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Abstract

Following the paper by Gupta and Chang (Multivariate skew-symmetric distributions. Appl. Math. Lett. 16, 643–646

2003.) we generate a multivariate skew normal-symmetric distribution with probability density function of the form

f Z ðzÞ ¼ 2fpðz;XÞGða
0zÞ, where X40; a 2 Rp, fpðz;XÞ is the p-dimensional normal p.d.f. with zero mean vector and

correlation matrix X, and G is taken to be an absolutely continuous function such that G0 is symmetric about 0. First we

obtain the moment generating function of certain quadratic forms. It is interesting to find that the distributions of some

quadratic forms are independent of G. Then the joint moment generating functions of a linear compound and a quadratic

form, and two quadratic forms, and conditions for their independence are given. Finally we take G to be one of normal,

Laplace, logistic or uniform distribution, and determine the distribution of a special quadratic form for each case.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The univariate skew normal distribution was introduced by Azzalini (1985, 1986), and Gupta et al. (2004b),
and its multivariate version by Azzalini and Dalla Valle (1996), Azzalini and Capitanio (1999), Gupta and
Kollo (2000), and Gupta et al. (2004a). These classes of distributions include the normal distribution and have
some properties like the normal and yet is skew. They are useful in studying robustness. Here a p-dimensional
random vector Z is said to have a multivariate skew normal distribution if it is continuous and its probability
density function (p.d.f.) is given by

f Z ðzÞ ¼ 2fpðz;XÞFða
0zÞ, (1)
e front matter r 2005 Elsevier B.V. All rights reserved.
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where X40; a 2 Rp, fpðz;XÞ is the p.d.f. of Npð0;XÞ distribution (the p-dimensional normal distribution with
zero mean vector and correlation matrix X), and Fð�Þ is the standard normal cumulative distribution function
(c.d.f.). It is denoted by Z�SNpðX; aÞ, to mean that the random vector Z has p-variate skew normal p.d.f. (1).
Quadratic forms of skew normal random vectors have been studied by many authors, including Azzalini
(1985), Azzalini and Dalla Valle (1996), Azzalini and Capitanio (1999), Loperfido (2001), Genton et al. (2001),
and Gupta and Huang (2002).

The classes of univariate symmetric p.d.f.s which depend on a skewness parameter have also been studied by
Gupta et al. (2002), and Arellano-Valle et al. (2004). In particular the skew normal, uniform, Student’s t,
Cauchy, Laplace, and logistic distributions are given and some of their properties are explored. The
multivariate skew-Cauchy distribution and multivariate skew t-distribution are studied by Arnold and Beaver
(2000), and Gupta (2003), respectively. Following Gupta et al. (2002), Nadarajah and Kotz (2003) studied
univariate skewed distributions generated by the normal kernel. More precisely, they generated skew p.d.f.s of
the form 2f ðuÞGðluÞ, where f is taken to be a normal p.d.f. with zero mean, while the c.d.f. G is taken to come
from one of normal, Student’s t, Cauchy, Laplace, logistic or uniform distribution. A class of multivariate
skew distributions has been introduced by Gupta and Chang (2003).

Following Gupta and Chang (2003), the general form of multivariate skew-symmetric distribution is given
by the following lemma.

Lemma 1.1. Let f be a p.d.f. of a p-dimensional random vector symmetric about 0, and G an absolutely

continuous distribution function such that G0 is symmetric about 0. Then

f Z ðz; aÞ ¼ 2f ðzÞGða0zÞ; z 2 Rp, (2)

is a p.d.f. of a random p-vector Z for any a 2 Rp.

Note that in Lemma 1.1, for f Z ðzÞ being a p.d.f., the condition for G may not be needed. For some
k40; 0pGðxÞpk;G0ðxÞ exists, and GðxÞ þ Gð�xÞ ¼ 1; 8x 2 R1, is enough. For example, if GðxÞ ¼ 1

2
;8x 2 R1,

then f Z ðz; aÞ ¼ f ðzÞ; z 2 Rp, is a p.d.f. Also the multivariate skew normal distribution is one special case of the
general form, which is obtained by taking f � fp and G � F in (2).

In this paper, we consider a class of multivariate skew-symmetric distributions generated by the normal
kernel. We only take f � fp in (2), and let G be defined as in Lemma 1.1. Namely, we say Z has a multivariate
skew normal-symmetric distribution, if the p.d.f. of Z is given by

f Z ðzÞ ¼ 2fpðz;XÞGða
0zÞ; z 2 Rp, (3)

for some a 2 Rp.
Gupta and Huang (2002) have studied quadratic forms of multivariate skew normal–normal model. That is

they consider the case G � F in (3). In this paper, we will obtain some parallel results for the class of
multivariate skew normal-symmetric distributions. In Section 2, we discuss the moment generating function
(m.g.f.) of the quadratic form, Q ¼ ðZ � aÞ0AðZ � aÞ; where a 2 Rp; A is a p� p symmetric matrix, and Z has
a multivariate skew normal-symmetric distribution with p.d.f. given in (3). In Section 3, the independence of a
linear compound and a quadratic form, and two quadratic forms are studied. Then in the following sections,
we discuss some skewed models generated by a normal kernel: the multivariate skew normal–normal model
(Section 4), the multivariate skew normal-Laplace model (Section 5), the multivariate skew normal-logistic
model (Section 6) and the multivariate skew normal-uniform model (Section 7). The reason that we do not
consider the normal-t and normal-Cauchy models, which are also studied in Nadarajah and Kotz (2003), is
that the closed form of the m.g.f. of Q cannot be obtained in either case.

Note that when Z has the p.d.f. (3), the m.g.f. of Z is

MZ ðtÞ ¼ Eðet0Z Þ ¼ 2 expf1
2
t0XtgEU ½Gða

0U þ a0XtÞ�; t 2 Rp, (4)

and the m.g.f. of the linear form h0Z; h 2 Rp, is

Mh0Z ðtÞ ¼ E½eth0Z � ¼MZ ½th� ¼ 2 expf1
2
t2h0XhgEU ½Gða

0U þ ta0XhÞ�; t 2 R1, (5)

where U�Npð0;XÞ.
Throughout the rest of this paper, let a 2 Rp; A0 ¼ A, a p� p matrix.
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2. Moment generating functions of certain quadratic forms

In this section, let Z be a multivariate skew normal-symmetric distribution with p.d.f. given in (3). First we
derive the m.g.f. of the quadratic form Q ¼ ðZ � aÞ0AðZ � aÞ.

Theorem 2.1. The m.g.f. of Q is given by

MQðtÞ ¼
2 expfa0½tAþ 2t2AðX�1 � 2tAÞ�1A�ag

jI � 2tAXj1=2

�EU1
½Gð�2ta0ðX�1 � 2tAÞ�1Aaþ a0ðX�1 � 2tAÞ�1=2U1Þ�; t 2 R1, ð6Þ

where U1�Npð0; IÞ.

Proof. For t 2 R1, the m.g.f. of Q is

MQðtÞ ¼ EðetQÞ

¼ 2

Z
Rp

expftðz� aÞ0Aðz� aÞgfpðz;XÞGða
0zÞdz

¼ 2

Z
Rp

exp �
1

2
ðz0X�1z� 2tðz� aÞ0Aðz� aÞÞ

� �
Gða0zÞdz

¼
2 expfa0½tAþ 2t2AðX�1 � 2tAÞ�1A�ag

jI � 2tAXj1=2

�EU1
½Gð�2ta0ðX�1 � 2tAÞ�1Aaþ a0ðX�1 � 2tAÞ�1=2U1Þ�; t 2 R1.

We also need the following two preliminary lemmas.
Lemma 2.2. Let X be a normally distributed random variable with mean zero. Let F ðyÞ be a continuous function

which satisfies F ðyÞ þ F ð�yÞ ¼ 1; y 2 R1. Then

E½F ðX Þ� ¼ 1
2
.

Lemma 2.3. If X�Nnðl;RÞ, where C is an n�m constant matrix, mpn, and V is an m� 1 constant vector, then

Y ¼ C 0X þ V�NmðC
0lþ V ;C 0RCÞ. Specially, if m ¼ 1, i.e. C ¼ c is an n� 1 column vector, and let V ¼ 0,

then Y ¼ c0X�Nðc0l; c0RcÞ.

By using the above results, the following corollary gives the distribution of four special quadratic forms.

Corollary 2.4. Let MQi
ðtÞ ¼ EðetQi Þ; t 2 R1; i ¼ 1; 2; 3; 4.
(i)
 Let Q1 ¼ Z 0AZ, where AX ¼ diagðd1; . . . ; dpÞ. Then Z 0AZH
Pp

j¼1 djX j , where X jHw21; j ¼ 1; . . . ; p, are

independent and identically distributed (i.i.d.).

(ii)
 Let Q2 ¼ Z 0X�1Z. Then Z 0X�1ZHw2p.

(iii)
 Let Q3 ¼ ðZ � aÞ0X�1ðZ � aÞ. Then

MQ3
ðtÞ ¼

2 exp fðt=ð1� 2tÞÞa0X�1ag

ð1� 2tÞp=2
� EU1

G
�2t

1� 2t
a0aþ

1

ð1� 2tÞ1=2
a0X1=2U1

 !" #
; t 2 R1.
(iv)
 Let Q4 ¼ Z 0AZ. Then

MQ4
ðtÞ ¼ jI � 2tAXj�1=2; X�1 � 2tA40; t 2 R1.
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Proof. (i) Substituting a ¼ 0, and AX ¼ diagðd1; . . . ; dpÞ in (6), we obtain the m.g.f. of Q1:

MQ1
ðtÞ ¼

2

jI � 2tAXj1=2
� EU1

½Gða0ðX�1 � 2tAÞ�1=2U1Þ�

¼
Yp

j¼1

ð1� 2tdjÞ

" #�1=2
¼
Yp

j¼1

ð1� 2tdjÞ
�1=2; t 2 R1,

where EU1
½Gða0ðX�1 � 2tAÞ�1=2U1Þ� ¼

1
2
is obtained by using Lemma 2.2.

(ii) By case (i), substituting A ¼ X�1 such that AX ¼ X�1X ¼ I ; i.e. dj ¼ 1; j ¼ 1; . . . ; p, we obtain the
m.g.f. of Q2:

MQ2
ðtÞ ¼

Yp

j¼1

ð1� 2tdjÞ
�1=2
¼ ð1� 2tÞ�p=2; t 2 R1.

(iii) Substituting A ¼ X�1 in (6), we obtain the m.g.f. of Q3:

MQ3
ðtÞ ¼

2 expfa0½tX�1 þ 2t2X�1ðX�1 � 2tX�1Þ�1X�1�ag

jI � 2tX�1Xj1=2

�EU1
½Gð�2ta0ðX�1 � 2tX�1Þ�1X�1aþ a0ðX�1 � 2tX�1Þ�1=2U1Þ�

¼
2 expfðt=ð1� 2tÞÞa0X�1ag

ð1� 2tÞp=2
� EU1

G
�2t

1� 2t
a0aþ

1

ð1� 2tÞ1=2
a0X1=2U1

 !" #
; t 2 R1.

(iv) Substituting a ¼ 0 in (6), we obtain the m.g.f. of Q4:

MQ4
ðtÞ ¼ jI � 2tAXj�1=2; X�1 � 2tA40; t 2 R1: &

Note that MQ1
ðtÞ, MQ2

ðtÞ and MQ4
ðtÞ are the same as those in Gupta and Huang (2002), respectively, where

multivariate skew normal–normal model is considered. In other words, the distributions of the three quadratic
forms Q1; Q2 and Q4, are independent of G. In particular, the distribution of Q4 ¼ Z 0AZ is the same as that
of the corresponding quadratic form where Z�Npð0;XÞ. Also from (iv), it is easy to obtain the following more
general result than (ii) (see Proposition 7 of Azzalini and Capitanio (1999)).

Corollary 2.5. Let B be a symmetric positive semidefinite p� p matrix of rank k such that BXB ¼ B.
Then Z 0BZ�w2k.

3. Independence of linear forms and quadratic forms
Theorem 3.1. For h 2 Rp, if AXh ¼ 0 and AXa ¼ 0, the linear form h0Z and the quadratic form Z 0AZ are

independent.

Proof. The joint m.g.f. of h0Z and Z 0AZ is

M1ðt1; t2Þ ¼ 2

Z
Rp

expf� 1
2
½z0X�1z� 2t1h

0z� 2t2z
0Az�g

ð2pÞp=2jXj1=2
Gða0zÞdz

¼
2 expf12t

2
1h
0
ðX�1 � 2t2AÞ�1hg

jI � 2t2AXj1=2

� EU1
½Gðt1a

0ðX�1 � 2t2AÞ�1hþ a0ðX�1 � 2t2AÞ�1=2U1Þ�; t1; t2 2 R1. ð7Þ

By Lemma 2.3, we have

t1a
0ðX�1 � 2t2AÞ

�1hþ a0ðX�1 � 2t2AÞ�1=2U1

�Nðt1a
0ðX�1 � 2t2AÞ�1h; a0ðX�1 � 2t2AÞ

�1aÞ. ð8Þ
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Now note that

ðX�1 � 2t2AÞ�1 ¼ X
X1
j¼0

ð2t2Þ
j
ðAXÞj , (9)

for k2t2AXko1, where k � k is a matrix norm. Hence the expansion (9) is always valid in the neighborhood of
t2 ¼ 0 (see Horn and Johnson, 1996, p. 301). Finally from (7)–(9), if AXh ¼ 0, and AXa ¼ 0, it yields

M1ðt1; t2Þ ¼
2 expf1

2
t21h
0Xhg

jI � 2t2AXj1=2
� EU1

½Gðt1a
0Xhþ a0X�1=2U1Þ�; t1; t2 2 R1, (10)

which in turn implies h0Z and Z 0AZ are independent. &

For the normal–normal model, it is shown in Gupta and Huang (2002), h0Z and Z 0AZ are independent if
and only if AXh ¼ 0 and AXa ¼ 0. Yet for the general model, we only can show the if part. The following
theorem nevertheless is in if and only if form.

Theorem 3.2. Let B1 and B2 be p� p symmetric matrices. The quadratic forms Z 0B1Z and Z 0B2Z are

independent if and only if B1XB2 ¼ 0.

Proof. The joint m.g.f. of Z 0B1Z and Z 0B2Z is

M2ðt1; t2Þ ¼ 2

Z
Rp

expf� 1
2
½z0X�1z� 2t1z

0B1z� 2t2z
0B2z�g

ð2pÞp=2jXj1=2
Gða0zÞdz

¼
2

jXj1=2jX�1 � 2t1B1 � 2t2B2j
1=2

EU1
ðGða0ðX�1 � 2t1B1 � 2t2B2Þ

�1=2U1ÞÞ

¼ jI � 2ðt1B1 þ t2B2ÞXj
�1=2; t1; t2 2 R1. ð11Þ

Again the last step is obtained by using Lemma 2.2. Now from (11) for independence we get the condition
B1XB2 ¼ 0. &

Corollary 3.3. Let B1; . . . ;Bn be p� p symmetric matrices. The quadratic forms Z 0BiZ, i ¼ 1; . . . ; n, are

mutually independent if and only if BiXBj ¼ 0; iaj.

By (11), M2ðt1; t2Þ is independent of a. Hence as in Proposition 2 of Loperfido (2001), we have the following
consequence.

Corollary 3.4. Let B1; . . . ;Bn be p� p symmetric matrices. The joint distribution of the quadratic forms

ðZ 0B1Z; . . . ;Z
0BnZÞ, i ¼ 1; . . . ; n, does not depend on a.

4. Multivariate skew normal–normal model

Let G ¼ F, then we obtain the multivariate skew normal–normal distribution for Z. As mentioned it before,
this distribution has been studied by Azzalini and Dalla Valle (1996), its applications are given in Azzalini and
Capitanio (1999), and its quadratic form has been studied by Gupta and Huang (2002).

4.1. M.G.F. of ðZ � aÞ0AðZ � aÞ

In this section we derive the m.g.f. of the quadratic form Q ¼ ðZ � aÞ0AðZ � aÞ. For this we need the
following lemma (see Zacks, 1981, pp. 53–59).

Lemma 4.1. Let U�Npð0;XÞ. Then, for any scalar u and v 2 Rp, we have

E½Fðuþ v0UÞ� ¼ F
u

ð1þ v0XvÞ1=2

( )
. (12)

Using the above lemma, we obtain the following theorem (Theorem 2 of Gupta and Huang, 2002).
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Theorem 4.2. The m.g.f. of Q is given by

MQðtÞ ¼
2 expfa0½tAþ 2t2AðX�1 � 2tAÞ�1A�ag

jI � 2tAXj1=2
� F �

2ta0ðX�1 � 2tAÞ�1Aa

ð1þ a0ðX�1 � 2tAÞ�1aÞ1=2

" #
; t 2 R1. (13)

4.1.1. Special case

Case (iii). The m.g.f. of Q3 is

MQ3
ðtÞ ¼

2 expfðt=ð1� 2tÞÞa0X�1ag

ð1� 2tÞp=2
� F

�2t

1� 2t

a0a

ð1þ a0Xa=ð1� 2tÞÞ1=2

" #
; t 2 R1.
5. Multivariate skew normal-Laplace model

Let G ¼ G2 be the c.d.f. of a Laplace distribution, namely

G2ðxÞ ¼
1� 1

2
expð�xÞ; xX0;

1
2
expðxÞ; xo0;

(

we obtain the multivariate skew normal-Laplace distribution for Z.
5.1. M.G.F. of ðZ � aÞ0AðZ � aÞ

In the following we derive the m.g.f. of the quadratic form Q ¼ ðZ � aÞ0AðZ � aÞ. For this we need the
following lemma which can be obtained by routine computation.

Lemma 5.1. Let U�Npð0;XÞ. Then, for any scalar u and v 2 Rp, we have

E½G2ðuþ v0UÞ� ¼
1

2
exp uþ

1

2
v0Xv

� �
F
�ðuþ v0XvÞ

ðv0XvÞ1=2

 !
þ F

u

ðv0XvÞ1=2

 !

�
1

2
exp �uþ

1

2
v0Xv

� �
F

u� v0Xv

ðv0XvÞ1=2

 !
. ð14Þ

Substituting (14) in (6) yields the following theorem.

Theorem 5.2. The m.g.f. of Q is given by

MQðtÞ ¼
2 expfa0½tAþ 2t2AðX�1 � 2tAÞ�1A�ag

jI � 2tAXj1=2

�
1

2
exp �2ta0ðX�1 � 2tAÞ�1Aaþ

1

2
a0ðX�1 � 2tAÞ�1a

� ��

�F
2ta0ðX�1 � 2tAÞ�1Aa� a0ðX�1 � 2tAÞ�1a

ða0ðX�1 � 2tAÞ�1aÞ1=2

 !
þ F

�2ta0ðX�1 � 2tAÞ�1Aa

ða0ðX�1 � 2tAÞ�1aÞ1=2

 !

�
1

2
exp 2ta0ðX�1 � 2tAÞ�1Aaþ

1

2
a0ðX�1 � 2tAÞ�1a

� �

�F
�2ta0ðX�1 � 2tAÞ�1Aa� a0ðX�1 � 2tAÞ�1a

ða0ðX�1 � 2tAÞ�1aÞ1=2

 !#
; t 2 R1. ð15Þ
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5.1.1. Special case

Case (iii). The m.g.f. of Q3 is

MQ3
ðtÞ ¼

2 expfðt=ð1� 2tÞÞa0X�1ag

ð1� 2tÞp=2
� F

ð�2t=ð1� 2tÞÞa0a

ðð1=1� 2tÞÞa0XaÞ1=2

 !"

þ
1

2
exp �

2t

1� 2t
a0aþ

1

2ð1� 2tÞ
a0Xa

� �
F
ð2t=ð1� 2tÞÞa0a� ðð1=ð1� 2tÞÞa0Xa

ðð1=ð1� 2tÞÞða0XaÞ1=2

 !

�
1

2
exp

2t

1� 2t
a0aþ

1

2ð1� 2tÞ
a0Xa

� �
F
ð�2t=ð1� 2tÞÞa0a� ð1=ð1� 2tÞÞa0Xa

ðð1=ð1� 2tÞÞa0XaÞ1=2

 !#
; t 2 R1.

6. Multivariate skew normal-logistic model

Let G ¼ G3 be the c.d.f. of a logistic distribution, namely

G3ðxÞ ¼
1

1þ expð�x=bÞ
; �1oxo1,

we obtain the multivariate skew normal-logistic distribution for Z. Using the Taylor series expansion for
ð1þ wÞ�1, then

G3ðxÞ ¼

P1
j¼0

�1

j

 !
exp �

jx

b

� �
; xX0;

exp
x

b

� �P1
j¼0

�1

j

 !
exp

jx

b

� �
; xo0:

8>>>>><
>>>>>:
6.1. M.G.F. of ðZ � aÞ0AðZ � aÞ

In the following we derive the m.g.f. of the quadratic form Q ¼ ðZ � aÞ0AðZ � aÞ. First we need a lemma
given by Nadarajah and Kotz (2003).

Lemma 6.1. Let U�Npð0;XÞ. Then, for any scalar u and v 2 Rp, we have

E½G3ðuþ v0UÞ� ¼
X1
j¼0

�1

j

� �
exp �

j

b
uþ

j2

2b2
v0Xv

� �
F

u� ðj=bÞv0Xv

ðv0XvÞ1=2

 !"

þ exp
ðj þ 1Þ

b
uþ
ðj þ 1Þ2

2b2
v0Xv

� �
F
�u� ððj þ 1Þ=bÞv0Xv

ðv0XvÞ1=2

 !#
. ð16Þ

Substituting (16) into (6), we obtain the following theorem.

Theorem 6.2. The m.g.f. of Q is given by

MQðtÞ ¼
2 expfa0½tAþ 2t2AðX�1 � 2tAÞ�1A�ag

jI � 2tAXj1=2

�
X1
j¼0

�1

j

� �
exp

2tj

b
a0ðX�1 � 2tAÞ�1Aaþ

j2

2b2
a0ðX�1 � 2tAÞ�1a

� ��

�F
�2ta0ðX�1 � 2tAÞ�1Aa� ðj=bÞa0ðX�1 � 2tAÞ�1aÞ

ða0ðX�1 � 2tAÞ�1aÞ1=2

 !
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þ exp �
2tðj þ 1Þ

b
a0ðX�1 � 2tAÞ�1Aaþ

ðj þ 1Þ2

2b2
a0ðX�1 � 2tAÞ�1a

� �

�F
2ta0ðX�1 � 2tAÞ�1Aa� ððj þ 1Þ=bÞa0ðX�1 � 2tAÞ�1a

ða0ðX�1 � 2tAÞ�1aÞ1=2

 !#
; t 2 R1. ð17Þ

6.1.1. Special case

Case (iii). The m.g.f. of Q3 is

MQ3
ðtÞ ¼

2 expfðt=ð1� 2tÞÞa0X�1ag

ð1� 2tÞp=2
�

X1
j¼0

�1

j

� �
exp

2tj

ð1� 2tÞb
a0aþ

j2

2ð1� 2tÞb2
a0Xa

� ��"

�F
ð�2t=ð1� 2tÞÞa0a� ðj=ð1� 2tÞbÞÞa0Xa

ðð1=ð1� 2tÞÞa0XaÞ1=2

 !
þ exp �

2tðj þ 1Þ

ð1� 2tÞb
a0aþ

ðj þ 1Þ2

2ð1� 2tÞb2
a0Xa

� �

�F
ð2t=ð1� 2tÞÞa0a� ððj þ 1Þ=ðð1� 2tÞbÞÞa0Xa

ðð1=ð1� 2tÞÞa0XaÞ1=2

 !##
; t 2 R1.
7. Multivariate skew normal-uniform model

Let G ¼ G4 be the c.d.f. of a uniform distribution, namely

G4ðxÞ ¼

0; xo� h;
xþ h

2h
; �hpxoh;

1; xXh;

8>><
>>:

we obtain the multivariate skew normal-uniform distribution for Z.
7.1. M.G.F. of ðZ � aÞ0AðZ � aÞ

In the following we derive the m.g.f. of the quadratic form Q ¼ ðZ � aÞ0AðZ � aÞ. Again first we give a
lemma.

Lemma 7.1. Let U�Npð0;XÞ. Then, for any scalar u and v 2 Rp,

E½G4ðuþ v0UÞ� ¼
ðv0XvÞ1=2

2h
ffiffiffiffiffiffi
2p
p exp �

ðhþ uÞ2

2v0Xv

� �
�
ðv0XvÞ1=2

2h
ffiffiffiffiffiffi
2p
p exp �

ðh� uÞ2

2v0Xv

� �

þ
u

2h
�

1

2

� �
F

h� u

ðv0XvÞ1=2

 !
� 1

" #
þ

u

2h
þ

1

2

� �
F

hþ u

ðv0XvÞ1=2

 !
. ð18Þ

Substituting (18) into (6), we obtain the following theorem.

Theorem 7.2. The m.g.f. of Q is given by

MQðtÞ ¼
2 expfa0½tAþ 2t2AðX�1 � 2tAÞ�1A�ag

jI � 2tAXj1=2

�
ða0ðX�1 � 2tAÞ�1aÞ1=2

2h
ffiffiffiffiffiffi
2p
p exp �

ðh� 2ta0ðX�1 � 2tAÞ�1AaÞ2

2ða0ðX�1 � 2tAÞ�1aÞ

� �"
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�
ða0ðX�1 � 2tAÞ�1aÞ1=2

2h
ffiffiffiffiffiffi
2p
p exp �

ðhþ 2ta0ðX�1 � 2tAÞ�1AaÞ2

2ða0ðX�1 � 2tAÞ�1aÞ

� �

þ
�2ta0ðX�1 � 2tAÞ�1Aa

2h
�

1

2

� �
F

hþ 2ta0ðX�1 � 2tAÞ�1Aa

ða0ðX�1 � 2tAÞ�1aÞ1=2

 !
� 1

" #

þ
�2ta0ðX�1 � 2tAÞ�1Aa

2h
þ

1

2

� �
F

h� 2ta0ðX�1 � 2tAÞ�1Aa

ða0ðX�1 � 2tAÞ�1aÞ1=2

 !#
; t 2 R1. ð19Þ

7.1.1. Special case

Case (iii). The m.g.f. of Q3 is

MQ3
ðtÞ ¼

2 expfðt=ð1� 2tÞÞa0X�1ag

ð1� 2tÞp=2

�
ðð1=ð1� 2tÞÞa0XaÞ1=2

2h
ffiffiffiffiffiffi
2p
p exp �

ðh� ð2t=ð1� 2tÞÞa0aÞ2

ð2=ð1� 2tÞÞa0Xa

� ��
� exp �

ðhþ ð2t=ð1� 2tÞÞa0aÞ2

ð2=ð1� 2tÞÞa0Xa

� �( !

þ
ð�2t=ð1� 2tÞÞa0a

2h
�

1

2

� �
F

hþ ð2t=ð1� 2tÞÞa0a

ðð1=ð1� 2tÞÞa0XaÞ1=2

 !
� 1

" #

þ
ð�2t=ð1� 2tÞÞa0a

2h
þ

1

2

� �
F

h� ð2t=ð1� 2tÞÞa0a

ðð1=ð1� 2tÞÞa0XaÞ1=2

 !)
; t 2 R1.
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