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Abstract. In this work, for an exchangeable sequence of random variables
{Xi, i = 1}, and two nondecreasing sequences of positive integers {h,, n > 2}
and {k,, n > 2}, where h, + k, < n, Vn > 2, we prove that {R, ;, ,/n, n > 2}

. 1 _
forms a reverse submartingale sequence, where R, ;, i, = k—Z;‘;OI Xo—jon—
1 "o
h—ZfLI Xjn, and X1, <X, < --- <X, , are the order statistics based on
n ’

(X1,..., X},
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1. Introduction

Exchangeability plays an important role in the theory of order statistics, see
Galambos (1982), for instance. In this work we will investigate a reverse sub-
martingale property of order statistics about exchangeable random variables.
First we give the following definitions which can be found in books such as
Laha and Rohatgi (1979).

Definition 1. The random variables X1, X3, . . ., X, are said to be exchangeable if
the distribution of (X1, Xu2, . . ., Xpn) is the same as that of (X1, X2, ..., X,) for
every permutation 7w of {1,2,...,n}. An infinite sequence of random variables
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{X,, n > 1} is said to be exchangeable if X, Xz, ..., X, are exchangeable for
every n > 2.

Definition 2. Let {X,, n > 1} be a sequence of random variables such that
E|X,| < oo for every n > 1. We say that {X,, n > 1} is a reversed submart-
ingale (RSM) if

E(Afn|Xn+laXn+2; .o ) = A/n+1~

Now let X, X5,... be an exchangeable sequence of random variables;
Xin<Xon< o <Xy be the order statistics based on { X}, X3, ..., X,} and

1 e
Rypi= %Z;‘ 01 —jn — Z 1 X; », where h and k are two positive integers.

Ry11=Xun— X1, is known to be the range of { X1, X2, ..., X, }. Huang and
Huang (1994) showed that

(i) 1fE|X1| < o0, then {n~ IR,, 1,1} 1s an RSM sequence
()1fE|X1|<oothenE( ) (/i)' E(R! aah2<i<j =1

This is a stronger result than that in Bhattacharyya (1970). In Section 2, we
will generalize the above result. We prove that if R, | ; is replaced by the more

general statistics Ry j, x,, where {h,, n > 2} and {k,, n > 2} are two non-
decreasing sequences of positive integers with %, +k, < n, Vn > 2, similar
results still hold.

2. Reverse submartingale property
First we have the following lemma.

Lemma 1. Given n+ 1 numbers x; < X3 < -+ < xu41, let X\ <2 < ... <

x§,i>, i=1,2,...,n+4 1, be the set of all possible subsets of n-tuples that can be
Sformed from the n + 1 x’s. Let h, k be fixed positive integers, and

k—1 h
i 1 . 1 .
Lnl‘)h,k e E . x;(ffj 7 E 1 x;’). (1)
J= Jj=

For n > max{h, k},

n+1

> Lizl:)h,k ( me -~ Z%) (Xnt1-k = Xny1)- (2)
i=1

Note that if for each i =1,2,...,n+ 1, letx =x;, 1 <j<i, andx

Xjp1, L < j<m, thenx(li) ngi> < - SXO i= 1 2,. n+1,1sthesetofall
possible subsets of n-tuples that can be formed from the n+1x’s, and
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1 k—1 1 h+1
zZX,IJF],j—}—Z ij—xi 5 if 1 Slgh,

Jj=0 J=1

i ] &L 1 : .
L, = %;Oxnﬂ,j—}—l;xj, if i+l <i<n—k+1,  (3)

h

1 [& 1
k(anHj—x,-)—thj, fn—-k+2<i<n+1.
Jj=0 i

j=1

Using this representation, (2) can be obtained immediately.
Using Lemma 1, we can obtain an extension of Huang and Huang (1994).

Theorem 1. For any fixed positive integers h, k, if E|X,| < co, then

. 1

(1) E(Runi/n) = ERps1,nk/(n+1)) + 71E(Xn+l—k,n+l — Xit1,n41)s
n > max{h, k}; n(n+1)

(i) {Runk/n, n=h+k} forms an RSM.

Proof. Let XI(Z < X2(l>n < - < X,gf%, i=1,2,...,n+1, be the n+ 1 ordered

subsets of n-tuples that can be formed from the random variables { X1, X>, .. .,

; 1 R 1 ; .
X1} Also let RS,)/L L= %Z]{;Ol X ,Qj,n 7 ,]1:1 Xj(l,i As the random variables
X1, X5, ..., Xy1 are exchangeable, we have that the distributions of (Xl(’L,
ngfl,...,xéfi,) and RE;_)h . are the same as those of (Xi ,, X2,,..., X, ,) and
Ry, . respectively. From Lemma 1, we have

n+1 .
SR, =Rk + Kottt — Xiprnn1), n=>max{hk}.  (4)
i=1

Upon dividing by n(n 4 1) and then taking the expectations on both sides, the

assertion (i) follows. Next, if n > & + k, then (4) implies

! flR([) > 1 g (5)
n+ 14 n I

It is easy to see that for every / > 1, given Ryii hk, Rut2.hks-- - Rutih ks
the random variables X}, X3, ..., X, are also exchangeable. Hence the dis-

tribution of R,(j)h el Rt ks Ruga mis - -5 Rugt i 1s the same as that of R, j, |
Ruiink, Rov2,hks- > Royin k. Now taking the conditional expectations on

both sides of (5) given Ry.1 5k, Rut2,hks - - - » Ruti ik, We have, for [ > 1,

1 1
7E Rn 'Rn a 7Rn 1, a-'-7Rn n, Z 7Rn . 6
p (R, k| Rus1, k> R,y ke 1, h k) w1 Rernk (6)

The theorem follows by letting / go to infinity. []
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Before proving Corollary 1, we give the following trivial lemma.
Lemma 2. Assume x; < xp < -+ < Xx,,. For 1 <m <[ < n, we have
L1 m—1 1 -1
(i) m Dm0 Xnj 2 72;:0 Xn—j

1 1
R DY RE T DR

As a consequence of Theorem 1, we now show that the more general
sequence {Ry , k,, 1 = 2} also forms an RSM.

Corollary 1. Let {h,, n > 2} and {k,, n > 2} be two nondecreasing sequences
of positive integers with hy+k, <n, Vn>2. If E|X1| < oo, then { Ry, i, /1, n =2}
is an RSM.

Proof. Again from (5) we have, for n > 2 and n > h, + k,,

+
1 1
Z ) n, o ky = 7Rn+1,h”,k,,~ (7)

—'n n+1

Since h, < i1, ky < kyy1, Lemma 2 yields

kn—1 I
1 1
R n, ke, = . E Xot1—j nt1 _h_ E i 1
1 <
J=0 j=1

1 k1 —1 It
= § )(nJrlfj,nJrl § X ,n+1
n+1 j=0
= R”+1~,/7n+|‘k e
Hence
uly 1
E :Z n, ik n+ 1 Rt by ko -

=1
From this the assertion follows. []
Finally, we have the following immediate consequences of Corollary 1.

Corollary 2. If E|X;|' < oo, then E(R! orrs) < (nz/nl) E(R) , ), 1 <r,
SI< S, 1 +81 <N, 45 <m,n <nandl>1

Corollary 3. If E|X1| < o0, then E(Ryt1,r,.5,) < ((n+ 1)/n)E(Ry1,.5), 1 < F2,
S1<sy,rt+s1<nrmn+s<n+l.

Again the bound is tight at r| =1y, 51 = s, and r; + 51 = n.
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Discussions

Assume r and s are two fixed positive real numbers with r + s < 1. Let ny be
the integer such that min{rng,sno} > 1. Define i, = [rn] and k, = [sn], n > ny,
where for u € R, [u] denotes the integer part of u, then &, < hyi1,k, < ki
and h,+k,<n, Vn > 2. From Corollary 1, {R,,,/%kn/n,nZno} is an RSM.

. 1 _
In this case, k—Zon' Xojn and Z/”’ X , are the sample averages of the
e

largest 100s percent and the smallest 100r percent, respectively, of the sample
{X1,Xa,...,X,}. The statistics R, j, x, is the difference of the above two
sample averages and can be viewed as a generalization of sample range and
quasi ranges. This statistics has been used in many occasions, for example in
the investigation of the difference between the highest 100s percent and the
lowest 100r percent families income in a certain country.

Next, let E|X;| < co and & and k be two positive integers. According to
previous results, it is natural to ask whether similar sequences of statistics,
such as {(Xy—k+1,» — Xi, n)/n n>h+k} also forms an RSM sequence. We
give a counterexample in the following. Let {X;, i > 1} be a sequence of
independent and identically distributed Bernoulli random variables with
P(X,=1)=P(X;=0)=1/2. Again let X} , < X», < --- < X, , be the order
statistics of {X1, X>,...,X,}. Let h =k = 2. Then it can be shown that for

n>=4, X,_1, — Xy, is also a Bernoulli random variable and
P(Xy 1.0—X2.,=0) = 1/2" 4 n/2" +1/2" +n/2" = (n+1)/2""". (8)
Thus

1 _
E((Xa-1.0 = Xo)/n) =~ (1 = (n +1)/2" h.
From this for n = 4 or 5, we have

E((Xn—l,n - XZ,n)/n) < E((Xn,iz+l - XZ,n-l—l)/(n + 1))

Hence {(X,—1,» — X2.»)/n, n > 4} does not form an RSM sequence.
The above counterexample suggests the following open problem which is
worth further investigation. Let

k—1 h
Runk =Y ¢uXojn— > biXjn
=0 =1

with weights ¢;, b summing up to 1, i.e. ci+ o+ +cx=by+ b+ -+ +
by =1. Then under which conditions on the sequences ¢; = ¢;(n), bj = b;(n) is

,1,;,7k/n still an RSM?
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