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ºb×Ë©½Ý4�, ×Ë©½Ý;u, ×Ë©�ÝPø, k

�&ÆµYÝÍ�, ks&ÆµYÝ�ï�
X|, �7Ý¿�, ��tÝz�, ôP&ÎËó�ÝY,

�Î�æ�|5�Ý, · · ·�
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¢1ó�µÎY÷? 9Î.
¬�ÎN×w�¨K�

��b`	&ó¨`, ^\ÝßK19w?��! ¬Î&�

Î��TÝó/�, &8*�/R¼×À¨, ×��bWµ

��¨3ÏÚwÝ�á¡, �QÎT��, µ	|G�Í¶

Ý“ó�µÎY”, �Q^ý�

6�ÜÝó�-ÎY, ð�¶W“ó�µÎY”��9`Îó�×�,

Ý@º¯ß®ßØË©½Ý:°�Ç¸=7w��¨, Kbß��åÕó

�ÝY�6�Ü-
“ó�Ý«{¶ï½×Ë�Q�”���|¼, ßÆ

-ð¥�Õ, E"�&Ë�^¨é, 4:R¼	ÎÓBPa, ¬Q«{ñ

ÇØ°!�3º»�4Q9�Î“ó�-ÎY”X�ì62à�, ¬Ý@

ÎA6�ÜX1Ý, ó�¡ðº¶ïØ×Ë�Q��3�^¨é�, &Æ

�Ì9Ë�Q�
���^̂̂°°°JJJ�µÎ.b9°°J, ¯&ÆE�^¨é, )

�bXßé, )�ï?�9Í�t�×èÝ, µÎ���óóó°°°JJJ(law of large

numbers)�&ÆÞ5½+Ûºººóóó°°°JJJ(law of truly large numbers), 333���

óóó°°°JJJ(weak law of large numbers), Cúúú���óóó°°°JJJ(strong law of large

numbers)�

2 ÁÁÁ§§§ÝÝÝ���LLL

UF^£Ù�Ýß, ð�ýTý�ó°J��ó°J~bÎ%�?

D¡�ó°J, P��¹Ý, º�CÁ§�©ÎÁ§��Î×��ÝÃ

F�¬�UÁ§, Î
á´{�ó.ÝÏ×M�Í;&Æ-}�+ÛÁ

§�
��×ó�{an, n ≥ 1}, 	n → ∞`, an��ÿº���Ø×�

Â�»A, an = (−1)n, n ≥ 1, Jhó�
−1, 1,−1, 1, · · ·, �¡n9�, ó

�KÎ1,−1øý½, �º#��×�Â�¬uan = (1/2)n, n ≥ 1, J�

½n�¦�, an�¼��, ×à?0#��&Æ|

n →∞`, an → 0
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��, ô�¶W

lim
n→∞ an = 0�

Á§Î��5ÝÃ�, ¬Á§¬�Î×��ÝÃF����UÁ§, 	Q

�0Í��5h, ~Þ²×²�?Z*(1999)ÏÜa“Á§ÝÃF”, 
×

D¡Á§�;7PZa�
�ÄñÎ��ÕP§�, µ�¯�E��v�E��1“&NF(N×

Ïn F)K�¯”, 9ÎÍµ2â“�Ûíÿ, Õ��T”÷? ÅôÎÄ, �

Ûíÿ�î` n���∞�¬n → ∞`ºA¢, ��|NÍnºA¢¼

.?�Ü×��Ý»���an = 1/n, n ≥ 1, JEN×n ≥ 1, an/
Ñ

ó�¬

lim
n→∞ an = 0

µ&ÑóÝ��.`�, ¯T.Äóóó...hhhûûû°°°��An�×�nbnÝ

úÞ, n ≥ 1�3b°�µì, �|ó.hû°J�N×úÞAn/W

ñ�Íæ§µÎ�J�A1Wñ, Q¡�J�AnWñ, �0lAn+1Wñ, J

N×úÞAn-/WñÝ, n ≥ 1�¬9©J�N×úÞAn
Ë, ¬Î0

ln →∞`, úÞ)Wñ�
Eyn → ∞`, an → a, Î1	n�\2¦�, an���#�a�¬�

�#�aÎ%��¤? h�an�a�-û|an − a|������§øÎ��
�? ã¯�?Ý, 0.01Õ�[? �Î0.0001�Õ�?, µ��×-û, |ε�

�, Ç�O|an − a|6�yε�¬¢`|an − a| < ε?&Æ�^1EN×n ≥ 1,

|an − a| < εK�Wñ, �Î1n�����`, |an − a| < ε�6Wñ�¬

§øÎ����? A��Ø×4n0��, |an − a| < ε/Wñ, ¯�V-©

?��Ý�yÎ-®ßÝì�Á§Ý�L: 'bó�{an,≥ 1}, C@óa,

uN×ε > 0, D3×n0 ≥ 1, ¸ÿ|an − a| < ε, 	n ≥ n0,

JÌn →∞`, an → a, | lim
n→∞ an = a���

9Í�L¬&��5×��s"-bÝ, �ÎBÄ×y9O, ó.���

�|h]P¼�LÁ§��áó.î×ÍÃF, ðÎBÄ��Ý��, �
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�|����Û�×��vhéÝ]PÓ¨�¡¼Ý.êï,�Qÿ�×

F�G, ��r@hÃF�/��

3 ºººóóó°°°JJJ

ºººóóó°°°JJJ, 4QzZ(
law of truly large numbers, ¬Í@�law

of large numbers ¬�H8��3×�Ñ!Ý^£¡h°�, �ºèÕ

h°J�¸x�Î�¨3;7PÝZa�, b`ô�Ì
law of large

numbers�&Æ@3�wÌ¸
“ËËË���óóó°°°JJJ”, ©?â�2Ì¸
ºººóóó°°°

JJJ�3Diaconis and Mosteller (1989) ×Z�, Eh°J��Aì�L:

With a large enough sample, any outrageous thing is likely

to happen(	øÍóÈ�, �¢ÑßWöÝ¯, K��sß)�

ó.�Littlewood (1953) -
×�¯usßÝ^£
y05�

×, -�Ì�
���ßßß������ (surprising)�u2àh�L, &Ë�ß�

�Ý¯, �13t&&2, Bð3sß�ÉA149ã6Ý�Dý, ×ù

ýÒº��'Ý^£��, G13,983,8165�1�E×©�Ýß, ��

�'	Q�p, .��Hºó�9�9ù�¬“bß”��', µÎ×

ðºsßÝ¯��êA×�1�b4ßß^8!, 9	Q��|�u

E¯�O, �'×Ob365F, vNß31O��×F�ß�^£/


1/365�J�4ßß^
365F�Ø×©�Ý^��^£
1/3654
�.

h4ßß^8!Ý^£
1/3653 =1/48,627,125, @3���¬t&ßý�

øÄ69.27�(�2011O6`), ubØ×�1�b4ßß^8!(¥�, 9êf

§×ÎlÒC2��ß^8!?�|sß9Ý), ¬��H�ß�#�
4��ó°J�!, ¬ãyK�C�øÍ, b°ß½ÞÞï�3×

R�AShermer (2004, I.ß2004O9`r“�¸? ^£?”×Z
Í�Z

�Ë(�u�Ë))×ZèÕ:

A principle of probability called the Law of Large Numbers

shows that an event with a low probability of occurrence in

a small number of trials has a high probability of occurrence
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in a large number of trials. Events with million-to-one odds

happen 295 times a day in America.

sß^£y05�×Ý�M¯�, 3Y»NF�sß295g, 9ÎÃyY»

b2.95�(295y0)Ýß�ê5-×è, qAYYY»»»ßßßýýýûûûããã			(U.S.Census

Bureau)ç°, �2011O6`, Y»ßýøÄ3.11��
å�(Michael Shermer)
Scientific AmericanÝÝû®��î��£

SZa4Qb¶, ¬E^£Ýà�, Q�Èã@, :|SR0º�´�, �

XSàÝ�Î�ó°J, �Îºó°J�Íg,�1“3ó�øÍ´K`,

^£��Ý¯�, 3ó�øÍ´�`, ÍsßÝ^£º�{”(zZæ�A

h, 9ÎI.ßÝ�Ë), 9øýÎ�EÝ�T�Î1“sß^£��Ý¯

�, u��ó(T1øÍó)´K`, ºb9Ë¯�sßÝ^£�{;u��

ó(T1øÍó)´�`, ºb9Ë¯�sßÝ^£º�{”��y�×¯

�sßÝ^£, �º���ó�9>�;��¨², t¡×­�, ;
“3

×Íß�îNFsß^£
y05�×ÝM¯�, 3Y»¿í×F�s

ß295g”´ª	�
×¯�sßÝ^£p4Q��, ¥�Ì?ng, �'&¯�8!}ñ,

Jng/Îsß�^£(1 − p)n, �½n�¦�, h^£�¼�#�0, ��

Ksß×g�^£1− (1 − p)nJ@�#�1�9ô�|�Õ, ©�Ì?ó

È9, ×ÑßWöÝ¯�, Ísßµ���ß�#�?¢µtî&Ëû�

yMÝ¯, @3�K, �sßØ×�ßä:X¤Ý¯, µ?�|Ý�ÉA

1, �'Y»b×@~^x, òÝ×1Y�, Nws×¬ÆC^��ÆN

^µÎ3£ÉBk�âyb×F, s¨ØwY�k�×��º¼ñ��

ÝY»a�ÀÙÝ(��4QîÝ�Ì±ö, ©Î^£.�Q�º�Õ

�#�\ï��ôº�çÝ, ¢|;7PÝZa�, ºÌh
law of truly

large numbers�ãyå\Eé
´×�ÝÓ¾, 	:Õ×���´ðÝ

¯, |“ËÎÈ�ÝÌ?ó”¼�Õ, ��º´|¸ßÆÿæ¼Ah�ºó

°J�à¼�Õ¢|ßþî��b»)(coincidence)�ny»)¯��

PX�3, �¢�?Z*(2003)Ï°a“öò»)”×Z�¿OG�SR×

p±®ÝOOOBBBÛÛÛDDD(The Bible Code)¯�, ô�|àºó°J�Õ��
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¢�Shermer(2003, I.ß2003O7`r“OB�ËÝbÛD?”
Í�Z�

Ë(�u�Ë))×Z�
ºó°J4�p§�, ¬)ðbßP°Ñ@¸à�3“:F¬È�

�”Ï°àÏÞ�(2002O��r)Ý“_¡+”�b9ì×ðZC:

µ3�WÍ��_`, ç­î:Õ×J±ö(7/9), z»b

×EçßGÍ#åß�0Þ, ��·Íß�×EAßÔih,

W
z»´�ß�0Þ¢§6n»�

�¹�ý, ß�0ÞÝÄ�è5�}, N×ÍM»Kº¥

�lã, §¡î��º�ýÝ^£©by05�×�9g�G

�ý, #�ÎAç¢§6! 9øÝ^£��?±�Ah±Ý^

£, §���sß?

¶¬�½X�Ý2×, �Dý�'Ý)�^£�VÎ5250

5�×�9Í)�^£?±, ±yß�0Þ�ý^£Ý"5

�×�Q�, Àºbß)�! ¶¬é2×ÝméDT£NOs

ß¥�l�Ý^£Îè05�×�9Í^£Îß�0ÞÝ�

ý^£Ý10¹, ?Î)��'Ý509¹�§���1J�ºs

ß?

�A¢�Õ÷? ´�, sß^£��Ý¯�, ©�^£
Ñ, -K��

sß,¬P°1J�ºsß�¬AGX�,NFb&Ë¯Î3
�,sß×

°�ßÆÿÒH�M��BÝ¯, �|1ÎÄQ�Ey�X42ã6Ý�D

ý, ×��'Ë�, N�)¥ßó9¾¿y0#�bû0, bß)��',

�Q����£FubßÏÞg��', ô�àH�#��y¬é2×Ý

méDT£, NOsß¥�l�Ý^£Îè05�×, ¥�Î“NO”�ê

�'h^£ÎjE“12”méDT£, �¬ÈêG©b32méÃ��èN

O32�×O�'104�, vN�b¿y0ß)¥�f, �©è5250(@j

Î5,245,786)�100�f, ËÎ�DKm����Þ�^ß�1JméD

T£�ºsßl�, 4&Æ¬�z½è05�×Ý^£ÎA¢O�, Ch

^£ÂÎÍÑ@�¬A�#å¬éÝóA, J.méDT£ôbÍ¸àO
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§, .h3Î¼10O, 4ºµ�®ß�K�Dý�'ÿx, |Csß&Ë

§6¯�, ¬¬È32méDT£, 310O/º�Kb12sßl�Ý^£,

)Î�H{�

4 333���óóó°°°JJJ

���óóó°°°JJJêÌ���óóó£££, T¿¿¿ííí°°°JJJ(law of averages)�ãyb�ó°

J,¸ÿ3���@@@���PPP(uncertainty)�,&Æ)�ßé×°@@@���PPP(certainty)

; 3���BBB(chaos)�, )bÍèèè���(order)��ó°JÎ1, u×@�(TÌ

?), �¹�v¥�2
�, JÌ?Â�¿í, Þ��#��TÝ���f

´ÑP×FÝ1, µÎ�^X®ßøÍ�¿í, 	øÍó��, Þb��

Ý^£, #�Ò��¿í�
^£¡\�Ýs", ðEØ¯�ÎÍsßb·¶�A7VY�Î

Í�¨Ñ«, Ôà¸TÎÍÿÕ3f��ð­�1, E©bËÍ��Ý

Ì?b·¶�|Xi = 1, �ÏigÌ?�¯�sß, Xi = 0, �ÏigÌ

?�¯�Îsß�AhÌ?Õ×�0, 1Ýó��9Ëó�, *^Ì
°°°

ÄÄÄæææóóó���(Bernoulli sequence)��9v©bËÍ��Ý@�, -Ì
°°°

ÄÄÄæææ������(Bernoulli trial)�9Î.�ÿó.�°°°ÄÄÄæææ(Jacob Bernoulli,

1654-1705), t�"D�ÿ(�3�i¡8O, 1713O, ��É¹¹¹���ZZZúúú

°°°ÄÄÄæææ(Nicholas Bernoulli, 1687-1759), ���Ì£Í�1Î^£¡

t\Ýh°Ars Conjectandi (æZ
ZÙZ, zZh(
The Art of

Conjecturing)�39Íh�, °ÄæJ�Ý×|�Ý�ú(Ý�§, Ç°°°

ÄÄÄæææ°°°JJJ(Bernoulli law):

}ñv¥�2Ì?×sß^£
p�¯�A, 	Ì?gó�

��∞, ¯�sß�8E�£#�p�^£, Þ��1�

ÛÛÛ1.Bernoulli ×��1Îó.ªî8	�>Ý×��3ë��, �K

b8�, Eó.�^£TÙ�bQ¤�Í�b5�ÕÎ8	o��3ó

.�^£CÙ��, ðº�ÕBernoulli, ��ÿÎ!×ß�&Æ��°

Äæ°�ÝI5Wõy%1��]ßÝ�(last name)´K8!, ((first
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name)J��|8!�3!×r½�(v�8!Ý, ??¬�H9�X

|&Æ;ð©|�Ìñ�]ÝI.��Z.�C8���(ß�Ap

ñ�{úC�Z�, KÎ�, �¿yO¼ô^®ßÏÞÍ½(I.�Î

pñ�{úT�Z�uËb!�Ý, �!î(, -� â�©Î9�Y

àÝÌñ°, EBernoulli µ�ÊàÝ�ãy9Î×ó.��H, �¬¯

�ÕÝBernoulli ���Î!×ß, b¿�Ý(ô8!��»ßEyã

(, ðº��ïÔ�²»ßJb`
��ãØ�ï�(, |
SF�9

F3Bernoulli�H���, �bã��
!(Ý�%1�b11Íß, Q©

b4Í�!Ý(, b`|Þt(II), ët(III)¼ â, b`ô� â�¨×

ÍBernoulli �HÝ(º�ß®ßæWÝÎ, b¿��3�ö¿Í»�

&�, �3�!Ý2]ºb�!Ý(�|&ÆXèÕÝ9�Bernoulli �

HÏ×�ó.�
», Jacob b`¶WJakob;�êÌ
Jacques(b`¶

WJaques);b`êÌ
James�
Ýè�^£�ó§Ù�Ýs", 1975O

�WñÝ×Í°°°ÄÄÄæææÜÜÜººº(Bernoulli Society)Ý»jà����°Äæ�

H3^£�Ù�&Ý�¥Ú�

Nicolaus
1623-1708

Jacob
1654-1705

Nicolaus
1662-1716

Johann
1667-1748

Nicolaus(I)
1687-1759

Nicolaus(II)
1695-1726

Daniel
1700-1782

Johann(II)
1710-1790

Johann(III)
1744-1807

Daniel(II)
1751-1834

Johann(II)
1759-1789

%1. Bernoulli ó.��H

°ÄæX¼Ý“��”Î%��¤?

�n(A)�Ì?ng, ¯�AXsß�gó�ê|pn,k�n(A) = k�^
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£�J

pn,k = P (n(A) = k) =
(

n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n�(1)

	n��`,¯�Asß�8E�£n(A)/n�p�-û�TH��¬n(A)�

�N/Ì?K�¼8!, ±b9Î×�^¨é�b`n(A) = n, b

`n(A) = 0�&Æî×;�D¡ºó°J�7V×2ÑY�100g, 100g

��¨Ñ«Ý^£	Q�±, G1/2100
�¬u×à¥��9�¯(N/7

V100ÍY�), ÉA1�Ý2100/, JÍ��¨×/100Í�ÎÑ«, µ�

àH�M�A�/ó�9°, ÉA�2110/, µ?�|�¨?¿/100Í�

ÎÑ«Ý�.¿í��¨2110/2100 = 210 = 1, 024(g)�

ÛÛÛ2.��W2100/7VY�100g,Í@¬&|¯��'|é\ÿa,v1J

Ö�ÿa10�(= 216)/,È"ÝÏ! 1Fb86,400J, 1O365FVb3.1536·
107J�.h×OV�ÿa3.1536 · 1023/�ê2100 .= 1.2676506 · 1030, Þ

ï8t, ÿÕV�ÿa4.01969 · 106O��°y90O��ÿa�, �ºÓ

H�rÌb"ûOZ;�Mª��b7V�100ÍÑ«ÝBµ, A��(

Þq%�ðÕ, �?Z*(2003)p.71, £°Y�	QKÎ©%Ý�A�Y

�
2Ñ, ¯¨3á¼Ý, 7V100Í, Î�p�¨100Í�ÎÑ«�u�

ê97V¿/�ÿ, £/ó�9, ÛGø{&ÆX��	�
Ey�^¨éÝËË�Õ, �Q6|^£
µh�°ÄæÎ-


n(A)/n�p�-Î“�H��”Ä��Ç©�nÈ�, |n(A)/n − p| > ε�

^£T��, Í�ε
�×Ñó��h^£

∑

|k/n−p|>ε

pn,k =
∑

|k/n−p|>ε

(
n

k

)
pk(1− p)n−k

�(2)

°Äæ�s2J�

lim
n→∞

∑

|k/n−p|>ε

(
n

k

)
pk(1− p)n−k = 0�(3)

Í�ÝOõ	Q�ºÎ�|Ý�®�*^�Kbß:Ä(��ô��

:, #��á¼)�ÝJ°�b·¶Ý\ï, �¢�Rényi(1970)pp.195-
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196�¯@î, ¿àzzzfff___GGG������PPP(Chebyshev inequality, Pafnuty L.

Chebyshev, 1821-1894, 
:»½(ó.�), �D|2J�f°Äæ?×

�Ý��, �¢�?Z*(2010)p.124�
°ÄæX¼Ý¯�sß�8E�£, Í@µÎ

fn(A) =
n(A)

n
=

X1 + · · ·+ Xn

n
, n ≥ 1,

Í�X1, · · · , Xn
}ñvb8!5µ(independent and identically dis-

tributed, �Ìiid)��^�ó, XiãÂ0T1, vP (Xi = 1) = p, i ≥ 1��

^�ó©ãÂ0T1, vãÂ1Ý^£
p, -Ì
b¢óp�°°°ÄÄÄæææ555

µµµ(Bernoulli distribution), |Ber(p)���°ÄæÇ¼�, iidÝ�^�

óXi, i ≥ 1, |Ber(p)
�!5µ`, 	n → ∞`, (X1 + · · · + Xn)/n º

�Òp“HG”(A-ûøÄε)Ý^£���0�
\ï�:��ó°J�ºó°J, Î�!ÝËÍ°J��3ç­î×

SZa�, :Õ9ì×ð�:

Bÿ1�¼ø�×f“�ó°J”, �¤Î©���#Ç�

ß, è�T×y�T×û�, Àb×��ß71�ð­�1,

¯´?, ©ÎÍß�ÈSæ, #ÇÝ�ß�È9�Æ�

Í@9TÎºó°J, �&�ó°J�E×¯�A	Ì?ón��, ºó°

JnTAÎÍsß, �ó°JJÎ1¯�AsßÝÀgón(A), “V”Înp,

Í�p
AsßÝ^£�ô�|9�1, �ó°JÎfºó°J?Þ@Ý

°J�¸¼�	Ì?ón��, ×©�¯��Vsß9Kg�.n��`,

¯�AsßVnpg, Ç¸p��, ©�np > 1, J:Õ¯�Asß, µ��


�, �9µÎºó°JX¼�Ý¨é�
�ó°J�|Y¹���£££EEE^̂̂£££ÝÝÝ���ÕÕÕ�'b×Y�, �¨Ñ«Ý^

£
p(T×¯�sß�^£
p), ©7V×g, �ÎÑ«µÎD«, P°

�åpÝ�L�¬©�7VóÈ�, Y��¨Ñ«Ý8E�£, µ���

º#�pÝ�°Äæ�¡, ^£.�Æ, µ�"D�ó°J�1928O, :

»^£.����!!!(Aleksandr, Y. Khinchin, 1894-1959), J�EiidÝ�^
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�ó, ©��TÂD3, �¡5µ
¢, �ó°J-Wñ�ÇE∀n ≥ 1,

'X1, · · · , Xn
iid��^�ó, v'E(X1)D3(Ç−∞ < E(X1) < ∞),

JøøøÍÍÍ¿¿¿ííí(sample mean)

Xn =
X1 + · · ·+ Xn

n
, n ≥ 1,

	n →∞`, º^̂̂£££[[[eee(converges in probability)�E(X1), |

Xn
P−−−−−→

n →∞ E(X1)(4)

���3h^£[eÝ�LAì�

���LLL1. 'b×ó���^�ó{Yn, n ≥ 1}, C×�^�óY , u

lim
n→∞P (|Yn − Y | > ε) = 0,∀ε > 0,(5)

JÌn →∞`, Yn, n ≥ 1, ^£[e�Y , v|Yn
P−−−−−→

n →∞ Y���

(5)PÎ1, E∀ε > 0, 	n → ∞`, |Yn − Y | > ε�^£���0�ù

Ç|Yn − Y | ≤ ε�^£���1:

lim
n→∞P (|Yn − Y | ≤ ε) = 1,∀ε > 0�(6)

�!XJ�Ý��, ¡¼�Ì
333���óóó°°°JJJ�	iidÝ�^ó�Xn, n

≥ 1, ©ã0, 1ËÍÂ, vP (X1 = 1) = p, JE(X1) = p, 9`3�ó°Jµ

/Õ°ÄæÝÌÍ�3�ó°J¬P°1Jn��`, øÍ¿íXn��^

�ó��TÂE(X1)“Äº”�#�, 9�ðóó�Ý[e��8!�Ey

�^¨é, XbÝ1J, KÎ^£PÝ�Ç3�ó°J1Jn��`, øÍ

¿íXn, ��TÂE(X1)�#�Ý^£����¡Xn�E(X1)�-û�

9�(ÉA1|Xn − E(X1)| ≤ ε, Í�ε�
×��Ñó), h^£�9�(É

A1P (|Xn − E(X1)| ≤ ε)�y1 − δ, Í�δ�
×��Ñó), /�ðÕ,

©�øÍónÈ��ÇEN×ε > 0, C0 < δ < 1, D3×n0 ≥ 1, ¸ÿ

P (|Xn −E(X1)| ≤ ε) > 1− δ, 	n ≥ n0,(7)
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T��21

lim
n→∞P (|Xn − E(X1)| ≤ ε) = 1, ∀ε > 0�(8)

3�ó°J¬^b1, n��`, Xnº�yE(X1)��9�.ïº0|


Ah, ¬9ÎýÝ�Ç¸n��`, |Xn − E(X1)|Ä��, h1°ôÎý

Ý�9°/&^£PÝ1°�Ñ@Ý1°În��`, |Xn − E(X1)|��
Ý^£º���|ó.P��îµÎ(7)P, T(8)P�Ey�^¨é, &

Æ;ð©��^£PÝ1J��.ïT&º|
, &ÆÝ1J?«Kb°

1º, �	ó.�×'Gi^�PÝ1°bJ��¬9µÎ^£�ó.�

½: :«�H@�, Í@Î?�êÝ1J�©��äÀßù�219¼ß

þ�Ä3Í`, ØÀß1¼ßþ�Ä3Í`Ý^£
0.99, ¯Æÿø×Ëý

°´Þã?

3�ó°J�©jEiidÝ�^�ó�Wñ, f��w´°�a¼^£

.�, ���!f�ìÝ3�ó°J, ¸ÍÊàP?Â�
�ó°JjE�TÂD3Ý�^�ó, �TÂu�D3, 	ÎÞÞÞ���555

µµµ(Cauchy distribution), µ�ÊàÝ�%2��	Xn, n ≥ 1, 
iid��^

�ó, v|Ber(1/2)
�!5µ, Xn�×ÿa%�, 1 ≤ n ≤ 1, 000��

:�tÝn�H�`, Xn�0.5b´�-û, �¡µ�0.5�#�Ý�E¢

ó2.5C1�Þ�5µ, |C(2.5, 1)��, Ç^£Û�Ðó


f(x) =
1

π(1 + (x− 2.5)2)
, x ∈ R,

%3��Xn�ÿa%��ãyh5µ��TÂ�D3, �ó°J�Êà,
%��îXn�M�q��
3Ù��, �9�ýÝÙ�]°, KÃy�ó°J�½(Ý���---£££���

°°°(method of moment estimator)
×»�'�^�óXb¢óλ�®®®���

555µµµ(Poisson distribution), |X ∼ P (λ)��, λ > 0�ÇX�^£Û�Ð

ó


f(x) =
e−λλx

x!
, x = 0, 1, · · ·�
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%2. Ber(1/2)5µXn, 1 ≤ n ≤ 1, 000, �ÿa%
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%3. C(2.5, 1)5µXn, 1 ≤ n ≤ 1, 000, �ÿa%

&Æ��£�λ, }ñv¥�2Ì?ng, ÿÕøÍX1, · · · , Xn�J�¿à

øÍ¿íXn®
λ�£���9Ë.E(X) = λ, µ|øÍ¿íXnã��

TÂE(X), ®
λ�£��, Ç
�-£�°�ãyE(X) = λª
X��

TÂ, h¯�1�¢|�-£��;ðÎ�ýÝ£���.�K&Æ@�

ãøÈ9`, ¸#�k£�Ý¢ó�^£-���
&Æðº#ÇÕ^£
0�¯���  [0, 1]�^2ã×ÍF, ºã
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�0.3Ý^£
¢? 0, ¯��º��¤õ2/��¯�á¼�¢×F�ã

��^£/
0�A��X�ã��F, JX
×=�lÝ�^�ó�.

hXº�y[0, 1] �×ó�^£/
0�ÑÄ^£CÙ�Ý��, ¸¯Ì

nÃÍÝ^£áI�¬bß×ã�ì, ã�0.729, �®¯^£�Î
0[?

§�QsßÝ?

�á^̂̂£££


0ÝÝÝ¯̄̄���, ������������ºººsssßßß, h¨éð¯�.ï�ÕZ

É�¯@î, ¯��“�ºsß”�“ºsß”, C“×�sß”�, /&Ý¼

Ý1°�Ý¼Ý1°5½Î:^£
0, ^£
Ñ, C^£
1�bßã

�0.729, ��¶0.729�ã�Ý^£Í@�y0�A¢«��Õ? h`�ó

°J-��îà��¯���ã1g, Ï3gã, µ�ã, µ�ãÝng, A

hÿÕ�^ó�X1, · · · , Xn, Í�Xi = 1, �Ïigã�0.729, Xi = 0, �

ÏigÎã�0.729, i ≥ 1�Q¡Õ�0.729�¨góÝ8E�£, ÇO

Xn =
X1 + · · ·+ Xn

n
, n ≥ 1�

4QX1 = 1, ¬�X2R, TKÎ0Ý��½n�¦�, XnÞ�¼�#

�0�¢|&Æ£�“@�”? .3�ó°J×å&Æn →∞`, Xn
P−−−−−→

n →∞
E(X1) = 0 �
ãyî�9ËæW, b`^£.�, H'|¿¿¿{{{���������(almost impos-

sible), C¿¿¿{{{@@@���(almost certain), ¼ã�“���”(�º), C“@�”(Ä

º)�!ñ×è, 	bß×å¯, ��  [0, 1]�^2ã×ÍF, ã�0.729,

¯��ØÝ�®�, ÎÍËÝÎ0.729? ¯Ý�MÈÞ@[? 
¢¯�

Ahb*T, �ó���Î.�?�ÈÞ@, �|
Î0.729, Í@¬�

Î0.729? h.[0, 1] b§óÝ/)Î���óóóÝÝÝ(countable), ��ó/)�

������}}}???���(Lebesgue measure)
0, [0, 1] P§ó���}?�
1�.

h�^ã×F, ºã�P§ó�^£
1�&Æ	Q=�-
Î.�^�

Þã, �|
ÿÕÝÎb§ó�
t¡, �^�óÝ�}ñ, T5µ�!, 3Ê	f�ì, 3�ó°J)

ºWñ��¢�?Z*(2010)5.3;�
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5 úúú���óóó°°°JJJ

Eyî×;¯�AsßÝ8E�£fn(A) = n(A)/n, &Æ�á¼n →
∞`, ÍÁ§�
�àÌîã3�ó°J, º-


lim
n→∞ fn(A) = p,(9)

Í�p = P (A)�¬&Æá¼h¬�Ñ@�.Á§��ÿ�D3, vÇ¸

D3, ô��ÿÎp�En ≥ 1, fn(A)b`­
0, b`­
1�GïÝÁ

§
0, ¡ïÝÁ§
1�&Æt9�|®ÝÎ:ÎÍE“¿{Xb”(almost

all)/ÝÌ?, (9)P/Wñ? 3h, ×/Ì?, ¼ÝÎÏ1g, Ï2g, · · ·,
Ïng, · · ·, ×àPc¼Ý
��&Æ�á¼Ì?Õ(9)P�^£ÎÍ
1?

ÇÎÍb

P ( lim
n→∞ fn(A) = p) = 1,(10)

T��2®

P ( lim
n→∞ fn(A) 6= p) = 0(11)

WñÍ? ©Î(11)P��ÿ?�J�&Æÿ�0� lim
n→∞ fn(A) 6= pÝÌ?

�/)N , �:P (N)ÎÍ
0�t&p = 1, ÍJ1ÍA×àsßÝÌ?, 	

Q¸fn(A) 9 p�ÆhÌ?òyN�&Æá¼Ï1�ÏngÌ?, A/sß

Ý^£
pn, n ≥ 1��n → ∞`, pn���0�¬N��Î�âP§9Í

Ì?, ÎÍ�ó÷? ���1ì�Ý, \ï�V�¢WmÝ�À�, N�b

£°-ô, �Î£��|à�, .h��JP (N) = 0¬&|¯�
ã(9)P, ¡¼µ�ß�?×�Ýúúú���óóó°°°JJJ�
3�ó°J�ú�ó°J, Í²î¬�ÎËÍ���!Ý°J, �

Îà�øÍ¿í|�!Ý]P[e�Ò�¿í�3�ó°JÎ1, 	

øÍóPc¼Ý¦�, øÍ¿í�Ò�¿íÝ-û, �|�y��Ñó

�^£, ÞPc¼Ý#�1��ú�ó°JÎ1, 	øÍóPc¼Ý¦

�, øÍ¿íÝÁ§�Ò�¿í8�Ý^£, ÞPc¼Ý#�1�Ç'
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E∀n ≥ 1, X1, · · · , Xn
iid��^�ó, v'E(X1)D3, JøÍ¿íXn,

	n →∞`, º¿¿¿{{{@@@@@@222[[[eee(converges almost surely)�E(X1), |

Xn
a.s.−−−−→

n →∞ E(X1)(12)

���3h¿{@@2[e��LAì�

���LLL2.'b×ó���^�ó{Yn, n ≥ 1}, C×�^�óY , u

P ( lim
n→∞Yn = Y ) = 1,(13)

JÌn →∞`, {Yn, n ≥ 1}¿{@@2[e�Y , v|Yn
a.s.−−−−→

n →∞ Y���

(13)P��y

P ( lim
n→∞ |Yn − Y | ≤ ε) = 1,∀ε > 0�(14)

.h(12)P�9ìëP/��:

P ( lim
n→∞Xn = E(X1)),(15)

P ( lim
n→∞ |Xn −E(X1)| ≤ ε) = 1, ∀ε > 0,(16)

P ( lim
n→∞ |Xn −E(X1)| > ε) = 0, ∀ε > 0�(17)

�K�.ïEy(13)PÝ�L�ÕæÉ, &Æ¯�1�Aì�´�

�¡�L1T�L2�, {Yn, n ≥ 1}�^£[e, T¿{@@2[e�Y ,

{Yn, n ≥ 1}�Y , /��L3!×^£è �¨�'{Yn, n ≥ 1}�Y ,

/�L3!×^£è (Ω,F , P ), ê¥�Õ9°�^�ó/ÎãΩÌ

�R�J(13)PµÎ

P ({ω|ω ∈ Ω, lim
n→∞Yn(ω) = Y (ω)}) = 1�(18)
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39vP��, &Æð6¯“ω ∈ Ω”, Ç©¶W

P ({ω| lim
n→∞Yn(ω) = Y (ω)}) = 1,(19)

#���2|(13)P�����3��5�.ÄÐóó��'b×ó�

�Ðófn, n ≥ 1, v'9°Ðób8!Ý�L½�EN×�L½�Ýx, �

ÿ×ó�fn(x), n ≥ 1�b°xº¸ lim
n→∞ fn(x)D3, b°J�º�»A, ã

fn(x) = xn + n2(1− x2)n + nx2n + (cos(x− 0.5))n, x ∈ [−1, 1], n ≥ 1,

f(x) = 0, x ∈ [−1, 1]�

J�� lim
n→∞ fn(x) = f(x)�xÝ/)
[−1, 1]\{−1, 0, 0.5, 1}��[eFG

b−1, 0, 0.5,C1�4F, Í��}?�
0, .h{fn, n ≥ 1}¿{@@2[
e�f�.AGX�, @óî�óÍF���}?�
0, Æu3[−1, 1]�

�óÍF;�Ðóf�Â, )ºb{fn, n ≥ 1}¿{@@2[e�f�»

A,ãg(x) = 1, ux
[−1, 1]��b§ó; g(x) = 0, ux
[−1, 1]��P§

ó�J{fn, n ≥ 1}¿{@@2[e�g�^£Ðóù
×?�, {Yn, n ≥
1}ÎÍ¿{@@2[e�Y , µ�:{ω| lim

n→∞Yn(ω) = Y (ω)}�^£ÎÍ

1, T��21�[eÝω�/){ω| lim

n→∞Yn(ω) 6= Y (ω)}, Í^£ÎÍ

0��¥�ÝÎ, �@ó�Ù�!, b`Î×ÍωÝ^£-
Ñ, ©½Î

u^£è 
Ò÷l�3^£¡�, ny¿{@@2[e, .ß??EÍ

�L�Õ�!Q�Í@©��@ó�Ðóó�Ý[e8Eï, µ�p§�

Ý�
	iidÝ{Xi, i ≥ 1}|Ber(p), 
�!5µ, h`ú�ó°J�J�, �

¢�?Z*(2010)pp.324-326�×�5µìÝJ�, �Chung(2001) Theo-

rem 5.4.2�êú�ó°Jùb&iid�^�óÝÌÍ�
3^£¡�ºJ�, ¿{@@2[eº0l^£[e�.hGïÎ´

úÝ[e, ¡ïÎ´3Ý[e�9Î¢|º&ú(
ú�ó°JC3�ó

°J�&Æ|×��Ý»�, ¼¯�1�^£[e�¿{@@2[e�

½�
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�'I.�@~�%ßÝ*�@�
M�Ïkg�%`, Þß�5

WkÍ ½, ��%�ÝkÍ®`, N×/ªb× ½�ß��Ð, ¬�ß

��ÐÝ ½, kÍ�%`/�×ø�Þ�I�%`µ�_r��Q�

Ïkg�%, �b
∑k

i=1 i = k(k + 1)/2Í®`�^£[eµET9Í�µ:

_r��Ý�%`, �ß�Ý-²�¼���¬�ó× ½, �¡_r9

�, /b�9�%`, �h ½�Ð�9µET�¿{@@2[e�
¨3:¨×�µ�Ng�%×Í, Ïkg�%, Þß�5WÝkÍ ½,

Îã�cµ��X9��£×�%`, ©b×Í ½�ß��Ð, vÎt

ê�X9Ý£Í ½��%`µ�_r, J�_r�¦�, �%�ß�@

��¥P, ¿{�5T·�9µET¿{@@2[e�
t¡, ú�ó°Jùb�^�ó&iidÝÌÍ, A�?Z*(2010)�

§7.8�h�©Î�MÝ+Û, �9D¡�
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