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Abstract

Given two independent non-degenerate positive random variables X and Y, Lukacs (1955)
proved that X/(X + Y) and X + Y are independent if and only if X and Y are gammally
distributed with the same scale parameter.

In this work, properties of bivariate gamma distribution are studied. Certain regression version
of Lukacs’s theorem are given for the bivariate case. Furthermore, characterization of bivariate
gamma distribution by the conditions of constancy regression of quadratic statistics is also given.
(© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Let X and Y be two independent non-degenerate positive random variables. Lukacs
(1955) proved that X/(X + Y) and X + Y are independent if and only if X and Y
are gammally distributed with the same scale parameter. However, in the bivariate case
such a property does not hold in general. Note that a positive random vector X =(X},X;)
has a bivariate gamma distribution BG( p, 1) (denote it by X ~ BG(p, 1)), with shape
parameter p and scale parameter )= (41,42, 43), if it has the Laplace transform of
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the form,
E(exp(s1 X1 +5:X2)) = (1 = Aisy — /asa + Z3s182) " P, 51,82 <0,
/11S1 + ;L252 — A3S1S2 <1,

where p, 1,7, >0 and 414, = 43 = 0. The case 4;4, = 43 and A3 = 0 corresponds to
the condition that X;,X; are independent and P(X; = (42/41)X1) = 1, respectively.

Let X = (X,X;) and ¥ = (¥,Y>) be independent non-degenerate positive random
vectors.

Bobecka (2002) gave a bivariate version of Lukacs theorem by showing that (X, / X1+
Y1),X/(X>+Y2)) and (X, +Y1,X; + Y>) are independent, if and only 1fX~BG(p, ), ¥~
BG(g, 4) with P(Xz = (Z2/71)X1) = P(Y2 = (L2/A)Y1) =1, or X,Y have independent
gamma components On the other hand, when X ~ BG( p,A) and ¥ ~ BG(qJ) for
r=12,—1, or =2, if r > — p, Bobecka (2002) proved that for some constants c,:

E Yy X+7v i=1,2 (1)
- :Cr’ = 1, 2.
X+7 ’
Conversely, for (u,v)=(1,2), (1,—1) or (—1,—2), under the assumptions,
X, u _ _
E / X+Y)=a, (2)
X+, |
X; o
E J X+Y)|=b 3
(%) |7 +7) =0 )

hold for some constants a; and b;, j=1,2. Bobecka (2002) characterized X and ¥
to be bivariate gammally distributed with the same scale parameter. This generalized
the results of Bolger and Harkness (1965), Wesolowski (1990) and Li et al. (1994),
where univariate cases were considered. Instead of (2) and (3), under the following
weaker assumptions, a characterization of bivariate gamma distribution in a much more
general form is given: For some fixed integer r,

X r+1 _ _ X r

E((XjJ;Yj) X+Y>:och<(X Y) X+Y) 4)
X r42 _ _ X r+1 _ _

E((X]ngj) X+Y>=ﬁjE<<Xj+fY]_> X+Y>, (5)

hold for some constants «;, 8;, j=1,2. Note that (1) holds for every integer r > — p,
and (u,v)=(1,2), (1,—1) and (—1,—2) in (2) and (3) corresponds to » =0,—1 and
—2, respectively. This also extends the result of Huang and Su (1997) in the univariate
case.

In Bobecka (2002), the following two equations has also been used to characterize
bivariate gamma distribution:

E((&iny

X+ Y) dj, (6)
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2
g Y; )
X;+Y;

hold for some constants d; and e;, j = 1,2. Note that under the next two equations
with conditions of constancy of quadratic regression

and

X+Y>—% (7)

E(a;X} + biX;Y; + ¢; Y |X + V) =0, (8)
and
E(diX} + e, XY, + f,Y]|X +¥) =0, (9)

hold for some constants a;, b;, c;, d;, e; and f;, with vectors (a;,b;,c;) linearly
independent of (d},e;, f;), j=1,2, it can also characterize bivariate gamma distribution.
It is interesting to find that although the forms in (8) and (9) seem to be more general,
they are actually equivalent to (6) and (7).

The case that X;=(X;,X5), i=1,2,...,n, are independent and identically distributed
(i.i.d.) has also been considered by some authors. For example, Huang and Hu (1999,
2000) and Theorems 6.2.8 and 6.2.9 of Kagan et al. (1973) characterized univariate
gamma distribution, while Theorem 3 of Pusz (2002) characterized bivariate gamma
distribution using the following assumptions:

E <ZZaianXk1 + > biXa Z)&-) =0, (10)
i=1

i=1 k=1 i=1
and
n n n n
P (z S ntato+ 3 4 zx,) o, i
i=1 k=1 i=1 i=1
with aj = cy, b; =d; for all i,k =1,...,n. In Section 5, without assuming that a; =
¢, bi=d;, i,k=1,...,n, we give a similar characterization.

2. Preliminaries

In this section, we list three lemmas which will be used in proving our theorems,
where Lemma 1 is due to Kagan et al. (1973) and Lemma 3 is due to Bobecka (2002).

Lemma 1. Let U be a positive random variable and V?(Vl, ..., V) a random vector
with positive components. Suppose that E(U) and E(V )exist. Then U has a linear
regression on 'V,

EQUV)=a+Y BV

i=1
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if and only if the relation

ool Son)) e (oolm)) e ron(3om))

holds for all vectors § = (s1,...,8,), s; <0, i=1,...,n, where a,f;, i=1,...,n, are
constants.

Lemma 2. Let X = (X;,X3) be a non-degenerate positive random vector, with E(X])
< oo for some integer r # 0. Assume that for some [ <0,
E(X] exp(s1.X) + $2X2)) = B (s2)(1 + A(s2)s1)’,
for every s1,s, <0, where B,(s3) > 0 and A(sy) < 0 for every s, < 0. Then
(i) I<—r,
(i) E(X] exp(s1X] + $:X2)) = Bi(s2)(1 + A(s2)s1)" ™", where
[+ +2)---(I+r—i)]

x (A(s2)) " B,(s2), i=0,1,...,r—1,
r>0,
Hil) = =1y (I4+r—i+1)
X (A(52)) 7 B,(s2), i=r+1,r+2,...,0,
r<0.

Proof. First as E(X[) < oo, for every s;,52 <0, E(X{ exp(s1X] + 52X3)) exists, for
0 < |i| < |r|, ir = 0. For convenience, denote E(X]exp(s1X; + $:X2)) by Hi(s1,s2) if
it exists. Hence 0 < H;(s1,52) < 0o, VO < |i| < |r|, ir = 0, since X; > 0. Throughout
this proof, we only consider sy,s, < 0.

The proof will be divided into the following two cases.

Case 1: r > 0.

From the assumption, we have

H,(s1,52) = B, (s2)(1 + A(s2)s51)',

and in view of the definition of H;(sy,s;), it yields

s
Hr—l(ShSz):/ H,.(t,s,)dt

B { (A(52)) ' Bo(52) log(1 + A(s2)0)[" s [=—1,
(I 4+ D)7 (A(2) ' Bo(s2)(1+ A(so)t) T oy 1 =1

We conclude immediately (recall that B,(sy) > 0, A(s;) <0 and / < 0) that /] < — 1,
otherwise H,_(s1,s,) cannot be finite. Consequently

Ho—1(s1,52) = (1 + )7 (A(s2)) 7' B (s2)(1 + A(s2)s1)" .
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It follows
Hy_1(51,52) = Br—1(52)(1 + A(s2)s1)",
where
B 1(s2) = (I + 1)"'(A(52)) "' Bu(s2) > 0.
Along the lines of the above discussion, we obtain / < — r, and
Hi(s1,5) = Bi(s2)(1 + A(s2)s1) 7, i=0,1,...,r — 1,
where
Bi(s2) = [(L+ 1) +2)---(I+r = D] (A1) B(s2) > 0.

This proves Case 1.
Case 2: r < 0.
Obviously, assertion (i) holds in this case. Next, we have

0H,(s1,s _
Hoy1(s1,8) = % = 1A(52)B(52)(1 + A(s2)s1)" .
It follows
Hyy1(51,52) = B (s2)(1 + A(s2)s1) ™,
where

B, 1(s2) = lA(s2)B,(s2) > 0.
As in Case 1, it yields
Hi(s1,5) = Bi(s:)(1 + Aa(s2)s1)™" ™", i=r+ Lr+2,...,—1,0,
where
Bi(s2) =1(l—1)--- (I +r—i+1)(A(s2)) " "B,(s2) > 0.
The proof is completed. [
Lemma 3. Let My, N1, M, and N, be real functions defined on (—o0,0], where Ny, N,
are non-positive and M,(0) # 0. Suppose that for some ty,t, > 0,
Mi(s1)(1 + Ni(s1)52)" = Ma(s2)(1 + Na(s2)s1)", (12)

holds for every si,s, < 0. Denote M,(0), N1(0), M(0) and N,(0) by my,ny,m, and
ny, respectively. Then my = my = m, M(s1) =m(l + nas1)?, My(sy)=m(1 + nysy)",
Vs1,82 < 0, and there are two possible cases: either

(i) /) =1, then

+ny, Vsi,s0 <0,

s f52
, V. =
1 4+ nysy tm 2(s52) 1 + ny1s2

where f is a constant; or
(i) # # to, then Ni(s1) =ny, Na(sy) =na, Vsi,52 < 0.

Ni(s1) =
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3. Constant regression property of bivariate gamma distribution

In this section, we prove a constant regression property of bivariate gamma
distribution.

Proposition 1. Ler X = (X,,X,) ~ BG(p, /) and ¥ = (Y,,Y>) ~ BG(q, A) be indepen-
dent. Then (1) holds for all integers r > — p, where ¢y =1, and

pp+1)---(pt+r—1)
(p+a)p+qg+1)---(p+q+r—1)

(p+q—Dp+qg—2)--(p+q+r)
(p—D(p—=2)---(p+7r) ’

r >0,

—p<r<0.

Proof. The case for r = 0 is obvious. We now prove the case for r # 0. Also by
symmetry, we only need to prove for every non-zero integer » > — p,

((=3%)
E

Xi+n
First note that both E(X + ¥) and E(X;/(X, + Y})) exist for every integer > 0. By
using the Binomial Theorem and the independence of X; and Y}, we have

X] r Y1>—r —r B ) i
E =E(1+— ] =) CT(EY))EX"), —-p<r<O.
( ) ( 5 ; (EYDEX),  —p

)Z+Y> =cp. (13)

Xi+71

Here every term in the right side is finite as for a random variable W having a I'(o, ff)
distribution, «, f > 0, with density function

ozflefx//?
I'(a)p
E(W*) exists, for every k > —a. Thus E(X;/(X;+Y,)) exists for every integer r > —p

and Lemma 1 can be applied (with U = (X;/(X; + Y1) and V =X + 7).
By Lemma 1 and the independence of X and Y, Eq. (13) is equivalent to

ya’/;(dx) = I(O,OC)(x)dx,

X\
E exp(s1X] + 52X + 1Y) + 527,
(<X1+Y1> p(s1X1 + 52X2 + 5117 22))
ZCrE(GXp(Sle +S2X2))E(CXP(S1Y] —|—S2Y2)), Vr > — D,S81,82 < 0. (14)

Since X ~ BG(p, /) and ¥ ~ BG(q, 1), we have
E(exp(s1X1 + X)) =(1 — ASs1 — Aasy + )»3S1S2)_P (15)

and

E(exp(s1Y1 +5Y))=(1— 181 — Aasy + /13S1S2)7q, Vs1,50 < 0. (16)
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Substituting (15) and (16) in (14) it follows that (13) is equivalent to

X g
E exp(s1X1 + 52X + 51171 + 57
(<X1+Y1> p(s1X1 + 52X5 + 5113 22))

=c,(1 — 18] — Aasy + )v3S|S2)_(p+q), Vr > — D,S1,82 < 0. (17)
Note that E(X] exp(s1Xi + 52X2)) < E(X{) < o0, Vi > — p,s1,52 <0, we have

E(X] exp(s1X| +52X2))

Ar

o E(exp(s1X1 + 52X2)), r>0,
1

S1 2 %)
/ / .- / E(exp(ti X1 + SzXz))dl‘[ ceedr_,_yde_,, —p<r<o,

Vs1,s2 < 0. This together with (15) and (16) imply

E(Xlr exp(s1X1 +S2X2 —|—S1Y1 +S2Y2))

pp+ 1) (p+r—1(—7352)

X (1 = Aysy — Aosy + )v3S1S2)7(p+q+r), r>0,
(p=1)p=2)--(p+r)"(h = J3s2)
X (1 — /llsl — izSz + )V3S1S2)_(p+q+r), —p<r< 0,

Vs1,52 < 0. Again by using the Binomial Theorem and the independence of X, and Y,
we have for 51,5, <0, 0 < |i| <|r| and ir = 0,

”

X7 X
E|—1— X X: Y, ) <E|—1— ) <.
((X1+Y1)’exp(S1 1+ 52X +51Y + 52 2)) ((X1+Y1)’> 00

Using a similar argument, we obtain for every s;,s, < 0,

X d
E exp(s1X1 + 52X + 51171 + 52 Y-
(<X1+Y1> p(s1X1 + 52X5 +51Y1 + 52 2))

:E(X{(Xl + Yl)ir CXp(Sle + 55X +51Y) +S2Y2))

S t: 15
/ / / EX{ exp(ti(X; + 1)

= +S2(X2 + Yz))dt] oo dt_y dt,, r>0,

o=
WE(X{@XP(Sle +S2X2 +S1Y1+S2Y2)), —p<}"<0.
S1
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This in turn implies for every si,s, < 0,

XY
E exp(s1X) + 52X + 1Y + 52 Y-
(<X1+Y1> p(s1 X1 + 52X +51Y1 + 52 2))

pp+1)---(p+r—1)
(p+g)p+g+1D)---(ptg+r—1)
X (1 = 2181 — Jasy + J3s180) " PHO p >0,
(p+qg—D(p+q—-2)---(ptqg+r)
(p=1p—=2)---(p+r)
X (1 — Aysy — Aaso + ),3SIS2)7(”+‘]), —p<r<O.

This proves (17) and the proposition follows.

4. Characterizations of bivariate gamma distribution by conditional moments

In Section 3, we have proved a constant regression property of bivariate gamma
random vectors. Next we will investigate whether this constant regression property can
characterize bivariate gamma distribution. Theorem 1| extends Theorems 7, 8, and 9 of
Bobecka (2002) simultaneously.

Theorem 1. Let X =(X,,X>) and Y =(Y;,Y,) be independent non-degenerate bivariate
positive random vectors such that for some fixed integer r, E(Y;) < 0o, E(X]') < oo,
E(Xj’”) < o0, j=1,2, and the conditions (4), (5) hold for some real u;,p;, j=1,2.
Let
p:“j—ﬁj“j_ T i
R

Then p;j, q; are well defined, p; >0, q; > 0, and there are two possible cases: either

j=1,2.

(i) oy =0op and By = B2 and then X,Y have bivariate gamma distributions BG(p, 7.),
BG(q, 4), where p=p;, g=gq;, j =12, or
(ii) oy # o or B1 # Po and then X,Y have independent gamma components X; ~
Vigpis i~ Vipgr J=1,2.
Proof. Assumptions (4) and (5) imply that for s;,s, <0,
E(X] exp(s1X; 4 52X2) exp(s1 Y1 + $:12))
= E(X; (X; + Y;) exp(s1X1 + 52X2) exp(s1Y1 +5212)), (18)
and

EX] " exp(s1X) + 52X0) exp(s1 V1 +5272))

=BEX] (X + Y)) exp(si Xy + s:X0) exp(s1Y) + 5:12)),  j=1,2. (19)
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Let
Fj(S],Sz):E()(jr exp(s1X1 +S2X2)), ]: 1,2,

Fy(s1,52) = E(exp(s1Y1 + 5212)),
and
Fx(s1,82) = E(exp(si.X| + 5X3)), 51,80 < 0.

Using the independence of X and Y and in view of the definition of F i(s1,52) and
Fy(s1,s2), after some routine computations, (18) and (19) imply

1 —o; 0F;(s1,52) OFy(s1,52)

F s = F;(s1, R 20
% 55, y(s1,52) = Fj(s1,52) 3, (20)
and
1 — f; 0?Fj(s1,52) OF;(s1,52) OFy(s1,52)
F = =1,2. 21
5 557 y(51,52) s, 55, J (21)
For j =1, solving (20) and (21) yield
Fi(s1,82) = C(s2)(1 + C(SZ)SI)(mfﬁm)/(xlfﬁl), (22)
and
Fy(s1,52) = Ca(s2)(1 + C(s)sy ) ~Fro/lea=pi=enyion (23)

for some functions Cj(s3),Ca(s2) > 0 and C(sy) < 0. In view of Lemma 2 and (22),
it turns out that

Fir(s1,52) = C3($2)(1 + C(sp)sy ) o=, (24)

for some functions Cs3(sy) > 0, where (a; — fia1)/(y — p1) + r < 0. Denote (o —

Broa)/(Br — o)1 — ay)/oy by g1 >0, and (orp — Broa)/(f1 —ou) —r by p1 >0, re-
spectively. We rewrite (23) and (24) as

Fy(S],Sz) = Cz(Sz)(l + C(Sz)S] )_q], (25)
and
Fx(s1,52) = G3(s2)(1 + C(s2)s1) 7. (26)

On the other hand, for j=2 in (20) and (21), along the lines of the above arguments
it yields for some functions D,(s;),Ds;(s1) >0, D(s;) <0,

Fy(s1,82) = Da(s1)(1 + D(s1)s2) "%, (27)
and
Fx(s1,52) = D3(s1)(1 + D(s1)s2) " 72, (28)

where g2 =(02 — f202)/(f2— 02 )(1 —02)/(02) > 0 and pr=(o2 — f2002)/(f2—2) =1 > 0.
Combining (25)—(28) and Lemma 3, the theorem follows immediately. [J
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5. Characterizations by the conditions of constancy regression of sampling quadratic
statistics on sample mean

For a sequence of i.i.d. random vectors, we can characterize bivariate gamma distri-
bution by the conditions of constancy of quadratic regression with a similar argument
as in Theorem 1. We state the theorem without proof.

Theorem 2. Let X;=(Xi1,Xn), i=1,2,...,n,n =2, be i.i.d. non-degenerate bivariate
positive random vectors. Assume that E(X7) < oo, E(X3) < oo, and (10) and (11)
hold for some constants aj,b;,cy and d;, i,k =1,2,...,n, with

n n
— i d = i
(12 + b2 7& 0, a ;a,, ; Cii

c=0, _ _ _ _
where d D= ais €= cik,

d*>+é&* #£0, ik ik
/=0 C:th fZZdi.
i=1 i=1

Then ab # 0 and cd # 0. Furthermore, let

o L1
T bla—1" T —eld—1

[
Then 1; >0, j=1,2, and there are two possible cases: either

(i) Iy =1l =1, that is bla=e/d, then X, ~ BG(I, 1); or
(ii) 11 # I, that is bja # e/d, then X\ has independent gamma components X,; ~
Vi, J=1,2.

Remark. Case (i) of Theorem 2 is essentially given in Theorem 4.2 of Bar-Lev et al.
(1994).

Next, as a special case of Theorem 2, we characterize bivariate gamma distribution
by the conditions of constancy regression of sample coefficient of variation on sample

mean. First let Z; = S| X;/n and S, = \/Z;“:l Xy — Z)2/(n— 1), j=1,2.

Corollary. Let X;=(X;,Xp), i=1,2,...,n, n>2, be i.i.d. non-degenerate bivariate
positive random vectors. Assume that E(X}) < oo, E(X3) < 0o, and the conditions

#((2)

hold for some constants e;, j=1,2. Let

(Zl,Zz)> =ej,
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Then I; >0, j=1,2, and there are two possible cases: either

(1) Iy =1, =1, that is e; = ey, then )_21 ~ BG(/, )_V); or
(ii) 11 # b, that is ey # ey, then X1 has independent gamma components Xy; ~
Vg J=1,2.
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