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1 ¿¿¿ííí°°°JJJ

¬ÈÝ�Dýs�|¼, èºÝ×Í×�l°ÝÑ¼�©��50-

óùýÒ, µb^ºW
y0#�î�Ý°��©Î���'@3��

|, 49ã6Ýtp, �b13,983,816Ëà), 42ã6Ýb5,245,786Ëà)�Ç

¸Î38ã6Ý, )b2,760,681Ëà)�9�9à)�)ø×à÷? bTß

ºÙ��#�(ð�¨Ý)C¼�(´K�¨)ÝrD, |º)¥ï¢��£

~b�)#��Î¼�rD?

-
�)#�rD,�-
�)¼�rD,ÛÎÃy�!Ý�°�Gï

�nÎ-
&rD�¨Ý^£���!, b°rD�´z´|�¨��y

¡ï, �V�Î-
&rD�¨Ý^£8!�.hÄ�¿��¨´KÝr

D, Î¼¿��´�|�¨, �Æ-
9Î¿¿¿ííí°°°JJJ(law of average)�É

Q¿í�8!, õ	Qô�8!! óCº�
'°R�Ä�¿�K�¨Ý

gó�3�Æ¿�, &óC�Abßú, ºbB7�
���óóó°°°JJJ(law of large numbers)bËÍÌÍ�E×ó��}ñv

b�!5µ(independent and identically distributed, �Ì iid)��^�

óX1, X2, · · ·, ©�−∞ < E(X1) < ∞, Jn��`, øøøÍÍÍ¿¿¿ííí(sample

mean)Xn = (X1 + · · ·+ Xn)/n, º�#�E(X1)Ý^£��, hÇ333���óóó
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°°°JJJ(weak law of large numbers)�ôµÎ1

lim
n→∞P (|Xn − E(X1)| ≤ ε) = 1, ∀ ε > 0�(1)

¬¬^b1n��`, Xn = E(X1)�¯@î,tÝKó´©�Ý�µ(AD

3ðóc, ¸ÿP (X1 = c) = 1), ÍJn��`, P (Xn 6= E(X1))�#�1�
�ó°Jãy�CøÍ¿í, ÆêÌ¿¿¿ííí°°°JJJ�¸Î¼(1)Wñ, T?

úÝ, ¼

P ( lim
n→∞ |Xn − E(X1)| ≤ ε) = 1, ∀ ε > 0,(2)

hÇúúú���óóó°°°JJJ(strong law of large numbers)�¬���E^b1n��

`, Xn = E(X1)�T|õ��, ¬&n��`, X1 + · · ·+Xn = nE(X1)×

�Wñ�
Ey�Dý, �'Î2ÑÝ, ÇNg�', N×Ëà)�¨Ý^£/8

!, J��9�, &óC�¨Ýá��£, -²;ðq�, �º�¼�#

��^£8!Ý¡�ðÎ�£�!���|�	, A��þjv, µ��

T½¿��^2Lþj, 9øLÝ¡�, þjÝ÷µº��í8, b°2

]R, b°2]�³�^£�Ýííí888555µµµ(uniform distribution), �ßþ

��÷µÝ�í8, �Î�²Í¶Ý�
�|7VY�
», �'¹�27V×2ÑÝY��7Vu�g¡,

ÿÕÑ«´D«9100g�£3Î¼Ý7V, D«óÎÍb@îÝH'?

b°ß-
º, XµAÝ§ã�QÎ¿í°J: Ñ«ó�D«ótâ�8

��b°ß-
�º, .Y�Î^bB7Ý, NgY��¨Ñ�D«Ý^

£/
1/2�.hÑ�D«�Äb�y¿WÝH'�
9v®Þ�9, A�£]�î, ²^¿íNRª300g, sß1g�²,

A*�Rª290g/¿HP¯, ¯º�º-
�b1g�²sßÝ, ÍJ

µ¾�Õ300gRªÝ1g�²? A�Ø4À.W�W�£
105�1, �

G9Í¼ßÝW�/´?, ¯ÎÏ10�, ÎÍ�|�HT2îW�¬?

¯¨3á¼Ý, 9v®ÞÝ�n, Tï13&ÆÝ�'ì(Ng}ñ2

7VY�, ²^NgR²Ý�µ�Í�g}ñ), &ÆXÌ?ÝÄ�KÎP

B7Ý�
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�ÄEy7V2ÑY�, &Æ)��z¿WÝ�L�4QêGÑ«r

�100g, EÎ¼Ý�¨Ñ«TD«¬PÅ(�¬3Î¼b“Ø×`Ñ”, Ñ

D«º¾Õ¿WÝ^£, Q
1�©Î÷, &Æÿ��×­, 3êGÑ«r

�100gÝ�µì, Î¼bØ×`Ñ, Ñ«r�ó¾Õ1000gÝ^£, ù


1�©�7VóÈ9, &ËøP(pattern)K���¨�»A, =�10Í

Ñ«, ×�3Ñ«�3D«�3Ñ«�3D«�Gï^£
1/1,024, ¡ï^£


1/4,096�&Ëb¶ÝøP�9, ÞTÌD, Þºs¨�K, �àH�

#�×à1Ñ�1D�1Ñ�1D, · · · , bß|
9Ît�|Ý, Í@�p�

¨�Ç¸Ñ�D«óBðP2î¹3&�!�, ô���|�
)|7V×2ÑÝY�
»��:7Vón = 10�¬ºª?ÿÕ5Í

Ñ«�^£¬��, ©b
(

10
5

)
(
1
2
)10 =

252
1,024

.= 0.246 ,

�y1/4Ý^£�µÕ��O5Ñ«5D«, XÿÑ«óÀ�+y4�6(5Ý

G¡&10%Ýó) Ï! h^£

(

10
4

)
(
1
2
)10 +

(
10
5

)
(
1
2
)10 +

(
10
6

)
(
1
2
)10 =

672
1,024

= 0.65625 <
2
3�

Çb�y1/3Ý^£,XÿÑ«ó�y4T�y6�A�7V1,000,000g,J

�TºÿÕ500,000gÑ«�¬ºª?ÿÕ500,000ÍÑ«�^£?�Ý,

(
1,000,000
500,000

)
(
1
2
)1,000,000

�

�Ä9/&ÆµbÁ�Ý.é(^£Á�#�1), XÿÑ«ó+y400,000

�600,000(500,000ÝG¡&10%Ýó) �#�Ey�9Ý  , A�

5500Ý  [499,500, 500,500], XÿÑ«óºa3h  Ý^£, µ�

V0.6826(�ì×;)��5
500, f�5
1Ý  [4, 6], Gï�Q��

9�¬Gï�8E�5(Çt|7Vón)
500/1,000,000=0.0005, G�y

¡ï�8E�51/10 = 0.1�Ñ«ó�ºâ?�y7Vó��, �Î37

Vó��Ý¼�®��®�  º�½7Vó������, ¬888EEE���
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555º�y�9°&Æì×;�1��

ÛÛÛ1. Þó�{an, n ≥ 1}C{bn, n ≥ 1}, Ì
���«««888���(asymptotically

equal), ¬|an ∼ bn��, Í�L
n → ∞`, an/bn → 1��¥�ÝÎ,

Þó�«8�, Í-b��º���Aan = n +
√

n, bn = n, Jan ∼ bn,

¬n → ∞`, an − bn =
√

n → ∞�ên!��Õ¬P">Ý]°�Ç¸G

¿àßîlI.à�Õ^, BããEó, &Æ�|ñÇá¼21,000,000Ý�

��hób301,030�, V
9.900656658 · 10301,029
�¬�Õ^î4b$¶

",;ðt�©��îÕ9.999999999 ·1099,�69! .= 1.711 ·1098,Æ70!µ�

H��O��Ý, ?��1100!, #�1,000,000!Ý�×Í½(Ý£�n!�

���$$$(order)Ý]°, Î¿àªªªÿÿÿ���222PPP(Stirling formula)

n! ∼
√

2π nn+1/2 e−n
�(3)

ãhÿ(�?Z*(2010) p.128)7V×2ÑY�2ng, ª?�¨nÍÑ«�

^£
(

2n

n

)
(
1
2
)2n ∼ 1√

πn�
(4)

1/
√

πn�½n�¦���3, ìª>���$
n−1/2
�Ü»¼:�¿

à(4)P, 7V12ÑY�100g, ºÿÕª?50ÍÑ«�^£V


1√
50π

.= 0.08;

u7V1,000,000g, ºÿÕª?500,000ÍÑ«�^£V


1√
500,000π

.= 0.0008�

7VóW
10,000¹, ¬^£3
1/100�
Ñ�D«ó&�üQ�|, bØ×«��r�, Q�ê¿ð��Sn =

X1 + · · · + Xn, n ≥ 1, Í�Xi = 1, �Ïig7VÿÑ«, Xi = −1, J�

ÿD«�ãyÎ2ÑY�, P (Xi = 1) = P (Xi = −1) = 1/2�¿à¾¾¾kkkººº
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���(Brownian motion)Ý��¼£�(�?Z*(1995)ÏÚa),

P ( max
1≤n≤10,000

Sn ≤ a) .= P ( max
0≤s≤1

X(s) ≤ a

100
)(5)

= P (|Z| ≤ a

100
) .=





0.0796, a = 10,

0.1586, a = 20,

0.3830, a = 50,

0.6826, a = 100,

Í�ZbýýýãããðððVVV555µµµ(standard normal distribution), |N (0, 1)��,

{X(t), t ≥ 0}�×ýýýããã¾¾¾kkkººº����Sn
Ñ, �7V�Ïng, Ñ«ór�,

Sn
�, J�D«ór�, Sn
0J�ÑD«¿W�(5)P¼�	7VÀó

�Ï1g�Ï10,000g�, Ñ«ór�K�øÄ10gÝ^£V
0.0796, ¬

Ñ«ór��øÄ100gÝ^£V
0.6826�ôµÎSn30Ý!�îì®

�, ÇÑ�D«ór�»�í�H�´�|sß, ¬b×«r�´9gD

|sß�
)¿à¾kº�¼£�, ãDDDÑÑÑ<<<°°°JJJ(arc-sine law), �ÿ

P

(
Ñ«r�gó
À7Vgó

≥ x

)
.= 1− 2

π
arcsin

√
x�(6)

	x = 0.993, h^£V


1− 2
π

arcsin
√

0.993 .= 0.0533�

.h7V10,000g�, b×«r�gó�K9,930g(¨×«Gr��ø

Ä70g)�^£V
0.0533 · 2 = 0.1066�øÄ105�1Ý^£, ��ÕH

��.h:Õ9Ë¨é, ¬�àH�#�
&Æ��4ÍSn, 1 ≤ n ≤ 10,000, �ÿa%y%1, |¯\ïÝ�SnÝ

®��µ�

2 ���³³³ÁÁÁ§§§���§§§
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%1. 4Í{Sn, 1 ≤ n ≤ 10,000}Ýÿa%

ßé0-Î�¥�Ý�ßvrX`¦, bï�rXÝ2F�0-uH

�, HèùÍ¼�ªa¿2, ��a3×%��µ�Hú�r`¸ú�W

¡, �/¼2¦, 6L÷��·, a3Ø���, 0-uH�, a3�yZ

-
cî, �A¢=/Hèß, µ�J\��¨�I.�, ��5Î×¥

�Ý�Ì�3��5�, &Æ��º�Õ�«ÝÅ�, ðð3J�0-

���Ü»��,��Ká¼ë�ÐóÝ¥�, ¬A¢OÍÐóÂ÷? E

ysinx, &Æ�à94P¼¿�: E∀x ∈ R,

sinx = x− x3

3!
+

x5

5!
− x7

7!
+ · · ·+ (−1)n−1 x2n−1

(2n− 1)!
+ R2n(x),(7)

Í�õ4

|R2n(x)| ≤ |x|2n+1

(2n + 1)!�
(8)

A�x ∈ [0, 1], vãn = 4, J

sinx = x− 1
6
x3 +

1
120

x5 − 1
5,040

x7 + R8(x),

v

|R8(x)| ≤ x2n+1

9!
≤ 1

362,880
≤ 2.755732 · 10−6

�

Æ3x ∈ [0, 1], |94P

f(x) = x− 1
6
x3 +

1
120

x5 − 1
5,040

x7
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�
sinx��«, 0-�øÄ2.755732 · 10−6
�A�¯Æÿh0-�È�,

ã?�ÝnÇ��
E×ó��iidÝ�^�ó{Xn, n ≥ 1}, vE(X1)D3, �ó°J¼�,

n →∞`, Xnº|ØË]P[e�E(X1)�¬&Æô�¼�, �¡n9�,

t&9°�^�ó
ðó, ÍJ¬P°1JXn = E(X1)�£b^b%

�]P, �|A(7)P�, á¼94P
∑n

i=1(−1)i−1x2i−1/(2i− 1)!�sinx�

-²|R2n|~bb9�? h®Þu�/�, ��?b*T2|Xn¼£

�E(X1)�
���³³³ÁÁÁ§§§���§§§(central limit theorem), -�9�|1Î^£¡�Ù�

.�, t¥�Ý×Í�§�h�§Î1, ubÈ9Ý}ñÝ�^�ó�

õ(T¿í), Þ�|ðV5µ�
�«�'E∀n ≥ 1, X1, · · · , Xn
iid�

�^�ó, vµ = E(X1)Cσ2 = Var(X1)/D3��³Á§�§¼�: E

�Þ@óa < b,

lim
n→∞P

(
a ≤ X1 + · · ·+ Xn − nµ

σ
√

n
≤ b

)
= Φ(b)− Φ(a),(9)

Í�Φ(x)�N (0, 1)�5µÐó, Ç

Φ(x) =
∫ x

−∞

1√
2π

e−u2/2 du, x ∈ R�(10)

ãhÿýýýããã;;;¡Ý�^�ó(X1 + · · · + Xn − nµ)/(σ
√

n), n´�`, �

|ýãðV5µ¼�«�J��¢�?Z*(2010)Ï°a�§5.2�&

Æá¼	�^�óWbN (0, 1)5µ, JαW + βbN (β, α2)5µ�.h

ã�³Á§�§á: 	X1, · · · , Xn
iid��^�ó, vµ = E(X1)Cσ2 =

Var(X1)/D3,Jn´�`, X1+· · ·+Xn�|N (nµ, nσ2)5µ¼�«�u

|øÍ¿í¼�î, -bn´�`, Xn�|N (µ, σ2/n)5µ¼�«�¯@

î(9)0l

lim
n→∞P

(
a ≤ Xn − µ

σ/
√

n
≤ b

)
= Φ(b)− Φ(a), b > a�(11)

êΦ(x)��

Φ(x) + Φ(−x) = 1, ∀x ∈ R�(12)
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ã(9)Pÿ(ãb = c, a = −c)n��`,

P

(∣∣∣∣
X1 + · · ·+ Xn − nµ

σ
√

n

∣∣∣∣ ≤ c

)
.= 2Φ(c)− 1, c ≥ 0�(13)

h�àÕ(12)P, Φ(−c) = 1− Φ(c)�ã(13)Pÿ

P

(
|Xn − µ| ≤ c σ√

n

)
.= 2Φ(c)− 1, c ≥ 0,(14)

C

P

(
|Xn − µ| > cσ√

n

)
.= 2(1− Φ(c)), c ≥ 0�(15)

.hêb(�c σ/
√

n = ε)

P (|Xn − µ| > ε) .= 2(1− Φ(ε
√

n/σ)), ε ≥ 0�(16)

3�ó°J¼�∀ε > 0, n��`, P (|Xn − µ| > ε)���¬~b9�? �

³Á§�§-��n��`, P (|Xn − µ| > ε)V
2(1 − Φ(ε
√

n/σ))��

¡{Xn, n ≥ 1}��!5µ
¢, Kbh��, 9Î�³Á§�§Ý�æX

3�4QP°1Jn��`, |Xn − µ|�ºøÄε�¬h^£P (|Xn − µ| >
ε)Ý��, Q�ßé, ÇV2(1 − Φ(ε

√
n/σ))�hÂ�½n���∞(n →

∞`, Φ(ε
√

n/σ) → 1), ����0�¨², u(16)PWñ, Çÿn → ∞`,

P (|Xn − µ| > ε) → 0�.h:R¼�³Á§�§Î×´3�ó°JúÝ

�§��ÄGï��'�²óD3, ¡ï�à�3´úÝ�'ì, Î��

ÿÕ´úÝ���
3�³Á§�§�, �¡�^�ó��!5µ
¢, ©m�TÂC�

²ó/D3-Êà�#�¸b?×�ÝlP�}ñPC5µ8!Ý�'

/�w´�	Qh`5µb���Ýf�, �¢�?Z*(2010)Ï"a�

§5.3�ãybh.ÂÝÌÍ, ?�|�Õ¢|�K�^¨é, /�|ðV

5µ¼�«��AßÝ�¤��{�ØüÓâ�, 9°�^Ý�, �Ú


�9��Ý}ñ�^[TXCWÝ, .h/�àðV5µ¼à��19tS

`, f¿`Ù�.�vvv©©©èèè(Adolphe Quetelet, 1796-1874)Cz»Ù�.

�{{{ñññ(Francis Galton, 1822-1911), s¨�9ßÎ�Ý©Ç, Í5µ/Ð
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)ðV5µ�9ôÎh5µ�Ì
ðððVVVÝ×Íx., ô2âuÎÍ�5

µ, µ�ÕðV�ðV5µµÎAh�.â�
�³Á§�§Ýaª, �¢�Tijms(2004)p.169�t\ÝÌÍ, Î�

ßy°», ¡¼ÉÓ�z»Ýó.����YYYÃÃÃ(Abraham de Moivre, 1667-

1754)Xè��3×Sy1733O�ÌÝZa�, �¿àðV5µ, �
7V

×2ÑÝY�&9g, �¨Ñ«ó�5µÝ�«�94s¨GøÄ	`

�ÝßE^£¡Ý§�, .h¬ÎSR¥Ú�µ3¿{��ö�`, ½(

Ý°»ó.�ZZZûûûZZZúúú(Pierre-Simon, Marquis de Laplace, 1749-1827),

.h���&��=Ý�¼�3ZûZú1812O�ÌÝ£S^£ªî�

cÝ¡ZThéorie Analytique des Probabilités�, .Â�YÃÝ����

|ðððVVV555µµµ¼�«ÞÞÞ444555µµµ(�9ìÛ2)�¬A!�YÃ, ZûZúÝ�

�, )ÎSR!`�ÝßH9¥��àÕ19tS�@¡, �³Á§�§Ý

¥�P, ����-I�1901O, :»ó.�¦¦¦���ûûû£££GGG(Aleksandr M.

Lyapunov, 1857-1918), ��f�§´×�ÝB�, C�ÛÝJ���¡

×àÕ*^, A!central(�³��T)×Þ, 0��!Ýf�, ¸ÿ��Ý

õ, �|ðV5µ¼�«, ×àÎ^£¡�, ÁmTÝ@~ÞC�×�
ãyG�9×ð�Ù, �³Á§�§êÌ���YYYÃÃÃ-ZZZûûûZZZúúú���§§§�
ðV5µêÌ{{{úúú555µµµ(Gaussian distribution)�Æ»*^à�-, ?

{Æ»10y¸, Î|�ó.�{{{úúú(Carl F. Gauss, 1777-1855)
ß	, ß

	¼� �{úÝ, �Î�ó.îÍ�Wµ, �Î×ðV5µÝ^£Û

�ÐóCÍ%��000---§§§¡¡¡Î{úE^£¡Ýx�Q¤, ��³Á§�

§, �Eh§¡b�?Ý�Õ, &ÆÏ6;�D¡�ðV5µ^£Û�Ðó

Ý%�, æ�Ì
{{{úúú`̀̀aaa(Gaussian curve), T{{{úúú000---`̀̀aaa(Gaussian

error curve)��Ä�½(Ýz»Ù�.����«««�èèè«««ßßß(Karl Pearson,

1857-1936)�¡, ßÆ��Ìh
ðððVVV`̀̀aaa(normal curve)�¨², “�³

Á§�§”Ý(Ì, JÎ1920O, ã�ßy�o¿Ýó.�®®®¦¦¦±±±(George

Pólya, 1887-1985)XãÝ�`�*^, ^£¡�Ý�§4Q�9, ¬�³

Á§�§Ý2�, )ÎKñ�¬�
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ÛÛÛ2. 'X1, · · · , Xn, n ≥ 1, 
iid��^�ó, |¢óp�°°°ÄÄÄæææ555µµµ(Ber

-noulli distribution)
�!5µ, h5µ|Ber(p)��, 0 < p < 1�Ç

bP (Xi = 1) = p = 1 − P (Xi = 0), i = 1, · · · , n��Sn = X1 +

· · · + Xn, n ≥ 1�JSnb¢ón, p�ÞÞÞ444555µµµ(binomial distribution),

|B(n, p)���ÇSn�^£Û�Ðó


P (Sn = k) =
(

n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n�(17)

ZûZúµÎÞ�YÃÝ��, .Â�7VÝY��×�Î2ÑÝ�µ�
ãyµ = E(Sn) = np, σ2 = Var(Sn) = np(1−p)�ÆESnbB(n, p)5

µ, 	nÈ�,

P

(
a ≤ Sn − np√

np(1− p)
≤ b

)
.= Φ(b)− Φ(a), a < b�

9µÎXÛÞ45µB(n, p)���ðV5µ, 
�³Á§�§�×©½Ý

�µ�EÞ45µ, u2===���PPPÝÝÝ???ÑÑÑ(continuity correction), �?Þ@

2�îîP�ÇE�Þ&�JókCj, 	nÈ�`,

P (j ≤ Sn ≤ k)

= P (j − 1/2 ≤ Sn ≤ k + 1/2)

= P

(
j − np− 1/2√

np(1− p)
≤ Sn − np√

np(1− p)
≤ k − np + 1/2√

np(1− p)

)
(18)

.= Φ

(
k − np + 1/2√

np(1− p)

)
− Φ

(
j − np− 1/2√

np(1− p)

)
�

	Q, A�n@3��, ¸ÿ1/2�
√

np(1− p)8fÁ�, JîP��1/2�

E¯��ÄA�n�Î©½2�, b1/294, º¸�«´Þ@�
EiidÝ�^�óX1, · · · , Xn, n ≥ 1, v'E(X1) = µ, Var(X1) = σ2/

D3, J	nÈ�`, ã(13)Pÿ

P (|X1 + · · ·+ Xn − nµ| > c σ
√

n) .= 2(1− Φ(c)), c > 0�(19)
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ãy	x →∞, Φ(x)���1Ý>��",.h1−Φ(x)C2(1−Φ(x))�

��0Ý>�ù�"�»A, 1 − Φ(4)µ�VÎ3.16712 · 10−5Ý��1��

×°1− Φ(x)C2(1− Φ(x))�Â�

�1. ×°1− Φ(x)C2(1− Φ(x))�Â

x 1− Φ(x) 2(1− Φ(x))

1 0.1586552539 0.3173105079

2 0.0227501320 0.0455002639

3 0.0013498980 0.0026997961

4 0.0000316712 0.0000633425

5 2.866515719 · 10−7 5.733031438 · 10−7

6 9.865876450 · 10−10 1.973175290 · 10−9

7 1.279812544 · 10−12 2.559625088 · 10−12

8 6.220960574 · 10−16 1.244192115 · 10−15

9 1.128588406 · 10−19 2.257176812 · 10−19

10 7.619853024 · 10−24 1.523970605 · 10−23

»»»1. ¯óÝ×120Íéo, ×gà×Í��'éo.ú
×�^�ó, N

×Í¿í�à14F, ýã-J
3F�×Ë^éñÇ?±�J91éo�

�àøÄ9Í`vKy10Í`�^£V
u�?

���. Í»ÇOP (270 < X1 + · · · + X20 < 300), �X1, · · · , X20
iid, µ =

E(X1) = 14, σ = (Var(X1))1/2 = 3�.nµ = 20·14 = 280, σ
√

n = 3
√

20,

ã�³Á§�§,

P (270 < X1 + · · ·+ X20 < 300)

= P

(
270− 280

3
√

20
<

X1 + · · ·+ X20 − 280
3
√

20
<

300− 280
3
√

20

)

.= Φ(1.491)− Φ(−0.745) .= 0.9320− 0.2281 = 0.7039�

»»»2. A�bß×å¯, �7V1Í2ÑÝY�10,000g, ÿÕ5,250ÍÑ«,

¯8*[?

11



���. ã�ó°J, ¯á¼VºÿÕ5,000ÍÑ«�¬ãªÿ�2P, ºª?

ÿÕ5,000ÍÑ«Ý^£, GV0.008�¯���O×���¨ª?5,000Í

Ñ«, �8*hY�
2Ñ�¬×Í)§Ý�OÎ, �¨ÝÑ«ó�

35,000!��A�Ò5,000ÄG,µ�¶Y��Î2Ñ�?
×M,A�ÿ

ÕÝÑ«óÄ9, ��ºH'8*Y��¨Ñ«Ý^£�y1/2; A�ÿÕ

ÝÑ«óÄK, ��ºH'8*Y��¨Ñ«Ý^£�y1/2�
A�Y�
2Ñ, �ÿÕ�K5,250ÍÑ«�^£


10,000∑

i=5,250

(
10,000

i

)
(
1
2
)i,

.b
(
10,000

i

)
94, t&i�#�10,000, ÍJî�õ�Ý�×4, K�H?

O�, ?��1OÍõÝ�9`�³Á§�§-��îà�Ý�
EÍ»�7V2ÑY�Ý�µ��Xi = 1, �ÏigÿÑ«, Xi = 0, �

ÏigÿD«, i = 1, 2, · · · ,10,000�JP (Xi = 1) = P (Xi = 0) = 1/2�.

hµ = E(Xi) = 1/2, σ2 = Var(Xi) = 1/4, σ = 1/2�ãhÿ

X1 + · · ·+ Xn − nµ

σ
√

n
=

5,250− 5,000
1/2 · 100

= 5�

�ã�1, P (X1 + · · ·+ Xn−nµ > 5σ
√

n)�^£V
2.8665 · 10−7(&Æ�

ÝÍ@ÎP (X1 + · · · + Xn − nµ ≥ 5σ
√

n), �ÄÞï-²Áb§)�h^

£��È¯&Æú¦�¶hY��2ÑP, &Æ.?Ñ«�¨Ý^£��

��y1/2�
¨×]«, ãc = 3, ÿE7V×2ÑÝY�10,000g, �¨ÝÑ«óa

3[4,850, 5,150] �^£, V
0.9974�h^£3;ðÝ�µì, -��-


È�Ý�ð­�1, XÿÑ«ó�H�|a3h  ²�

ã(13)P, v�µ = 1/2, σ = 1/2,

P (X1 + · · ·+ Xn ∈ [
n

2
− c

√
n

2
,
n

2
+

c
√

n

2
]) .= 2Φ(c)− 1, c ≥ 0�(20)

ng7V×2ÑÝY�, XÿÑ«óa3×|n/2
�T�EÌ  Ý^

£u��(2Φ(c)− 1), J  �5c
√

n/2�½n�¦��¦�, ¬W�>�

12



Ý�$
n1/2, ut|7Vón, ÿn−1/2
�ôµÎ  Ý8E�5
�3,

|n−1/2Ý�$ìª�E!×^£, �½7Vón�¦�, XÿÑ«óa3

ÝP��¼���¬8E��, Ûa3×�¼�êÝ  �
�Ê8E  Îb¼§Ý�E7V100g,   �55, ª7Vó�5%;

7V1,000,000g,   �5W
500,   4Q��, ¬�5Q©ª7Vó

�0.05%�8Ey7Vó, ¡ïÎ×´Pnl¦Ý  �

ÛÛÛ3. &Æ�¼�, 7V×2ÑÝY�, 7Vó�9, ���|�¨ÑD

«&b�ó��A�DýÝ�', 7V{�Kbv«Ý���|{�


»�7V×2ÑÝ{��9g, �pÿÕN×«K�¨1/6Ý7Vó�É

A17V6�g, ��ï�N×«K�¨1�g�N×«�¨Ýgó�

Ò1�b¿ûÎ�ÑðÝ�¯@î, �Xi = 1, �Ïig7V, Fó1�¨,

Xi = 0, �Fó1Î�¨, i = 1, 2, · · · , 6 · 108
�ET(19)P, n = 6 · 108, µ =

1/6, σ =
√

5/6, ãc = 1, Jnµ = 108, c σ
√

n = (
√

30/6) · 104 .=9,129,

P (|X1 + · · ·+ Xn − 108| > 9,129) .= 2(1− Φ(1)) .= 0.3174�

Ç�¨1FÝgó, �Ò1�gøÄ9,129gÝ^£, Vb0.3174, hÛ×

�Õ�Ý^£��6Í«�, ºb�¢×Í«�¨Ýgó, �1��Òø

Ä9,129gÝ^£µ?�Ý�

�:×Í»��

»»»3. Øg��Þê�
óCÞ�50Þ, NÞb4Íó4�Øß�Ì�K^

²h, .h�IKà�Ý�Wºsì¡, �EÝ21Þ�Eh¯b¢Ý¡�
���. A��^2�, �EÝÞêó, T3�TÂ50 · 1/4 = 12.5!��u�

ÒhóÄG, &Æº�¶ÎÍË�^2��u�EÝÞêuÄ9, �î�

ß��¬&���º�A*�ßEÝ21Þ, 21ÞÈ�È9÷? &Æ¼5�

::��Xi = 1, �ÏiÞ�E, Xi = 0, �ÏiÞ�ý, i = 1, · · · , 50�J

P (Xi = 1) = 1/4, P (Xi = 0) = 3/4�.hµ = E(Xi) = 1/4, σ2 =

Var(Xi) = 3/16, σ =
√

3/4�ãhÿ

13



X1 + · · ·+ Xn − nµ

σ
√

n
=

21− 50 · 1/4√
3/4 · √50

.= 2.776�

ê1 − Φ(2.776) .= 0.0027�ôµÎA�Î�^2�, Jº���K21Þ�

^£V
0.0027�h^£È�, �|¯&ÆÿÕ�ß���¬&��^²

h�.¡�

»2C»39v®Þ, /òÙ�����'''lll���(hypothesis testing)ÝP

��3ó.�&Æð3J�, bß|
.ó.µÎ�\23J�, J�×

ÍÍÝúÞÎÍWñ�¬3I.îTßþ�, ×�¯ÎÍ
Ë, ð©bF

Lÿ�&Æ©�µsß^£���, ¼�.¡��¡Î»2�Ý7VY�,

T»3�Ý��, Ç¸Y�
2Ñ, Î��7V�5,250ÍÑ«; ���à

�Ý, ôÎb���E21Þ, #�50Þ��E�.
hÞ¯��^£/


Ñ��^£
ÑÝ¯�, 	Qµb��sß�ãyË8
¢, ðµÎP°

¾�, X|2à“�'”×Þ�¯@î, &Æ|
ÝË8, p¼µÎË8[?

×6KÎ�'��ÿÕÝ.¡Î###åååØ×�', T`̀̀���Ø×�'��'

l��, '��×��.¡Ý���sß^£���, 
�.¡�x�µ

A��	øÍóÈ�, ??�³Á§�§-�àî, ��;�Õ�

»»»4. k£�Ø2óÓEØÎóß�Y¹�p�Bã���^hø, ÿ

ÕnÍøÍX1, · · · , Xn, Í�Xi = 1, �ÏiÍßY¹�Îóß, Xi = 0, �

�Y¹�|Xn¼£�p«{Î)§Ý�9ø£�Ý0-
¢?

���. �'óÓ�bpÝf»Y¹�Îóß�¬X1, · · · , Xn¬�}ñ, .9Î

òyã�¡�w/, ¯À��!×Íß®�Ëg!øÝ®Þ��Ä;ð

óÓó�9, X|ã�¡�w/Ý0-, µE¯?Ý��'P (Xi = 1) =

p, P (Xi = 0) = 1 − p, .µ = E(Xi) = p, σ2 = Var(Xi) = p(1 − p), ¿

à(16)Pÿ

P (|Xn − p| > ε) .= 2(1− Φ(ε
√

n/(p(1− p)))), ε ≥ 0�(21)

îP��Xn�p�-²�yε�^£Ý�«Â�®ÞÎîP¼��pbn,

�&ÆµÎ.�áp, ��ãø¼£�p�A�nÈ�, XnTºÈ#�p,

14



J(21)P���Ýp|Xnã�, 0--�lyH��Çÿ

P (|Xn − p| > ε) .= 2(1− Φ(ε
√

n/(Xn(1−Xn))))�(22)

A�¯���×αÂ, 0 < α < 1, α;ðÎ×´�ÝÝÂ, ��O

P (|Xn − p| > ε) < α,(23)

T��2,

P (|Xn − p| ≤ ε) ≥ 1− α,(24)

Jn�9�÷? ã(23)P,

P (|Xn − p| ≤ ε) .= 2Φ(ε
√

n/(p(1− p)))− 1 ≥ 1− α�(25)

E∀ 0 < y < 1, �zy��

Φ(zy) = y�(26)

9ÎðÿÕÝ, .Φ(x)
×�}�¦Ý=�Ðó, vlimx→−∞Φ(x) =

0, limx→∞Φ(x) = 1�Jã(25)Pÿ

ε
√

n

p(1− p)
≥ z1−α/2�

Ç

n ≥
p(1− p)z2

1−α/2

ε2 �

ãyp(1− p) ≤ 1/4, 0 ≤ p ≤ 1, ÆøÍó

n ≥
z2
1−α/2

4ε2
(27)

Ç��	Qãy(21)P
×�«ÝP�, X|hnù
×�«Â�
»A, uε = 0.03, α = 0.05(9Î×��Ó�XãÝεCα), J

.z1−α/2 = z0.975
.= 1.960, �1.9602/(4 · 0.032) .=1,067.1�ÆãøÍ

ón ≥ 1,068�
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¯��Æÿ|1/4ã�p(1 − p)b`º�ÈÞã�hF�?, .9ø

ºCWÿã´�Ýn, ¬�º3�Þ@P�ê(21)Pô©Î×�«2P�

��¬å"ï��ÿ��@/�®Þ, Ó�ô�`º��.hÓ�Ý�

�©�º¢��3×°Þ;Ä�3�Þ@�, ��º�W����»A,

0-ε = 0.03:«Ë�Ý, �Íª±, Aãε = 0.01? ã(27)P, εã0.03ª

�0.01, øÍó�W
9¹, ¾Õ9,604�EÓ���, æp�¦���, 1

��.hCW?�Ý0-�|??Ý�ã'�, �â??Ý®àÞê, ?

?Ý"õIY�, ¸øÍ?�^, ¬'°3�`"£, |ÿÕ?#�Ë@

Ý��, �Î´¥�Ý�
�2��×°ðàÝzp�Â��y×�Ýp, µ�¢Ãã�T¸à�Õ

^�ÿ�

�2. ðà�zpÂ

p 0.90 0.95 0.975 0.99 0.995 0.999

zp 1.282 1.645 1.960 2.326 2.576 3.090

EiidÝ�^�óX1, X2, · · ·, v'µ = E(X1), σ2 = Var(X1)/D3,

�³Á§�§��n��`,

P

(
Xn − µ

σ/
√

n
≤ b

)
.= Φ(b), b ∈ R�(28)

ãîP�ÿn��`, Xn�µº8ûØÂ|î�^£(ÇP (|Xn − µ| >

ε), ε > 0)Ý�«Â�9Îf�ó°J?
×MÝ���¬îP¼�Þ^

£ÂÝ-²b9�÷? ±b@jTà`, &Æ©º�Õb§Ýn�^£�

b×Berry-Essen Theorem, ¸¼�A�γ = E(|X1|3)ùD3, JE∀b ∈ R,

∣∣∣∣P
(

Xn − µ

σ/
√

n
≤ b

)
− Φ(b)

∣∣∣∣ ≤
5γ

σ3
√

n�
(29)

îP��Ý(28)P¼�Þ^£-²�×î&�

»»»5. 'P (X1 = 1) = p = 1 − P (X1 = 0)�Jµ = p, σ2 = p(1 − p), γ =

16



E(|X1|3) = E(X3
1 ) = p�.h

∣∣∣∣P
(

Xn − µ

σ/
√

n
≤ b

)
− Φ(b)

∣∣∣∣ ≤
5p

(p(1− p))3/2
√

n
=

5
p1/2(1− p)3/2

√
n�

	p = 1/2, îP��W
20/
√

n�n = 100`, hÂ
2, 9øÝ0-î&

�QmP¢��Â�X|En�Î��`, ��P(29)àH¬����Ä

ó.�Ý��PðÎAh, ûÅP¥yÞ@P��¡5µ
¢, ©�ë

g�-D3, (29)P-Êà�ûÅP0l(29)P¼��î&b`P°ÈÞ

ã�¬ã(29)Pù�ÿÕn →∞`, P ((Xn − µ)/(σ/
√

n) ≤ b) → Φ(b)�

3 ���³³³ÁÁÁ§§§���§§§���%%%îîî

×�^�óXbN (0, 1)5µ, �Í^£Û�Ðó


fX(x) =
1√
2π

e−x2/2, x ∈ R,(30)

�5µÐóΦ(x) = P (X ≤ x)A(10)P�u�^�óY�^£Û�Ðó


fY (y) =
1√
2πσ

e−(y−µ)2/(2σ2), y ∈ R,(31)

-Ìb¢óµ, σ2�ðV5µ, |N (µ, σ2)���µCσ25½
N (µ, σ2)�

�TÂC�²ó, µ ∈ R, σ2 > 0�Býã;¡, (Y − µ)/σbN (0, 1)5

µ�.hY�5µÐóù�|Φ(x)���Ç

P (Y ≤ y) = P

(
Y − µ

σ
≤ y − µ

σ

)
= Φ

(
y − µ

σ

)
�(32)

Ç�¡¢ó
¢, ðV5µÝ^£Â/�|Φ(x)���9ÎðV5µ]-

���%2��N (0, 1)5µCN (µ, σ2)5µ�^£Û�Ðó%���:�

E×�ÝN (µ, σ2)5µ, Í^£Û�Ðó�%�, �N (0, 1)5µÝ^£Û

�Ðó�%�, �ÏÎ×øÝ, ©ÎB¿É�M�Ý;����9Ë%�


ÖÖÖ���`̀̀aaa(bell-shaped curve), vË�ìª�0Ý>�Á"�
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O x

f(x)

-
µ

6

O x

f(x)

-

6

%2. N (0, 1)CN (µ, σ2)5µ^£Û�Ðó�%�

�9>Ih1øÍón ≥ 30, �³Á§�§-Êà�ÇubiidÝ�

^�óX1, · · · , Xn, vµ = E(X1), σ2 = Var(X1)/D3, J	n ≥ 30,

(Xn − µ)/(σ/
√

n), T(X1 + · · · + Xn − nµ)/(σ
√

n), /�|N (0, 1)5µ

¼�«�uXi©ã0, 1ÞÂ, vP (Xi = 1) = p, hî?1, qABBB���°°°

JJJ(a rule of thumb),©�npCn(1−p)/�y5, �³Á§�§-Êà�ù

Ç	p = 0.2`, n ≥ 26Ç�; �	p = 0.5`, n?©�KKÝ11|î-

��Ëb9�ß�[? Á§ìÝ��, Q©��àH�ÝøÍó, -

�Êà? ¯@î, uXi’s�!5µ�^£Û�Ðó, EÌyÍ�TÂ,

n??�àH�, �³Á§�§-�Êà�ÍJn-�´�°�|pi�

{��¨iF�^£, i = 1, · · · , 6�yëà�!Ýpi’sì, %3��n = 5,

Cn = 10, X1 + · · · + Xn^£Û�Ðó�%��upi’s/
1/6, JÇ

¸n = 5, h^£Û�Ðó�%�, -�bðV5µÝV¯�Ï�pi’su


EÌ(Çp1 = p6, p2 = p5, p3 = p4), n = 10`, h^£Û�Ðó�%�, �

qbðV5µÝ�Ï���:�Ç¸pi’s´�E, n = 10`, ^£Û�Ðó

�%�Ï4)b°û
Ï, ¬��lbðV5µ��Ï�
¬A�¯n¹�¦�, ��-P°Ah%î�³Á§�§Ý�.XnT

Xn, KÎ�ýã;¡, �º�«N (0, 1)5µ��ÞD¡�?Z*(2011)×

Z�

4 ***äää      

�³Á§�§3�ñ***äää      (confidence interval)`, ðô�sì�

��9ì�×�µ¼1��
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n = 5

10 15 20 25 30

0.02

0.04

0.06

0.08

0.1

n = 10

20 30 40 50 60

0.01

0.02

0.03

0.04

0.05

0.06

0.07

p1 = p2 = p3 = p4 = p5 = p6 = 1/6

10 15 20 25 30

0.02

0.04

0.06

0.08

0.1

0.12

20 30 40 50 60

0.02

0.04

0.06

0.08

p1 = 0.1, p2 = 0.15, p3 = 0.25, p4 = 0.25, p5 = 0.15, p6 = 0.1

10 15 20 25 30

0.02

0.04

0.06

0.08

0.1

20 30 40 50 60

0.01

0.02

0.03

0.04

0.05

0.06

p1 = 0.2, p2 = 0.1, p3 = 0, p4 = 0.1, p5 = 0.4, p6 = 0.2

%3. &«�¨^£�!Ý3Í{�, 5½7V5gC10g,
XÿFóõ^£Û�Ðó�%�

�'X1, · · · , Xn
iid��^�ó, vµ = E(X1), σ2 = Var(X1)/D

3�Eyµ, &Æá¼ð|øÍ¿íXn¼£��b`º�|×  ¼£

�µ, 9ÎXÛ      £££����Ç¸�áXi’s��!5µ
¢, ¬σ�á, ¿

à(14)P, vãc = z1−α/2(.h 2 Φ(c) − 1 = 2(1 − α/2) − 1 = 1 − α), Í

�0 < α < 1, ÿ

P
(−z1−α/2 · σ/

√
n ≤ Xn − µ ≤ z1−α/2 · σ/

√
n
) .= 1− α�(33)

îP��y

P (Xn − z1−α/2 · σ/
√

n ≤ µ ≤ Xn + z1−α/2 · σ/
√

n) .= 1− α�(34)

	σ�á,   

[ Xn − z1−α/2 · σ/
√

n , Xn + z1−α/2 · σ/
√

n ],(35)
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-Ì¢óµ��«Ý(“�«Ý”ëCð�6¯)1 − α*ä  �h  

b`|Xn ± z1−α/2 · σ/
√

n���;ðα
×´�ÝÑó, A0.01, 0.05,

0.10��A�σÎá, |×  ¼£�µ, �  	Q��b¨×ÎáÝ

¢óσ�3h�µì, ð|øøøÍÍÍ���²²²óóó(sample variance)S2
n�ÑÝ¿]

qSnã�σ, Í�

S2
n =

1
n− 1

n∑

i=1

(Xi −Xn)2 , n ≥ 2�(36)

S2
n��E(S2

n) = σ2
�Jµ��«Ý1− α*ä  W


[ Xn − z1−α/2 · Sn/
√

n, Xn + z1−α/2 · Sn/
√

n ]�(37)

1− α, T100(1− α)%, Ì
î�*ä  �*Tiã�¿à*ä  

ÝÃF, 3»4nyÓ�Ý»��, 	ε = 0.03, α = 0.05, n =1,068, ��

Y¹�p�£�ÂXn¡, 3Ó��ð1“395%�*Tiãì, hø0-�

øÄ3%”�9Í@µ�!y1p�95%*ä  
[Xn−0.03, Xn +0.03]�

»»»6. Ey×sß^£
p�¯�, B¥�Ì?, J�|�¯��¨�8

E�£¼£�p�&Æù���p�*ä  , ®°v«»4�Ç'b�

^�óX1, · · · , Xn, Í�Xi = 1, �ÏigÌ?¯�sß, Xi = 0, �Î

sß�JX1, · · · , Xn
iid, vP (Xi = 1) = p, P (Xi = 0) = 1 − p�.

hµ = E(Xi) = p, σ2 = Var(Xi) = p(1 − p)�Jã(35)P, vÞÍ�

Ýσ|
√

Xn(1−Xn)ã�, ÿp��«Ý100(1− α)%*ä  


[
Xn − z1−α/2

√
Xn(1−Xn)/n , Xn + z1−α/2

√
Xn(1−Xn)/n

]
�(38)

|
√

Xn(1−Xn)ã�σ, ´|Snã�σ, �P´���
E42ã6Ý�Dý, ��Ý�'rD, =r(â&Ë���=r, A6=

r, ×Í3=r×Í2=r, CëÍ2=r�)sß�^£��, �y1/2,

{¾0.5568(= 2,921,002/5,245,786)�h¿à4�à)-�O�, ¬�æ

p�¨�'bØß¬Î��Õh^£, �Ù�Ý400�, s¨Í�b219�
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��Ý�'rDb=r�.219/400 = 0.5475, vz0.975
.= 1.960, ÆãXÿ

óA, ÿÕ=r�¨^£�95%*ä  

[
0.5475− 1.960

√
0.5475 · 0.4525

400
, 0.5475 + 1.960

√
0.5475 · 0.4525

400

]

.= [0.4987, 0.5963]�

@jÝ=r^£0.5568Ý@a3h  �

*ä  Ý��, ×�ßê���D�&ÆÄ6¯�ÙÕ°, ô�¢

�?Z*(2006)×Z�3ãøG(35)C(37)P, /
�^  �ãø¡, ÿ

ÕXn = xn, �á(35)T(37)P, Jÿ×ðó  , A

[ xn − z1−α/2 · σ/
√

n , xn + z1−α/2 · σ/
√

n ]�

h  ���âµ, ����â, 1b1− αÝ^£º�âµ, Î�Ñ@Ýý

°�bA×2ÑÝY�, �¨Ñ�D«�^£&
1/2, ×Ë7VÿÕÑ

«, µ���1h«
Ñ«�^£
1/2�
1 − αµÎ^£�A���9g@�, ÿÕ�9*ä  , ��/


2z1−α/2 · σ/
√

n(T2z1−α/2 · Sn/
√

n), ¬R�F«âF���!�ã^

£Ý�L, 9°  ��Vb1 − αÝf£, º��µ�»A, uα = 0.05,

vÿÕ100Í*ä  , JÍ�b95Í¼�º��µ�@jîb¿Í�

�µ	Q�×��¬3ãøG, &Æá¼(E¯9°95%*ä  ©Î“�

«Ý”), º��µ�  ó, h�^�óbB(100, 0.95)5µ���95Í,

ô��85Í(h^£��, ¿à�³Á§�§, h^£�yΦ(−4.588) <

Φ(−4) .= 3.164 · 10−5, ?Þ@Â
Φ(−4.588) .= 2.238 · 10−6), TÍ�Â,

¬¿íb95Í�

5 ±±±���

ç­îb×“º�ß1�ç”, Í�b“�ó°J”×Þ, Í�Õ
:

êÌ“�ó��”T“¿í°J”, ÎÃ£¡x�°J�
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×�h°JÝ�LÎ: 3�^¨éÝ��¥��¨�, Ó

¨¿{ÄQÝ!�, 9v!�µÎ�ó°J��ó°JÎ��

1�¼ä|�ñÝó§Ã��qA�ó°JÝ��, 1Ý��

���9, ª´Ã£Ý�-���D�, Y1Ý�����K,

ª´Ã£Ý�-���.h, 1�ßºà°Jµ�|f´Þ@

2ï?��, )§2Â�1�ð£�

îð�31°%�÷?

�ó°JÎ1�ÝÃÍæ§�×��9bn1�ÝZ¤�, KºèÕ

�ó°J�¬Í�ny�ó°JÝB�, ð�HÑ@�AbØ×ß.2¥

Ý.�yI�, 3×ýÞ
“1�ÃÍæ§”ÝZa�, À�°Íæ§, Ï

ÞÍæ§-Î�ó°J�Í1�Aì:

�ó°JÎ¼×�¯¥«sßÝgó�9`, ÍsßÝ^

£µº#�Ë@Ý���
&ÆàV{�¼1�“�ó°J”, ��Ká¼{�V1, 2,

3, 4, 5, 6FÝ^£&Î05�×, �Î@jîV6gQ�pÿ

Õ1, 2, 3, 4, 5, 6F&×g, £9Í^£Õ9ÎA¢ÿ¼Ý÷?

|Gb��]ó.�, VÝ×0g, ÿ�¼&FÝ^£�Î�

y05�×, �êµ�V, VÝ"0g, · · · ,00g, · · · ,è0g,

s¨ÿÕ1, 2, 3, 4, 5, 6FÝ^£�¼�¿í, ôµÎ05�

×�
�ó°Jºà31�î«tð�ÝµÎi÷£, .�¼¿

à“¬È.�¼Ïë/B�ßú�”¼�Õ1ðÝÃã, “¬È

.�¼Ïë/B�ßú�”Î|×û0ß
ÃãÝ�

¯@îE2ÑÝ{��V6g, ÎGfV60g, ?�|&«í�¨7

VóÝ65�1g��T\ï��Ý��
�yÍ;×��XSÝ£ðny�ó°JÝ�Õ,XèÕÝ“ª´Ã£

Ý�-��”, \ïT�á¼, �-Ý��, ¬P°ã�ó°JÿÕ, �Î

Ä6�ä�³Á§�§�¬bn1�ÝZ¤�, ??©èC�ó°J��
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�Î“�³Á§�§”, ��C«î, µÎ¯ßÆÿ9ÎHy�ÝÃF��

	“�ó°J”°C, “ó�-ÎY”, ?	�y�, �ß|
�|D|2�

�Õ�
1�, E1V��, 	Q�Î×222ÑÑÑ���			(fair game)�|�²�
»,

;ð©bi÷T��"i�§©�×O¿û-Ý1ð, ©9{¾óy0

-, 1V«{q�ÿ¼�1ðÝ�Õ, ÛqAÄ�i÷Ý£]���|�

T�Xÿ��, 1�2¥Î�º*éÝ�E1V¼1, 1�ÝêÝ, ¬&


Ý�þ�9×O¿HP¯, ¿û-Ý1ð�´Ý, T�È5, ����

�§©�
©�1V�9, 1�2¥Ý±�µ���
Ý�;, ×6�ºWÍK

��?Ý, v�'1�2¥P�¢ãn��Ju1�2¥©b×Í1V,

vÎ1�²�, J×Ë�1Vi÷, 1�2¥-Ó®Ý�»A, '�¢×

ß,×Oº�²i÷Ý^£
0.0007�15000,×O1ð'
5,000-�E

1V, �T�Xÿ
5 · 106 · 0.0007 − 5,000 = −1,500(-), Î��¼�¬

b0.0007Ý^£, 1�2¥ºÓ®��Ä@jî�º©b1ß71, ©�1

V�9, 1�2¥Ó®Ý^£-���1�ãyNß1Ý�Ü�4ê�¼

8!; .�®P²�Oë�æ., Nß1ðô���!�9ì&Æ|×�

�Ý»�¼�î“1V�9, 1�2¥Ó®Ý^£-��”�¨é�

»»»7. �'×g®1-, ÎÝ�ÿ1-, íÝ�, 1--
®�[��'Ng

®�ÎÝ^£
p, 0 < p < 1, v®Ýng, n ≥ 1�Ç'biidÝ�^�

óX1, · · · , Xn, P (Xi = 1) = p, P (Xi = −1) = 1 − p�®���Xÿ


X1 + · · ·+ Xn�&Æ�OP (
∑n

i=1 Xi ≥ 1), h
®ng¡®���Xÿ


Ñ�^£�ãyµ = E(Xi) = 2p − 1, σ2 = Var(Xi) = 4p(1 − p), ¿à

�³Á§�§ÿ, 	nÈ�`,

P (
n∑

i=1

Xi ≥ 1) = P

(∑n
i=1 Xi − n(2p− 1)
2
√

p(1− p)
√

n
≥ 1− n(2p− 1)

2
√

p(1− p)
√

n

)
(39)

.= 1− Φ

(
(n + 1)/2− np√

np(1− p)

)
�
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Æ8Ýaª	ò, �1Ît��Ý®Y�×�9ÎÙ�y17tS,

°»ó.�OOOúúú���(Blaise Pascal, 1623-1662)Xs�Ý×Ë»Y�¨�

'®ÝÎ���PPPÆÆÆ888(European roulette), Çb1�36ÝóC, �ó
R�,

�ó
A�, �î×ä�Ý0(YYYPPPÆÆÆ888(American roulette)J$b×00),

0�¨Õ��Î�iRA�ÝØ×Ý�, ©£
1©1, Jp = 18/37, V


0.4865, G¯�y1/2, N®1g, ��¿í©�Î1/37 .= 0.027(-), ®�

¬ÎH*é(YPÆ8JE®�?�¿), ®�À���T®��èº“2

Ñ�	”�E×°�!Ýn, �3��®��Xÿ
Ñ, ùÇ®�éþ�^

£�u®Ýgó�9, A©®1g, ®�bV0.4865Ý^£ºé, ®100g,

®�éÝ^£K�bV0.3555�¬�½®Ýgó¹�¦�, ®�¿{�1

%��©�

�3. �PÆ8®�é�^£

®Ýgón 102 103 104 105

®�é�^£ 0.3555 0.1876 3.327 · 10−3 5.997 · 10−18

ãî», \ïT�#å©�1V�9, 1�2¥�1µ�àHTbÓ

®Ý®Þ�	Q9�«b×F�º�, µÎ1�2¥�b8	ÈÝ£�

���.¬&Xb1V!`�á1�, v1ð×g[��u�[Ý¿	1

ð, µbß�§©, -}��§©�Ý�

»»»8. Yî»�®��á¼b99%Ý*T, ¸�K���9K-?

���. ®����Ka-, Ç�®��XÿKy−a-�¨�OP (
∑n

i=1 Xi ≤
−a)��

P (
n∑

i=1

Xi ≤ −a)

= P

(∑n
i=1 Xi − n(2p− 1)
2
√

p(1− p)
√

n
≤ −a− n(2p− 1)

2
√

p(1− p)
√

n

)

.= Φ

(
−a− n(2p− 1)
2
√

np(1− p)

)
= 0.99�
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.z0.99
.= 2.326, ãîPÿ

−a− n(2p− 1) .= 2.326
√

np(1− p)�

Æ

a
.= n(1− 2p)− 2.326

√
np(1− p)�(40)

Çb99%Ý*T, ®�V�K��Î(n(1− 2p)− 2.326
√

np(1− p) )-�
Ep = 18/37, C×°�!Ýn, �4��a��«Â�;ðp < 1/2,

ã(40)P:�, ©�nÈ�, a/
Ñ�Eyp = 18/37, n → ∞`, a ∼
n/37�

�4. �PÆ8®�b99%Ý*T�K��ÎÝ�Ü

®Ýgón 102 103 104 105 106

®� −8.9 −9.7 154.0 2,335.1 25,864.5

6 {{{úúú000---§§§¡¡¡

¥«�×Î§@�, ÉAØFZ.��?ËÏ¦ �ûÒ, JÇ¸à

!øÝ� C*�, ãy��f�Ý;��.ô, NgX�ÿ�Â, ��

�¼8!�£�ã£×Â÷? �'ng�?¡, ÿÕÌ?Âx1, · · · , xn, J

ßÆð|9°Ì?Â�¿í, 	�Ë@Âµ�£��Ç|

µ =
1
n

n∑

i=1

xi(41)

£�µ, 9Î×��QÝ®°�h×£�Âbì�Þ©P, Í�µ̂�µ�×

£�Â�
(i)��£��0-õ

∑n
i=1(xi − µ̂)
0�µ̂Ç
µ ;

(ii)��£��0-¿]õ
∑n

i=1(xi − µ̂)2t��µ̂ù
µ�
£�b`º{£, b`º±£, ¬ÀÝ¼1, �TH'{£T±£, X|0
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-õT
0��°×º¸0-õ
0�£�Â, µÎµ�¨², “�E0-�

õ”����?�¬�E0-�õ
∑n

i=1 |xi− µ̂|, �§î´jì�.h&Æ
ð�Ê0-¿]õ

∑n
i=1(xi − µ̂)2, Í¿]qÝ�$, µ�

∑n
i=1 |xi − µ̂|×

øÝ��µôÎ°×¸
∑n

i=1(xi − µ̂)2t��£�Â�ãybhÞ©P, {

ú-
Ì?Â�¿íµ, T
Ë@Âµ�×t·Ý£�Â�¬%�øÝ0

-, º¸µW
×t·Ýµ�£�Â? :Õ×¨é, ��~bÎ%�., �

ºCW9øÝ��I.îtÝ"DãØÍ.�ÿÕ£°�, ôðãX:Õ

ÝØÍ�, �.?®ßÝ.�
�X1, · · · , Xn�ngÌ?¡Xÿ�øÍ��'9°ÎiidÝ�^�

ó�u�

Xi = µ + Yi, i = 1, · · · , n,(42)

h�µ
Ì?ÝË@Â, 
Ø×�Â, �YiÇ
ÏigÌ?�0-, Ç

Yi = Xi − µ, i = 1, · · · , n�

ãyX1, · · · , Xn
iid, ÆY1, · · · , Ynù
iid�3(i)C(ii)Þf�ì, &Æ�

:0-Ý5µºÎ%�? 3^£�, Ìh
5µ�ÑÑÑiii(characterization

of distribution)�
�f�Y1, · · · , Yn�!Ý^£Û�Ðó�¯T�:�t&&Æ�×°

)§Ý�', ÍJ	QP°X�f�ãy�?Ý©P, �#�ÝËÍ0-

Â, �)§Ý�'Ísß���PTô�#��
Ý�-, &Æ��µ�

'f(x) > 0, ∀x ∈ R, vf�×$0óD3v=�(��9ËP²ÝÐóÌ


¿¿¿âââÝÝÝ(smooth))�
9ø�ÎP°X�f , ¯�0ÕP§9Í¿âÝ^£Û�Ðó��

Af(x) = (π(1 + (x− θ)2))−1, x ∈ R, Í�θ ∈ R
×ðó, /Î�
{ú|AìÝW°X�f�
´�Y1, · · · , Yn�Ð)^£Û�Ðó
f(y1) · · · f(yn)��yÌ?ÕÝ

øÍx1, · · · , xn�ÃÃÃ«««ÐÐÐóóó(likelihood function)


L(µ|x1, · · · , xn)(43)
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= f(y1) · · · f(yn)

= f(x1 − µ)f(x2 − µ) · · · f(xn − µ),

Í�xi, yi ∈ R, i = 1, · · · , n�ÐóLµÎÞÐ)^£Û�Ðó
∏n

i=1 f(yi),

Ú
×µ�Ðó, �Þx1, · · · , xnü��h`�¬�ÞL	®^£Û�Ðó,

�Îx1, · · · , xn��, v¯µ�|���
{úÝ�°Î, ÉQ

X1 = x1, · · · , Xn = xn

h×¯�sß, �µê�-
Îµ�t·£�Â�X|	µ = µ, T¸Ã

«ÐóL¾Õt�Â�ôµ1	µ = µ`, ªº¸Ì?Âx1, · · · , xnt|

®ß�h�°ÎÃyh£�ÂÉÎt·, £µ�x1, · · · , xnÎt���

Ì?Õ�×y9O¡, ¨�Ù�.Ýx�ï�×ððð___(Ronald A. Fisher,

1890-1962), Xè�Ýttt���ÃÃÃ«««°°°(method of maximum likelihood), µÎ

Ù�{úÝ�°�9Ýh×�', {ú31809O, Aì0�0-bðV5

µ�
´�L3µ = µ¾ÕÁ�Â, ��ylog L3µ = µ¾ÕÁ�Â�.h

d

dµ
log L(µ|x1, · · · , xn)

∣∣∣∣
µ=µ

= 0�(44)

Ç
n∑

i=1

f ′(xi − µ)
f(xi − µ)

= 0�(45)

X|fù6��(44)P���ui = xi−µ, ��g(u) = log f(u), J(44)PW



n∑

i=1

g′(ui) = 0�(46)

îP¬&EXbu1, · · · , un/6Wñ, �ÎE∀n ≥ 1, C��
n∑

i=1

ui = 0(47)
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�u1, · · · , unWñÇ�(.
∑n

i=1 ui =
∑n

i=1(xi − µ) = n(
∑n

i=1 xi/n − µ),

Æ(41)P�(46)P��)��¥�ÝÎ, ×ÐóÝÁÂÍ@�×�sß3�

5�y0�����ÝF(ãy�'f��,X|î�L^b���ÝF),�

L½�ÐF, /��ÎÁÂsß��X|9�2â2�'L�ÁÂ�ºs

ß3ÐF�
3(45)P�, ãn = 2, Cu1 = u, u2 = −u, ÿ

g′(u) + g′(−u) = 0, ∀u ∈ R�

Çg��

g′(−u) = −g′(u), ∀u ∈ R�(48)

�y(45)P�, ãn = 3, Cu1 = a + b, u2 = −a, u3 = −b, ÿ

g′(a + b) + g′(−a) + g′(−b) = 0, ∀a, b ∈ R�

¿à(47)P, îPW


g′(a + b) = g′(a) + g′(b), ∀a, b ∈ R�(49)

��(48)P�=�Ðó(ãy�'f ′
=�, X|g′ = f ′/fù
=�Ð

ó)
aPÐó(�9ìÛ4)�Ç

g′(u) = c1u, u ∈ R,(50)

Í�c1
×ðó�.h

g(u) =
1
2
c1u

2 + c2, u ∈ R,

Í�c2ù
ðó�Æ

f(u) = eg(u) = ec2ec1u2/2, u ∈ R�
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c1Ä6Î�Ý, ÍJ
∫∞
−∞ f(u)duº�y∞(�G��'f(x) > 0, ∀x ∈

R)��c1 = −1/σ2, Í�σ > 0
×ðó�êã
∫∞
−∞ f(u)du = 1, ��

�ec2 = (
√

2πσ)−1
�Çÿ

f(x) =
1√
2πσ

e−x2/(2σ2), x ∈ R�(51)

��JEyî�f ,

L(µ|x1, · · · , xn) =
1

(σ
√

2π)n
e−
Pn

i=1(xi−µ)2/(2σ2),

Ý@3µ = µ =
∑n

i=1 xi/n¾ÕÁ�Â�Æ(51)PX�Ýf , @@Î&ÆX

�Ý��
3×°�HúÝ�'ì, {ú»ú20��?Ý0-b�TÂ
0Ý

ðV5µ�9µÎ{{{úúúÝÝÝ000---§§§¡¡¡(Gauss theory of errors), êÌ000---°°°

JJJ(error law), T000---����

ÛÛÛ4. 'g
Rî�×=�Ðó, v��

g(x + y) = g(x) + g(y), ∀x, y ∈ R�(52)

Jg(x) = g(1)x, ∀x ∈ R�J�Aì�
'D3x0 6= 0, ¸ÿg(x0) 6= g(1)x0��h(x) = g(x) − g(1)x, Jhù�

�h(x+y) = h(x)+h(y), ∀x, y ∈ R, vh(x0) 6= 0�êãh(nx) = nh(x)�

ÿlimn→∞ |h(nx0)| = ∞�¬hÛ���, .�Aì2J�h
b&�|

áh(1) = 0, Æh(x + 1) = h(x), ∀x ∈ R�Çh
×��Ðó��hê


[0, 1]î�×=�Ðó, .h3[0, 1]îÄ
b&���Pê0�h3Rî


b&, ÿJ�
¨², A�g
×�L3[0,∞)î�=�Ðó, v��g(x + y) =

g(x) + g(y), ∀x, y ≥ 0, Jûî�.0, �ÿg(x) = g(1)x, ∀x ≥ 0�

0-b�TÂ
0�ðV5µÎÍ)§? Ey×4�?, � b�9

M», N×M», K��®ß×°��Ý0-�A��?^b���ÙÙÙPPPÝÝÝ���
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---(systematic error), N×4�0-K�Ú
EÌy0��³Á§�§-

0lÀ0-b�TÂ
0�ðV5µ�{úÝ0-§¡Î1809Oè�, Z

ûZúJ31812O, è�|ðV5µ¼�«Þ45µ�X|�³Á§�§

�0-§¡æÍÎ&�s"�&Æ¨3:Õ, ÞïÍ@�|8!ñTÝ�
ãyb�³Á§�§, ��î{úÝ0-§¡, ¸ÿ3�^¨é�, ð

V5µð6�Á¥�Ý���b��×ð` , ðV5µ�
à��^¨

é, ª½}³Ý2��b°ß#�0|
�¢�^Ý�/bðV5µ�

7 ���+++

�³Á§�§àHÂ½, Ï1;�XèÕÝ¾kº�, Í��×°§¡

Ý.0, ô�àÕ�³Á§�§�h�§��ó°J!8¤g, ¸ÿ^£

�Ù�, ?�sìÍ���
&Æb`1Ø�º�óW3Øf���¨´ð, T1�´ðV�×Í

ßÝØ4�¨, ���Î�^Ý, 3Ø×Ë@Â!�®���³Á§�

§, T{úÝ0-§¡, 0l@jÌ?ÂðºbðV5µ, |N (µ, σ2)�

�, Í�µ�Ú
�¨ÝË@Â, T¿íÂ, σJ
�¨Ýýã-�Eyð

V5µ, Ì?Â�µ�-², øÄ×Íýã-σ, ^£V0.3173, ÕÎ��

|sß; øÄËÍýã-, ^£µ�H�, �V0.0455; øÄëÍýã-,

^£GV0.0027, TÎÈ�Ý�Ú�!Ý�µ, �¨3µ�u�Íýã-

�², -Ì
´́́ððð��Ñð, T1���ÎÎÎðððVVV��y�¨3µ!�, 	Qµ

Ì
ðV, T1Ñð��9�ø��ÌCÎ`Ý'�, x�KÎjEð

V(Ñð)Ýß�|ì�
», uX���&ðV, Ä�TÄ�, 7�0�

ÕÊ)Ý, ©?�0T���ì7ÚÍ0DÝ��, ©ºnb¿Íýã

-�/Ýì�¯ÝX��&ðV, ©?
`°�×Íß��îì, b&

9Ý©Ç�»A, �{��¥�¿����zZ�æ�ó.�æ�þM"

X��£{±��~Þ�Ü, À�¾1,0004, T?9�Ø×4©Ça3ë

Íýã-�²(»A,�{f¿í"ëÍýã-)Ý^£,µ|0.0027��ã

y©Ç9¾1,0004, X|NÍßbË�ë4(1,000 · 0.0027 = 2.7)Á�
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ÑðÝ©Ç, �1�ê¿ð�ã�1, a3¿íÂ5Íýã-�²Ý^

£, 4GV5.733 · 10−7, �{Í�, ¬�t&bøÄ65�(= 6.5 · 109)ß

ý, �(6.5 · 109) · (5.733 · 10−7) .=3,726�X|�¡£×4©Ç, t&î

Kb&9“Á�Ñð”(3¿í5Íýã-�²)Ýß�	Q�Ñð�×�Î

û¯, LÍÎ£°Ñ'Ý�Ñð�¯�ß����F��B7øß�Y

�(Vincent Van Gogh, 1853-1890, �
½(i�), C�+(Tiger Woods,

1975-, Y»½({«G¦W)�, Kò3Ø]«Á�ÑðÝß�&Æu�

�G	Í¿õÝß(ÉA1, øø�¨K3¿íÝ×Íýã-/), µ�0

��
£°Ñ'Ý�Ñð©Ç, '°M�, ¬?£°©Çsì�

¢¢¢���ZZZ¤¤¤

1. ?Z*(1995). �^Ä��º�Z;¯¼ô	b§2¥, ¬��

2. ?Z*(2006). Ù��Ý*ä�ó.Fê��, 30(4), 48-61�

3. ?Z*(2010). ^£¡, ÏÞÌ�º�Z;¯¼ô	b§2¥, ¬

��

4. ?Z*(2011). ny�³Á§�§�%î�{�ó.é� 

Ï56� (2011O6`27^)�

5. Tijms, H.(2004). Understanding Probability : Chance Rules in Ev-

eryday Life. Cambridge University Press, Cambridge.

31


