1.7078�

»»»30.ðððVVV555µµµ(normal distribution)
×Á¥�Ý5µ�'Xb¢óµCσ2�

ðV5µ, |N (µ, σ2)��,Í�µ ∈ R, σ2 > 0�JX�^£Û�Ðó


f(x) =
1√
2πσ

e−(x−µ)2/2σ2
,−∞ < x < ∞�

	µ = 0, σ = 1, ÇÿýýýãããðððVVV555µµµ(standard normal distribution),

|N (0, 1)��, Í^£Û�Ðó


f(x) =
1√
2π

e−x2/2,−∞ < x < ∞�

ðV5µb�9?ÝP², Í��×Î	XbN (µ, σ2)5µ, J(X −
µ)/σbN (0, 1)5µ�.h

P (X ≤ x) = P (
X − µ

σ
≤ x− µ

σ
) = P (Z ≤ x− µ

σ
),

Í�, ZbN (0, 1)5µ�ÇE�×ðV5µ, Í^£Â/�BãN (0, 1)5

µ�^£ÂÿÕ�9ÎÍ�5µKbÝP²��ãX�(X −µ)/σ��ð,

-Ì
ýýýããã;;;(standardized)�EyN (µ, σ2)5µ, �O�

E(X) = µ,Var(X) = σ2,
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ÇÞ¢ó5½
Í�TÂCýã-�ãýãðV5µÝ^£Â�, �ÿ

	XbN (µ, σ2)5µ,

P (|X − µ| ≤ σ) = P (|Z| ≤ 1) = 0.6826,

P (|X − µ| ≤ 2σ) = P (|Z| ≤ 2) = 0.9545,

P (|X − µ| ≤ 3σ) = P (|Z| ≤ 3) = 0.9974�

ÇX��TÂ-²�øÄ1ýã-, 2ýã-, 3ýã-�^£, 5½V


0.6826, 0.9545C0.9974(Í�5µ	Q�ºôÎ93ÍÂ)�E×ðV5

µ, Ì?Âº�Ò�TÂ3Íýã-�^£, GV
0.003�

E×�^�ó, y��×gCÞg�-(�²óÎÃyÞg�-)¡, E

Í5µ-bÝÃÍÝÝ��uá¼?9gÝ�-, EÍ5µµ�Ý��X

Û5µ, )(¤L, µÎ×�^�óãÂ�÷µ�µ�ãy÷µ½, &Æ

�ê�|×°ÃÍÝ�¼à�÷µÝ�µ�9µÎ�-Ý���
��:, &Æãðó.Â��^�ó, ãy�^Ýp|ßé, ê�|×

°��Ý�¼à�h�^Ý��ó.îµÎAhð3ã�áÃ, êãÃá

��
¨²,ù�|×°»»»ððð,¼à��^�óÝ5µ�AÒÒÒÐÐÐóóó(generating

function, TÌßßßWWWÐÐÐóóó), ZZZûûûZZZúúú»»»ððð(Laplace transform), ©©©ÇÇÇ

ÐÐÐóóó(characteristic function)C���---ÒÒÒÐÐÐóóó(moment generating func-

tion)�, Û¿Íð��|°×X��^�ó�5µÝ»ð�Þ;3h

��D¡�

5 999îîî���^̂̂���óóó

A!Ðó�|b9Í�ó, &Æô�|b999îîî(T1999���óóó,999������)���

^̂̂���óóó�ÐÐÐ)))^̂̂£££ÛÛÛ���ÐÐÐóóó, ÐÐÐ)))555µµµÐÐÐóóóôµET®ß�»A, Þ�^

�óX, Y�Ð)5µÐóF (x, y) = P (X ≤ x, Y ≤ y)�Ù�5���[

/£], ��9£]b�©×Í�ó, 9�óÝD¡, 
Ù�.�¥�Ý
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ÞC�ÍZ©ÎE�^�ó�×�MÝ+Û, .h�9½���&Æ©�

¿ÍÃF�

���LLL2. 'Þ�^�óX, Y , |f(x, y)
Ð)^£Û�Ðó, X, Y�^£

Û�Ðó5½|fX(x)CfY (y)���u

f(x, y) = fX(x)fY (y), x, y ∈ R,(24)

JÌX�Y888!!!}}}ñññ(mutually independent), T}}}ñññ�

���§§§5.9 'Þ�^�óX, Y , |F (x, y)
Ð)5µÐó, X, Y�5µÐó

5½
FX(x)CFY (y)�JX�Y}ñ, uv°u

F (x, y) = FX(x)FY (y), x, y ∈ R;(25)

uv°uD3ÐóG(x)CH(y), ¸ÿE∀x, y ∈ R,

F (x, y) = G(x)H(y)�(26)

Þ�^�ó}ñ, �á¼Í��×ÝÂ, E¨×�óÝ5µ, ^bÅ

(�3Ø°©�Ý�µ, b��×�^�ó
¨×�^�ó�Ðó, Ëï

�1n;Á�Û6, ¬Q8!}ñ�
!§&Æô�|�LnÍ�^�ó�}ñ�¨², Þ�^�óu�}

ñ, A¢¼�îËï�n;, T1!8�;��µ, ôÎÙ��ðD¡Ý

ÞC�
nÍ�^�óX1, · · · , Xn,u8!}ñ, vb�!Ý5µ(independent

and identically distributed, �Ìiid), -Ìh
×à��� ^̂̂øøøÍÍÍ(random

sample)�3Ù�5��ðº#Ç�^øÍ, �9Ù�Ý§¡KÃy�^

øÍ�
�§2¼�, E×��5µÐó£°P²ÝÐó, ��×^£è ,

¬3Íî�L×�^�ó, |�Ðó
Í5µÐó�¨ubÞ5µ

ÐóF1CF2, J�Í��×^£è (Ω,F ,P), v3Ωî�LÞ�^�
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óX�Y , ¸ÿX�Y}ñ, v&|F1CF2
5µÐó? �nÎù�Ý, �

ÄÍJ�3h¯��

6 ���¡¡¡���^̂̂PPP

Ía+Û�^�ó, �©3^£�Ù��, 3^ðßþ�, ßÆôðè

Õ“�^”×Þ, Í�L~b
¢�
A�Î1�^�ó, JµÎ¼&ðó, ñÇØ×5µ�¨², ��ºb

ì�¿Íð�V�7WÝ�L�
Ï×ËÎ¼���^̂̂øøøÍÍÍ�ÉA1b×�^�óX, ¥�2Ì?ng, ÿ

ÕX1, · · · , Xn�JX1, · · · , Xn
iid, 
×à�^øÍ�9Ë»��9�k

£�×Y��¨Ñ«Ý^£p, 7Vng, �'&g 8!}ñ, ng7Vÿ

ÕX1, · · · , Xn, Í�Xi = 1, �îÏig7V�¨Ñ«, Xi = 0, J�î�¨

D«, vP (Xi = 1) = p, P (Xi = 0) = 1− p, JX1, · · · , Xn-
×à�^

øÍ�êAk£�ØÃTu¼.ú, �'u¼`²/8!, ãnÍ?�, 5

½ÿÕ¸à` X1, · · · , Xn, J�)§2�'X1, · · · , Xn
iid, .h
×

à�^øÍ�
ÏÞË�µÎ¼���^̂̂ãããøøø, J-bí85µÝ�¤�&Æ5=�l

CÒ÷l¼1��ÉA1�  [a, b]�^2ã×F, a < b�uã�Ý

F|X��, JÛ�X3[a, b]bí85µ�.hXay[a, b]��×�  

Ý^£, �yh�  ���t|  ��b − a�A�Î�  [a, b]�

^2ãnÍF, ã�ÝF|X1, · · · , Xn��, J-�X1, · · · , Xn
iid, /

3[a, b]í85µ�Íg:Ò÷Ý�µ�XÛ�1�10, �^2ã1ó, Û

¼1�10, N×ó�ã�Ý^£/8�, KÎ1/10�êA�Dý�', �l

�rDÎÍ�^®ß��'Î42ã6Ý�Dý, �b
(
42
6

)
= 5,245,786Ër

DÝà)�µÎ�l�ÎÍN×à)�¨�^£/
1/5,245,786(�&©

Îl�1�42ÝrD, ÎÍ�¨Ý^£/
1/42)�
�Äb°�µì, �^ãø, Í�Ý“�^”×Þ�L��¬���

@��ì»�
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»»»31. �'¿«îb×i, �5
r�3iî���^̂̂i×f<, &Æ�Oh<

���yi�×/#�\ë��\�aÝ^£��A�×�^Ý<Í��

º�yaÝ¯���×�^Ý<Í���ãì�ëï�×X�: h<�i

T�ûÒD; h<Ý�F�HM ; h<�iTXù�Ý�θ�9ì5½�

'D, M, θ3ÍãÂP�/í85µ, �O�A�^£�
(1)'D3[0,r]í85µ�h�'ÎÃyub×wM, ��i86�|

�>¿�2'iTÉ�, �`�c-�iø�×f<�ã¿¢P²á, ¯

�Asß, uv°uD < r/2, ÆP (A) = 1/2�
(2)'M3JÍi/í85µ�h�'ÎÃyãi/��ã×FM , 	

�<Ý�F, �M�kàhF�iTÝ=a-ÿÕ×<�|�h<��Î

Í�ya, µ:MÎÍa3�5
r/2�!Ti/�ÆP (A) = P (Ma3�

i/)= �i«�/�i«�= 1/4�
(3)'θ3[0, 2π]í85µ�h�'ÎÃy�iøî�ã×F	�<Ý

×ÍÐF, Q¡�hFº½iø5`j�>É�, �`�c-ÿÕ<Ý¨

×ÐF�|�¯�Asß, uv°uh<ÞÐF�iTXù���θ, +

y2π/3�4π/3� , ÆP (A) = (4π/3− 2π/3)/2π = 1/3�
Æ3�!Ý�'ì, Í®ÞÝ�n�|Î1/2, 1/4, T1/3�#�3¨

²Ý�'ì, b��ÿÕÍ��n�h®ÞÇ
°°°©©©kkk���¡¡¡(Bertrand

paradox)���3Í»�, XÛ“�^”i×f<, Í��^Ý�L, �Q�

u�G�  [a, b]�^ãF£��@�uE�^Ý�Õ�!, -��ÿÕ

�!Ý�n�

�:×b¶Ý»��

»»»32. �'b×P§�Ý��, ¨bP§9ÍÝ¦, _rµ�
1, 2, 3,

· · ·�¨
�ì�@�: �Ø`ÑR(` 0), Þ1r�10r¦w
��, Q

¡ã�10r¦��'w¦Cã¦X�` K�E¯�1/25Ö¡, Þ11r

�20r¦w
��, Q¡ã�20r¦�ê1/45Ö¡, Þ21r�30r¦w


��, Q¡ã�30r¦��¼Îê1/85Ö¡, · · ·, õhv.�&Æb·¶
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Ý®ÞÎ, 15Ö¡, ��b9K¦�
h®ÞÝ�n���, µÎ��bP§9Í¦�.ñ_r�Î10nÝ

¦, n ≥ 1, /3���
¨Þ�µ;���` 0��, Þ1r�10r¦w
��, Q¡ã�1r

¦�1/25Ö¡, Þ11r�20r¦w
��, Q¡ã�2r¦��1/45Ö

¡, Þ21r�30r¦w
��, Q¡ã�3r¦��¼Îê1/85Ö¡, · · ·,
õhv.�J15Ö¡, ��b9K¦�
�ß�#ÝÎ,Eh�µ,�nÎ��èP×¦�§���? Ng�)

Îw10¦ã1¦, ¢|Ï×�µ15Ö¡, ��bP§9Í¦, �3ÏÞ�

µ, 15Ö¡��Q×¦/P? ¯@3P°8*�1�Aì�3ÏÞ�µ,

1r¦Î×��(` 0)-�ã���ynr¦, n ≥ 2, 3(1/2)1 + (1/2)2 +

· · · + (1/2)n−1(= 1 − (1/2)n−1)5Ö¡�ã��ÆE∀n ≥ 1, nr¦315

Ö¡, /�3���ÇÿJ15Ö¡, ��èP×¦�
.h, 4Q!øNgw10¦, ã1¦, ¬£1Í¦A¢ã, CWÝ��-

²���3Ï×�µ, ©b_r
10nÝ¦��ã�, n ≥ 1�¬3ÏÞ�

µ, N×r¦, tâK�ã��
&Æ��ÊÏë�µ�w¦Ý]P��, ¬ã¦Ý]P;
Ng�

���bÝ¦�, “�^”ã1¦�»A, 3` 0, w
1r�10r¦, Q

¡�h10Í¦�, �^Ýã1¦(Ç1�10r¦, Nr¦�ã��^£/


1/10)�Eh±�µ, &Æ)®, 15Ö¡, ��b9KÍ¦�
���.&ÆÞJ�15Ö¡��èP×¦Ý^£
1���Ê1r¦��En�

´ngã¦¡, 1r¦)3��Ý¯��J

P (En) =
9
10
· 18
19
· 27
28
· · · 9n

9n + 1�

îPA¢ÿÕ? ngã¦¡, 1r¦)�3��, �Ï1g©��10Í¦�,

1r�², ÍõÝ9Í¦ã; Ï2g©�19Í¦�, 1r�², ÍõÝ18Í¦ã,

õv.�»A, t¡×g©��9n + 1(= 10n − (n − 1))Í¦�, 1r�²

Ý9nÍ¦ã�
15Ö¡, 1r¦)3��Ý¯�, Ç


⋂∞
n=1 En�ãyE1 ⊃ E2 ⊃ · · ·
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⊃ En ⊃ En+1 ⊃ · · ·, Æ¿à^£ÐóÝ��P²(�9ìÛ1),

P (15Ö¡, 1r¦�3��) = P (
∞⋂

n=1

En) = lim
n↓∞

P (En) =
∞∏

n=1

9n

9n + 1�

&ÆAìJ�
∏∞

n=1(9n/(9n + 1)) = 0�´�.

∞∏

n=1

9n

9n + 1
= (

∞∏

n=1

(1 +
1
9n

))−1,

Æu�J�
∏∞

n=1(1 + 1/(9n)) = ∞ÇÿJ�¨E∀n ≥ 1,

∞∏

n=1

(1 +
1
9n

) ≥
m∏

n=1

(1 +
1
9n

) = (1 +
1
9
)(1 +

1
18

) · · · (1 +
1

9m
)

>
1
9

+
1
18

+ · · · 1
9m

=
1
9

m∑

i=1

1
i �

.	m → ∞`,
∑m

i=1 1/i → ∞, Æÿ
∏∞

n=1(1 + 1/(9n)) = ∞�Æu
�Fi�ir¦15Ö¡3��Ý¯�, JF1 =

⋂∞
n=1 En, vP (F1) = 0�!§

�JP (Fi) = 0, ∀i ≥ 1��15Ö¡, ���ÎèÝ�¯�Û
⋃∞

i=1 Fi�¿

à®®®«««������PPP(Boole’s inequality), ÿ

P (
∞⋃

i=1

Fi) ≤
∞∑

i=1

P (Fi) = 0�

Æ15Ö¡, ��
è�^£Ý@Î1�

ÛÛÛ1. ¯�{En, n ≥ 1}u��

E1 ⊃ E2 ⊃ · · · ⊃ En ⊃ En+1 ⊃ · · · ,

-Ì���333óóó���, u��

E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ En+1 ⊂ · · · ,

-Ì���¦¦¦óóó����E�3T�¦ó�Ý¯�{En, n ≥ 1}, /b

lim
n→∞P (En) = P ( lim

n→∞En)�
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hÇ^£Ðó�������PPP²²²�

¢¢¢���ZZZ¤¤¤

1. ?Z*(2010). ^£¡, ÏÞÌ�º�Z;¯¼ô	b§2¥, ¬�

½�
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