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Abstract. Based on the exponential and Poisson characteristics of the Poisson
process, in this work we present some characterizations of the Poisson process
as a renewal process. More precisely, let y, be the residual life at time ¢ of the
renewal process 4 = {A(¢),¢ > 0}, under suitable condition, we prove that if
Var(y,) = E*(y,),Vt > 0, then A4 is a Poisson process. Secondly, we show that
if Var(A4(¢)) is proportional to E(A(?)), then 4 is a Poisson process also, and
Var(A(t)) = E(A(1)).
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1. Introduction

In this work, we will investigate what kind of conditions are necessary to force
a renewal process to become a Poisson process. Let {X,,n > 1} be a sequence
of independent and identically distributed (i.i.d.) random variables with com-
mon distribution function F. Throughtout this paper we assume F(0) = 0.
Let So =0, S, =>.1, Xi,n > 1. Also let A(r) = sup{n|S, < 1}, 1 > 0, denote
the number of renewals in [0,7]. The random variables o, =t — Sy, 7, =
Sapy+1 — ¢, and B, = Syy+1 — S4(), will be called respectively “current life at
7, “residual life at #’, and “total life at £ of the (ordinary) renewal process
A ={A(t),t = 0}. In the above set up, if {X,,n > 1} are still assumed to
be independent, but only X3, X3, ... are identically distributed with the com-
mon distribution function F, while X; has possibly a different distribution
function, say H with H(0) = 0, then {X),,n > 1} form the interarrival times of
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a delayed renewal process say Ag = {A4(2),t = 0}. In particular if H(7) =
Jo u) du, then the process becomes a stationary renewal
process say A = {A (1),t > 0}.

When F is exponential, then 4 becomes a Poisson process. Poisson pro-
cesses are related to many distributions, among them, uniform, exponential
and Poisson distributions are the most important. Many interesting properties
of the Poisson process are more or less based on the characteristics of these
three distributions.

For example, Huang et al. (1993) prove that, given a function G, under
mild conditions, as long as

E(GO)IA() = n) = E(G(X)|A(t) =n), Vi =0, (1)

holds for a single positive integer n, then 4 is a Poisson process. Li et al.
(1994) and Huang and Su (1997) prove that for some fixed n and k, k < n, if

E(S[|A(t) =n) =at" and E(S{|A(t) =n)=>5bt', V=0, (2)

for certain pairs of r and s, where a and b are independent of ¢, then 4 has to
be a Poisson process. When A is a Poisson process, the fact that (1) and (2)
hold are based on the so called order statistics property. More precisely, for
the Poisson process 4, given A(f) =n,S; < S < --- < S, are distributed as
the order statistics of # i.i.d. random variables with the common uniform dis-
tribution on [0, 7]. By using this property (1) and (2) can be obtained easily.

When 4 is a Poisson process, not only X,,, but y,, independent of ¢, is also
exponentially distributed. This basically is resulted from the memoryless
property of the exponential distribution. Conversely, Gupta and Gupta (1986)
prove that given a function G, under certain conditions, if E(G(y,)) = c,
Vt > 0, where ¢ > 0 is a constant, then A4 is a Poisson process. Huang et al.
(1993) consider an arbitrarily delayed renewal process A4, and let yd denoted
the residual life at ¢, they claim that for some fixed positive integer n, if
E(G(y")|A4(t) = n) is independent of ¢, then A, is an arbitrarily delayed
Poisson process, which means the distribution of X can be arbitrary, while
X1, X2, ... are i.i.d. exponentially distributed. If Var(y,) is constant and F is
assumed to be continuous, Huang and Li (1993) prove that F is the exponen-
tial distribution function.

On the other hand, a Poisson process also has the superposition property,
which says that the superposition of independent Poisson processes is still a
Poisson process. Conversely, if 4 is a Poisson process, independent thinned
processes will be obtained through thinning operations on A. This property is
a continuous time analog of the following characteristic of Poisson distribu-
tion: Assume N i.i.d. multinomial trials with k cells are conducted resulting
into Z,,7,,...,Z; as the numbers of various types of “successes’ corre-
sponding to the k cells, that is Z; + Z, + - -- + Z; = N, then the mutual in-
dependence for any Z;,Z;,1 <i < j < n, forces N to be Poisson distributed
(see Moran (1952) and Patil and Seshadri (1964)). Based on the above Poisson
characteristic, Chandramohan et al. (1985), Chandramohan and Liang (1985)
and Huang (1989) prove that the existence of a pair of uncorrelated thinned
processes implies the renewal process is Poisson. As a byproduct, Chan-
dramohan et al. (1985) prove that for a stationary renewal process A,

Var(A4,(1)) = E(A,(2)), Vt=>0, (3)
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if and only if A is a Poisson process. A similar result for an (ordinary) renewal
process is given by Chen (1994). Note that mean and variance are equal is also
an interesting property enjoyed by the Poisson random variable.

In this paper based on the above exponential and Poisson characteristics of
the Poisson process, we present some characterizations of the Poisson process
as a renewal process.

2. Characterizations related to the exponential characteristic

Let A be a renewal process with x4, = E(X;) < oo and w, = E(X}) < .
Huang and Li (1993) prove that when F is continuous, Var(y,) = constant
implies that the process A is Poisson. Obviously, when A is a Poisson process,
it is also true that Var(y,) = E*(y,), V¢ > 0. Conversely we have the following
result.

Theorem 1. Let F be an absolutely continuous distribution function with density
function F'. Assume

Var(y,) = E*(y,), Vt>0.
Then A is a Poisson process.

Proof. The following arguments are very similar to those of Theorem 1 of
Huang and Li (1993). First from the assumption we have

E(y7) =2E%(y,), Vr=0. (4)
Letting
g(1) = E(7,),

(4) implies

20%(1) = | (x—0)?dF(x) + Lt E(y* ) dF(x)

t

— w(x — )2 dF(x) + 2J;92(t — x) dF(x)

= w(xz —2xt + %) dF (x) — J[(t — x)*dF(x)
JO 0

+ 2J[g2(t — x)dF(x).
0

Taking the Laplace transforms with respect to ¢, gives

2L(P(0) =2 -2 2240y 2162 (1)(0), (5)
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denotes the Laplace transform of the function ¢(¢). On the other hand, from

E(y) = jwoc ~0dF) + | B0 dF),

t

we obtain

Now (5) and (6) can be rewritten as

%_%:2([,@2(0) —%)(1 - ¢(0)), @
and
4 — (ot + )1 - g0, ®

respectively. Comparing (7) and (8) yields

2o (ue0) ) [ (1o + 1),

which is equivalent to

2L(6%(0)) =22 Lig(0) + 2 75~ T Llo(0). o)

By the Uniqueness Theorem, (9) implies
Iz 2 !
2g%(1) =2 g4(r) +—21—2J g(u)du, Vt=0. (10)
M My 0

The assumption that F is differentiable implies g is also differentiable. Hence,
taking the derivatives of both sides of (10) with respect to ¢, it follows

(4g(t) - Z‘?) g'()="2"2g(r), vi=0. (11)
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Now let 7y = max{z|t > 0,2¢g(s) = u,/1;,s < t}, which is well defined as from
(4)29(0) = pp/py - Assume ty < oo, then u,/u; = 2g(ty). There exists a t; > 1,
which is sufficiently close to 7, such that ¢g’(#;) # 0, and ¢’(¢) has the same
sign as ¢'(11), Vt € (to, 1), while

dg(ry) -2 = 2<2g(1‘1) - @> +82 5.
H M M

If g'(t;) > 0, then 1y /1y — 2g(t1) < 0; if ¢g'(#1) < 0, then w, /1y —29(t1) > 0,
which both contradicts (11). Therefore # = oo and consequently

g(t) = E(y,) = o/ (2py), V1 =0,
which in turn implies F is exponential.

Next, for a stationary renewal process A, let y; be the residual life at .
Then

Var(yf) = Ez(yrs)ﬂ Vi =0,
can only imply

213 = 313, (12)
where 17, = E(X2), n, = E(X3) and 575 = E(X5') (the derivation is left to the
reader). Examples of the common distribution F which satisfy (12) and are not
exponential can be found easily. Note that if F is assumed to be gamma dis-
tributed, then (12) implies F is exponential.
3. Characterizations related to the Poisson characteristic
As mentioned in Section 1, for a renewal process A4, the equality of E(A(r))
and Var(4(¢)) for every ¢ > 0 implies that 4 is a Poisson process. Similar
result holds for a stationary renewal process A;. In this section we will gener-
alize these results. Let M (1) = E(A(¢)), M,(t) = E(A,(¢)) and supp(G) denote
the support of the function G.

Theorem 2. Let E(X) < oo, M(t) be continuous with inf supp(M) = 0. Also
assume M (0) exists and that

Var(A(¢)) = bM (), Vt=>0, (13)
where b is a constant. Then b =1 and F is exponential.

Proof. First we have the well-known identity

E((AD)) Zime), vk =2, (14)
()
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where Mj is the k-fold convolution of M with itself. Hence (13) implies

which is equivalent to
! b—1
J Mt = x) + M(x) ~ (1)~ 7+ ) dM(x) =0, V=0,
0

Using Proposition 2.2 of Lau and Rao (1990), this in turn implies there exists
a £ € (0,1), such that

M(t—f)—&—M(f)—M(t)—b%l:O, vt > 0.

Since M(0) = 0, by letting 7 tend to 0 in the above equation, it follows » = 1.
The rest of the proof is the same as Theorem 3 of Chen (1994).

The next theorem is for the stationary renewal process. Note that it is
implicitly assumed that the common interarrival time distribution function F
is not periodic for a stationary renewal process.

Theorem 3. Let

Var(A4,(1)) = bE(A,(1)), ¥t >0, (15)
where b is a constant. Then b =1 and {A;(t),t = 0} is a Poisson process.
Proof. Again for every positive integer k, by the identity

E(As(t)(As(I) - 1) e (As(l) —k+ 1)) = k!Ms(t) * Mkfl(t)a Vi >0, (16)

see Lemma 2.1 of Chandramohan et al. (1985), we have

E(A(0)(4(1) - 1)) =,731j0 M1~ x)dx = %L M(x) dx.

where again 7, = E(X>). Therefore (15) implies

2 t 2
(b — 1)i=—J M(x)dx— 5.
m MiJo Un

Taking the derivatives of both sides with respect to ¢, then letting t = 0, we
obtain b =1 and M(r) =t/5, follows. Consequently F is exponential as
required.

Now let {&,,b>1} be a sequence of ii.d. random variables with
P&, =1)=p=1-P,=0), where 0 < p<1. Let 4 ={4,(¢),t =0}
and A> = {A4»(¢),t > 0} be the two thinned processes obtained by thinning the
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renewal process A through {&,,n > 1}. More precisely, let the n-th point of 4
be assigned to the process A; or A, respectively, according to &, =1 or 0.
Obviously, E(A4(1)) = p(1 — p) 'E(4,(1)), i.e. E(A4(1)) is proportional to
E(Ax(1)), YVt > 0, for every renewal process A. Yet given that Var(4;(¢)) is
proportional to Var(A4»(¢)), V¢ >0, will imply A4 is Poisson. We state and
prove the consequence of Theorem 2 in the following.

Corollary 1. If

Var(A4,(t)) = ¢ Var(4,(t)), Vi=0, (17)
where c is a constant, then A is a Poisson process and ¢ = p(1 — p)fl.
Proof. First it is easy to obtain

Var(4,(1) = p(1 — p)E(A(1)) + p*E(4>(1) — p*E*(A(r)),

Var(42(1)) = p(1 = p)E(A(®) + (1 = p) E(A2(1)) — (1 = p) EX(A(1)).
Substituting these into (17), yields

Var(A(f) = wﬁ:u(z)).

c(1=p)"—=p?

The assertions then follow from Theorem 2 immediately.

As expected, there is a similar corollary for the case of stationary renewal
process. We omit the statement of this corollary. On the other hand, Theorem
3 has the following generalization, which can be proved by using (16) and the
fact that E(A4,(z)) = t/n,.

Theorem 4. The stationary renewal process Ay is Poisson, if and only if for a
fixed k > 1,

E(A(1)(A(1) = 1) -+ (A(1) =k + 1)) = EX(4,(1)), V¥t =0. (18)
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