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1 &3

R84 JE (1996) P % 44 RG SE A g N K0 Jo, A — 122 BB Y, A Ay
Hreysds, Xh &5k, REGWT LS, &% FBHA B — LR K
BF A, FRFETRA I&J’E,ﬁ%mé’]:\ i uat)\fkizﬁiéﬁ ‘&‘ifrli#] 3,
BERERA AT, TR MMM AR T @Y EET =888 A @A REH
TSR T LB, Z Z B, f_ﬁﬁ—zﬂé;, tfbﬁzﬂé;, SEY)
BAT? REHFARCZEAR, FFRZARL I H, »ibdyiea A%
2EE T

FE LT EPT A PRR, AT TR R AT T BS RAER  B sk E
(Chinese Remainder Theorem)z — 454, x T+ B A“THRFHL 7 P (
ot B IR AR L T R B TR T IR ), B R AAEAA R B, VAT B8 HCF B,
Yo “$EATBE PP — ] o BIFRAIR E RS, 2 TSt R T E S do T, 42 R
BIEH SV EFT BELEARET, B, ZZ#H2H =, 2K
ZH=, bEEIB D R ER T LREE S, BRRTFAERE
FE, AT BB, R LR IFkiE -3 BRAH —
FRU RS EAAZE, v ZARATE M, AR Y —4, ETEHE
EF A, BB RARFI (LA RT S XL FR(1970)) o &AM 2L AL
LIRBCESLA A H AR, AT AR BUR AR B ELAR



AR R KRR EAE SHRAKN>M CLoBEY
¥ (prime, K #prime number) . &yt Bl AR #, T R ZRHE
B IRARWE  ARRA — AN T

2 F&E

Ra,bB —HH, nk — EEE Fa— DT HERR, XFa — bEnZHE
¥4z, Blffa,b #HEE (modulus)b F] 4% (congruent), E4E

a =b (mod n)

(#% Bya is congruent to b modulo n) , RZ, #FafLb¥HHEn 1 F 4x, BIA

a # b (mod n)

£ 2 #4032 = 5(mod3),3 # —2(modd4),T A tha = b
(mod n), B 25 57 vha, bFk vAn, 13 248 Bl 6948 3

R AR FATFFFES  REARBGFTY+AH, £#
FABA—A Yo, BPERI2EBEZ Bk, fa XT3 2B & 060 B A 3t
Fik o BlnE ARLEM =, IBREZT ZMAT M2+18K R ATIT 4R 36,
PPonl8 RAE By ZHA -5 o R % IR RATR A HE2 A AR L+ B l5qE
P23 THEAL T WG R Tk o RA123FR AT, 11T, th 4, PRARK KA
Bod o RUALTHRIAT, 3792, #6863, MA T T, 1237 & 7 52347 .

Bl R MR R T =M H

(i) B & M (reflexivity) . Bp#t& — ¥ #a R E¥#n, a = a (mod n) .

(ii) ¥ % £ (symmetry) o BP #HE£ — % #ta, bR IE % $in,2%a = b (mod
n), Blb = a (mod n) ,

(iii)#k #% & (transitivity) o, Bp 342 = % $a, b, c & E ¥ #n, Fa =
b (mod n) AHb=c (mod n),8la = ¢ (mod n) ,

F ¥R b —BMR S AR i A E R AR B — F R M 1% (equivalence
relation) , #lde = AW Ay AL PP B — F B MR o AR MELS
#7 (Gauss, 1777-1855) 7 #u 5> v§ ;L1801 F i kR 49 H % #F % (Disquisitiones
Arithmeticae) —F ¥ &b 5] ey o Bl 44 MR R 3L Z M H 23800 % Rk,
HEEEH AATHRE o Wb =W, 2L — 5L, T 2REH LB



2 FeR¥3

T #, £F — T, £ 8T R4k, dkF R8T AEZEE TR R4 ]
do, STHE PR B B AA: 4An, An+ 1, An+ 2, dn + 3, BP 531 & R xA4420,
1,273 o & R#4wdn + 3885824n — 1R B — 3 . MARLBEZ T, 2
8T R A AnBAn + 1 =48 .
) # IR vy T WL R
(iv)3 A W ¥ #a,b,c,d® IE ¥ #n,ka = b(modn) He = d
(mod n) ,Ala+c¢=b+d (mod n),Hac = bd (mod n) ,
Bl E (iv)1F, #a = b (mod n), L ¥a,bB ¥, nk EEHK,
Al ¥ A —JE A& %k, ka = kb (mod n), BHa* = b* (mod n) ,
#12.85 = 2(mod 3) 7 = 1 (mod 3),412 = 3 (mod 3), 35 =
2 (mod 3),
5* = 2% (mod 3),5%2-7=2%-1 (mod 3) ,
EABEMN R AL o Blde, 2-2 = 8- 2 (mod 4), A2 £ 0 (mod 4)
192 # 8 (mod 4) o B4 T30 HHE & % Ha, b, ¢, dBE K Hon, %

ac = bc (mod n), H(c,n) =1,

Ala = b (mod n) o f& AL — % Ha, b, vA(a,b) R LR R AA K, (a,b) =
1Bp % b — %8 7 F (velatively prime) , o — kA2 B K¥p, £k T 14p
Z 9 A R B BlpAE B H #, & Bl B 6 &3 (composite number) , £
A1 B BRIEH AL IE A R B o = Ha, b, RalbRDT Ha®E TR, Mhafbk
TAREE R o
1393 K23 A 112 s 3, B30 sh A B2 AR 3
.8k

930 — (26Y5 — 647,

64 =9 (mod 11),#
BB by F k13

9°=81-81-9=4-4-9=1 (mod 11) ,



# 402230 = 1 (mod 11),Mm2 = 2 (mod 11),#23! = 2 (mod 11), Bp 4k
B2 o %5, T4 FFE22 =1 (mod 11) .

230 = (25)6 =326 = (—=1)® =1 (mod 11) ,
R, o T B30 52 fp 5 B 1:
3100 — (312 = (81)% = 1% = 1 (mod 5) ,

f7)4. 5 7] 21000 2 {15 5 % 2200 2 R dFyfs e
3. — S Z AR BT B B e HRR 102 403 B2° = 32 =2 (mod 10) ,

21000 = (2°)200 = 2290 = (2°)% = (2°)® = 2% = 256 = 6 (mod 10)

Bp 4321000 > 8452 # 5 A6
ok, A2 = 1,024 =24 = —1 (mod 25),#

92000 — (210)200 = (_1)200 — 1 (0d 25)

Bp {32200 2 R fa 7T A8 A1, 26, 5176 o B #RA2200 B duy a8, K™
1L BT6 o
TR —HARNER
5. R HME — E&Hn, & FE S — EEHm, EFvm=9---90---0
FHAL A A9, 99, 999, - TR AN, EFER R, e, -, B0 <71y < n,Va >
1o ¥t fei, g0 < jAEAFr =156 Wﬂvﬁﬁ%ﬁki,kj >0, Bkj > ki, &
=+
9---9=kin+r,

9---9---9=kin+r,
A £ = KX F 18l 55 48 % B 45

9---90---0 = (kj — ki)n,

-
ul
o



2 FeR¥ S

P16 B — A T BT, TH W FEik . 48 55103 =
1 (mod 37) o ¥R I H & A A2 = 4 A8 fm T 1F 297 S 3, H37
(B E?) o 4w N = 15,653,782 , 8

=

N =15+653 + 782 = 1,450 = 1 + 450 = 451 = 7 (mod 37) o

N FE3T 8915 $, B N R ASTERT
KKl 245 % o HAR3T =4 (mod 11) , %

3718 =418 = (4% 4= (-2)*-4=9 (mod 11) ,

7. (ISBN#5). 3,44 K E % H — H K Z #5(International Standard Book
Number, i #§ISBN), # 4 +18 % F , # 40, & K Z 2ISBN#S &0-02-
4242012, X+ % —MEEHF RE T (Ww0k R X), T _#HF & H M4t
02%&Macmillan Publishing Company), # % #9683 5 &% H it H 3 E
B mIE o B —AEF R AR B, AME BB T, T2, -, T10 W
BT i &

10
(1) szz =0 (mod 11) ,
i=1
FBBEFIRCANFGTHEAAELTRNILE Fln, H—RESHEEITH
Z, K458 5 957-21-0686-4, 5 — K A95T-708-050-2,% & +o ¥ F, H B
:r»%/%(??)f& 0
ISBN#G T & o ()47 — £ — oy 4438, R(Q)EATHE R BB FALE Z 48
MR A ARR o EIE — Ay, Y0, Y10, A R ES =000 iy o %
S = 0 (mod 11), Blyi,yo,- -, 10/ — & ik 08 & 85, L &K A B LA &
#S #0 (mod 11), KM B L H443R, MG R L EHBE TR, M
A3 7 @ 8 T 2 A Hill (1990/91) o
8. Kk R BRI
ARRMERwELFEALDAEZME A ABRLANG L &
P& — ik, B FREAF/TH ,
FHFORBRETHER, BETEHMFSLEORRAEEFFRE — X,
KGR T8 &3 ARBEFE—MEA, MRFHLA B BILA, RF



W2R B B12H o 4199451 A 18 & 5199311 Al8 #¥E—4<2eA
T, RCRZ B Z e, gk FRG KRR, mE A, dkBY,ZRZE
HAIAD KRz o B RELI00F1A(RAMIA)LA BB A, ZARE
2 At

365 =1 (mod 7),

ok & B SR, B+ (100C + y — 1600) e AT s B %5218 (B &
03 A)1 R &g ZH A2 R 45 A — R B, M IE4hy 12 Hoay 2 42 (4 1700,
1800, 190048 ) & B 4F, ProA&F1A (RARM3A)L B oy ZIJE A T ik
VATZ #h 3

A = t+ (100C +y — 1600) + [

(100C + y — 1600)] — [>(C — 15)],

] =
1w

Hodr[ - & KRB B (greatest integer function), [ | X444 & & 37 44 3%, BF
5 —F $a,[a] = A RF ez & KEH I0[7.2]=7, [6]=6 , FI A & T
— BT

()% af — B, bEE—F 8 A[a+ b =a+ D],

(i) %a,bB B ¥ nk — E¥H Ha = 0 (mod n), Blab = 0 (mod
n),

R AT 4n T 54k

1
A = t41250C - [Z(C’+1)]+y+[1y]—1988

1 1
t—2C’+[ZC’]+y+[Zy] (mod 7) °

e E—[3(C +1)/4) = —C — [3/4—C/4] = —C +[C/4] ,

RABMmEAZBIYFE, wwBA3A (FFEXMLA)AH3L = 3( mod
R, %4A1R 8 28 E3ALR &9 ZHm3ATE KX th8); M4HA (K
Ew2A) BA30 = 2 (mod 7) X, #5A18 & 28 X A4A18 89 Z
An2(AT B AR 2 Rk 30), SR L FEIE o RAVEAEI[E(13m — 1)] —2,m =
L 12,AF a8 R A &8 A i 3w L 693, 7T #2):

m=1 (BR3A), [2(13_1)1_220)3
m=2 (RAR4A), [5(26-1)]-2=3
) 2



SHHET

m=3 (RA5A), [F(9-1)]-2=5

1 )3
m=4 (RAG6A), [z(62-1)]-2=8

FH b 210 5
1
D = A+[(13m-1)]-2+d

_ t—20+[%0]+y+[iy]+[é(l3m—l)]—2+d(mod 7).

BAR— i ZHey AMBP T Kbt , @ T1999F1 A 10 & 2 &, BPC
=19,y =98,m=11,d =1, 2]

19 98, 142
- — —l+[=]-2+1
¢ 38+[4]+98+[4]+[5] +
= t—38+4+98+24+28-2+1
= t+115
= 5 (mod 7),

Bkt =2 o 3 ZHIEY A K B

() D=d-20+[;C)+y+ [+ [é(l?)m ~1)] (mod 7) .

3. 16 L2 AT 09 JB R LB 09 48 7], 40t &84 7T At LA 4416 ( LRogosinski
(1972/73)), Ti@BIAY A A L L)X ETHER

BT RA A RESOFZ 68 A ZHE? K#uprC =19,y =
61,m =7,d=28 ; RA(??)X4F

D=28—38+4+6l+15+18 =88 =4 (mod 7),

PPeZz B B Z 8w

3 A
BN $, A — R KRR o — RN RE, £
H—HRAY BA—FEETHZ A RHn, 27— B#a < Vo Aok, B



# ® 13 (Buclid ,#4 & % L AT375-3304F, 1 5 i & A (Elements), Lk &
BTRAR), RERTHRALREME , ABALE: BRERRAARS
18, ZAHEME, Bkni,no, - RKZ o I H AN =ny -ng---np + 197 5
—H# AN, o, -, npE R, T HERT B LR S, BRI
0928 A T SEAR ) B R 1B, 2 B 3 R H AT H B AT AW, B A
o B LMY Eng,ne, - ng, Bl Hfe T HA BRSE, 5P EBIEFIHFEHET —
EH BBAT o TABMPILHAANE TR, RMIEF S0 2R S EH B A
AL, B RAVBER S K5 o B FHAR — &2 A(Eeia Ay 7
), EEL MRS, AR —4ke) o BRE ZHF B H— KA R
TR E BB A, Bk Ao —, i R R F T AR T
(Fundamental Theorem of Arithmetic) , % 4F, & F i €3 5 PP 7T E £
HHARRSME, Adkn! =n(n—1)n—-2)---3-2-1,n>1,80 =1,
RIL.En > 25—, Alpshnddin! MESH —HE
[BEo:En > 2,%n!-1>1, Akn!—1E2 4 H—HFR#p, didp < nl-1,
p < nlof2p < nAf ki, & Blp|n!, 4ot — Fp|(n!—(n!-1)), Brp|l 1 &,
#Hp >n, FE,

£ % 18784, Kummer (1810-1893)4n F 250 % # 4 & R % E: % 7
HAEMRSMEEHEN <ng < - < NpodN =ning---np > 2, AN —
1N, A L — R F T B#En; > 2054 E?) o kosbn;, THEN — (N —
D=1, v FHEEZEHAERSME,

HEPLREHEEWIAATE , =T MBRM AT E— MBI
AR, HALEA TS AR o 2R 5 @R, AT E S

HEBAALRSME AR R AMFERAER? EEEIZ
LSRR, EENNE R, ELSRBRGE M (n,n)P, — AT —
EE#, 2 A AR ZETREM? R T2AMGTHEE TR TR
T B fdn + 1&4n — 1(Bpdn + 3) % AR K , T A A dodn + 18
WA EREME, Adedn — 189 HLH BRSE(LFAF2T4), &
-y i (P F 28 ), ¥ TEAECMFLLERZ B
B (L AR HL JRFE(1976)) o 2 Ag(n)k 7 A2 Bnz H ey 18 3, £ 8 T
18964, Hadamard #2de la Vallie Poussin 2% & (5 #7 & & 01792 F1E 12



4 HHITHEI

R E G S AR S0 ), E Bt R B TR KB, ¢(n) fn/logn
AL R 1 o W LT A

(i) B Esh &R 5 EOLEAnME S &R A, n/logniFi it
&R KR);

(i) H ¥ B AECP &AM IS F AL £ BIRKK, ¢(n)/n
#ZEO0,

A &R EME, (242 AL —AXETEAAETH  XE
Y HRTARR, RIEFEH AT ERTCHRAT —EETH, £iBXF 5
FE R G R AR B — R AKX E BT P,

Afiln) =n? —n+ 41,80 %n =0,1,---,408F, fi1(n)% & H 3,

Sfon)=n?2+n+17,81%n =0,1,---, 158, fo(n)% B H #%;

A fa(n) =2n2 4+ 29,8 %n =0,1,---, 288, f3(n)% 5T # .

ki fy & B di (Euler, 1707-1783) 77 45 44, f3 % % ;L1798 4 i¥ Legendre
(1752-1833) prabey o £ ZFTHEMA, 0 <n < 11,0008F, n? —n +72,491
REBEEH , AE BN (S ABRIZE R) SR — K EHZ 58
Xf(2), T FAEEEKL2, - KA Ax, FHAINEFHR(AFAFETHE), £
A GHAESZ —EERN, o F £ —H#p, 550 < n < N,
n? —n+p% & H ¥, A E 5K RGP,

FEL FE&FHRBERSETHANME, 2B —BEZEA
BB AR E B ARG R H L, SRR SR, A AR RE  F
Jm,120 = 23.3.5, 121 = 112, 122 = 2-61, 123 = 3-41,--- . ¥4 AF 04 2L H,
HRETH MR o H— B, KI45E 2 B LRLiB/nH
B hn, ZARTE, Ank T A2 Enik KA, /nd B LR K, iF
F/NZ AT E BARAGIR %, BAF AR T Htr R B Dk S F, B A rhn, i
WEETT 1AL o PTVATR T Bk eyt AR 2 o1, 38 B — 45 04 7 ik R W Bh AR
BT o

4 wHIzEHE

JE T &AM — i By B B Tk, Sk AF L & H(Fermat,
1601-1665)/)s 2 22 (Fermat’s Little Theorem)
EI2.3%pE—H ¥, A #HF— EEEm,mP =m (mod p) .
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[38A]: %4 & =8 X & 22 (Binomial Theorem) =T /% F it j& X:

p—1

(z+y)P =a+ Z (f) 2P Ty P,

r=1
H 4 —A KX 12 # (binomial coefficient)
<p>: p! plp—1)---(p—r+1)

r

(3)

- (¢]

rl(p—r)! 7!

%P}% TET%E’E'I 5] ﬁ(f)%?z’f%%ia r= ]-7' Y Z 17EP (f) =0 (mOd p),T‘ =
la"'ap_lo#(

(4) (z +y)’ = 2" +yP (mod p) o

B b XA
2 = (1+1)=1"+17 =2 (mod p),
¥ = (2+1)P=2"4+17 =3 (mod p),

mP = m (mod p),

W2, TIFE| T lidfesm, & RS AR RILL, LT IF L2,
A1, #phk—H¥, mBA— B H(m,p) =1, 8]

(5) mP~ =1 (mod p) .

BH R A E LG40 05, FH TSI AN —H15 ¥
3], BRI | LITI6 4T — B AT PF ol ik T A98 0, 3R — XA A
R A R 2k (Leibnitz, 1646-1716) %0 18 4o {25 B, 2T 4 38 K 2 B 5
H o BRI BRI RILERE T — R
233.3% (m,n) =1, Blm™™ =1 (mod n) ,

EF#HYn > 1, n(n)k I whn, BEnZ oy A R B, 2nk —F
¥, Blm(n) =n—1, BRI HE R TILIZ —45#] . ABm = 3,n = 10,
al(m,n) =1, B0 RI0ZF oA, 3, 7, 9% ,%nx(10) =4 , mE



4 % BT 11

3% =1 (mod 10) , TH3H F % 1< F 493598, Heinrich and Horak (1994)
&7 —RKARERMAMASS (combinatorial) #4938k LT IR S ZH

AILLTT A R ie — HOE S T B H 3o B A2 Lo i idn s LR BT
Bl BInk —Am¥ . FBAMIZHERE , RGN —H B

2310 = 1 (mod 341),

{23413 3k —H # o B 4, & AH9IL(3% — 1),15](4" — 1), 1291 &15% 3F
W, RiBH A% B, £1002 K, R Bnser2n !l — 1, Al 4+ 4
#99.9967% B H o 2 B PR AR R 2T — ey & R, RIS IA
— A RS R E B Tk o, B 19504, Lehmer 3% #: 161,038 & 2161038
2Z A ¥, /1951 S, Beegerss& i 7 /& & [k % 1818 #n, & 13Fn|(2" —
2) A &R S BIBHR ), BT TH2ZHRE , EAH &R S EFTH
RAp), 4B AT R FE22 35 A B, T e TEM

#n = abB —F AR, L Fa,b > 1,Hn|(2" —2), EEnEE A
fe, do EpFik, 341 = 11318 —f] o Z A b 5 A — 4 &R EEm >
n, Am|(2™ —2), IFHET o Bom = 2" — 1 > n, ks — 4 &R B (K HE?)
An|(2"~! — 1), B A EE$E, #3277 —1=kn , Ak

om—1 _ 92"=2 _ 92(2""'=1) _ 92%kn _ (2n)2k

#
2k—1 ' 2k—1 )
gm—1_ 1 _ (2n)2k 1= (2n - 1) Z (2n)z =-m Z (Qn)z .
=0 1=0

sem| (271 — 1), Am|(2™ — m) B

#H—EEHn REL < m < nBEgnkH K (nn) = 1,8
Zm" !t =1 (modn), KMEIEHIFLER - T EEnE TR AT
e B —m R, REKI —m, £Fm" L £1 (mod n), Bl d £ 15, n
TERE LT
#19.5n = 15, B8

11 =121" =17 =1 (mod 15) ,
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B FEm = 2,3,---,10, ®AE BB Tm = 45, m! — 1% 1569 45
B, 15 TR o REA —m, £Fm! — LRAERISHE, b A L1
o5 BH ¥ o

T @A e I B EHn, FHE - EEEm, 2 E(m,n) =
LAIm"™ ! =1 (mod n); &K%AE ML, 213 H 55— L Em,n|(m" —m) . 561
(=3-11-17) Bw ey fE ¥ , i3~ Carmichael £ % L1910 F 4 BL56 17
o H, % oiE & ¥ A% B Carmichael# (Carmichael numbers) , A
Carmichael A2, # 5 18 18 4038 28 T A AR iSAEE , /21,0002 P9 2 A 561,
T —18&1,729(= 713 - 19), /AR B4R s B h A T4 RT 210,000 A

A TE, £1002 1 8] £ A 4318 ,

AR+ H A, 3% | 4l 5 K % (Cambridge University) #9Pinch 72 % 7T
19924 47 83 10 2 4, #4105,212 fACarmichael#k o ¥ 5 R 2 1
B, e F)H BF &R %8, &L &R % @Carmichael & , PFMER & 5
NIRRT, KRB ZFLN o Branf(m” —m)i§, T kEZnk
S E, 122 n|(m™ — m)iF, REBHRALEBRETET

AR E B E S = K% (University of Georgia) % 2 o) =12 %
#Granville, Pomerance ZAlford & &, % /£ — IE 2k, & 1Fz > ki,
#1922 # % Carmichael ¥ 42 x> 8 , B F Jo Bk E R EH 5
R, WA 4p T kA £ o B Carmichael ¥ &R %8 , A FIER
RETETALBRE AT S FATBRE IR EATRERTHA &R
%8, 12 A 3] 4 B SH B B o) B AR, R 5] R S P R E S R AR
31 (Carmichael # #9343, RDelvin (1992/93)) .

EIHA R E R ZH — R EVEEBT
#322.(Wilson’s Theorem).3%p & —H #, 8]

(6) (p—1)!=-1 (mod p) .

Flde, (5 — 1) =—1 (mod 5) s FHA=mnFBE—HE, L+2<m,n<
A—=2,8m|(A-1, Am|([(A—-D!+1]), ds@HFA - 1)} —
1 (mod A),Bp(A — 1)! # —1 (mod A) , BP#& % A 32z # & = (/x £
WIZ#HHERRL) o AAIE2THARR —EEBTERT R, 7B
FER, BAUR kiR, Bt & ik ey ik R H A,



5 B E Eey A 13

i — R RayE W, FARRIEIER, AR RS K

— R AT R o 7’51”3 LE il ’J%i, AR BIF Tk o Blde, FHARA

& ¥ (Mersenne number), 432 A 42" — 1 oy E B E H b ng —H K,

'J)ﬂLucas—LehmerizL—(fL“ AR R B — ), 7T “AR P ik 3 B

B AL B EE Pl En = 86,243, £ % T1982F, MACRAY-1E 4, &
TLIS -2, @ETATE,

FTEBHA-—EELNEHR — M T, RTEEIEZE, LEAAK
A T R RAR %ﬁﬁaa%a H¥, 270 -6 R, mREw A HR
KeysE, B L R d, AT R AR, SR A B R L AT
By B R B AL BB AR AR R AT B TR R o B de i 0 L1909 MF 2K
H21 1270 L 150 B &R, 23T B 2 ®T19T0F A o ig, % 2
% L1978 A7 R AL 2 FF o 1BAF ?f%é@%, AR R #5 R J. M. Pollard

A E @.éﬁ*ﬁ R — B R ik, R e s
oy ARk ik, 7T 44 Godwin (1978/79)

5 AEHELYRA

BT — A mALYSRE FREFHHES, WERT
N R REFAMTBEET, RAAAL T FHRARABRE(2
EEH — et ay Fok), BB M — AT o — &k Rk, Bl

— S 4T #3.1536 - 1012k Fh ik o M o AR — v B A 00 349 2 10100 0k 2
B, e8] EH, HE3AT 10 F o, mAE IR E S R BH5 - 1005
W B o sE M E ok E B, — AV 48 T M — kR (10'2) Hik, 11
#2317 10%0%F , B AT R % 400 F A AT T AR A B2 3
FROAF M B B4 & £ Bk 4 ¥ L2t (Massachusetts Institute of
Technology, f#MIT) #%) % 1% # % KRivest, Shamir % Adlemanz* ¥ 7T
L97TSE 32 1, 3 X 3 A 1978 F| A 0y, P38 2 B 444 % #%5 ;% (Public-Key
Cryptography) ,

il “"“}%ﬁ%é‘é' EREEET, AR SR —B R, RTRHR  HATHE, &

F otk e & ik AL R R R, T a, be, - i F S RIR R BT

= o>
X oc
e

)m#]

N



fid
a beggjdih fec
(7) Fhbeigjagde
c e f db e gb c f b

R B4 K, AT E AT AR, Rivest 17184 7 ik, skt A Bz
FEA SR VEH R S, B M B S ARG 2 AT, AR O R T Mo ik B AR 1
Ay B8y o A H A T E T

FA SR AR, P OR G AR RS, ROR 8 — k3 SRR S $eY JE
A, &RATVAEL R30A:

A—— %ﬁ%% {?E%‘}EC ﬁg,ﬁ%gg
wh

frafm JREFm

B 1. 5 A% 1 1%

HARE — LB, A2 ANl 5, AR AR A Rk AR
B G o AL RE R AR B G A R, (R i B e, BIL B B ABc 2 1%, Bk
BRI EM . BEAARBE 4 R4, W iTHAE . AN EH
ST b 4o il 4 A5 0 7 K, ABLB#A 4 B4 — A B4R o B B0 T
e 3L AR 5k A PP AR B) 3 A, A ik AR o o B SLASEAE A
— % T R HARIE M B BT ey s Rk, AR — R, 2 A SR bR
Alc = fr(m) o b #Bhuitk, B B4 AR 0 & B fr, ¥ H frz R
3 3, 42T g ofF Elm

FML—EBUHTF o RS BARFOEZRERXFHFAZL , 5
FH0 75 R A — B BkIE 26 B AL, 45 ALKEP B A, A L1 E 2500 B %
TGRSR CEEBVR AR ERERKWY B ) #lde, Fk =17, mAL
BCAT, 8% 45 5 THA 45| THA , 4 418 5 B3K7, @378 CAT

— B 4uil G AGEY R B, R BT R OR MR T ARAS o $Ah B, ARAR
B RIE — PR P b (e, 3E b A B A, thed), FIA d B A
T RN AT H AT, ARTIE IR T o AT ERKFRA AR T 09, B
TR E R — T RBEF R o 2 RAEER B — Bk, BIFRmEit
R oy B, LSO B AR 18 B R T 6030 A IR, BR T K 5 ik B
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REMERT o

2R ¥ 45 k%(Stanford University) # Wy 1z 2 42 Diffie % Hellman 7
HAII6 FEERT —BRHARBHERA 2 E 0 H X(ADiffie
and Hellman (1976)) o £ &% # X 7, R E T — B E— 5 it
47 (trapdoor one-way) 44 % A% % ¥, 1548 & B B4 T dli4F M

()#5— 8 A, AE—2 8 Ry = f(o) BZHE;

(i) R f~ 5, 1 (f(z) = =

(iii) 32 A 2 3 f R RGB!, 5 2R 32 % 3 % (algorithm);

(iv) Bp 4k %5 2% 3 f R LB Bk o3l T, RO BOE 85T 3]

L v iR P, (i) R & R B 4EAY o mRivestF = AR R

BT — B AE AR B AT X AR B, —EL1304% &) FF, A
JAPDP-1084 3+ B # 497542 T A T & A H #(Br 1 £ & L1983 F, —
181004 64 #ZA304) F At B th & & B H 3, M2001z 835 RIAS 4-4F), 12
H— & R AB6342 4 F Bt Te ol A AR Bk, VAARBE R Mgy B AR, #9784-1010 4
TREE LA MREEMEE, Rivest F ZARE T —EHBE(ER
APk 8 B — 18 F B AGMRSAK) o BAENEN, BB EE KK
RyARmETHAR HEREREHOBRETTIHEIMTF A H(EAR
H 6345, M BLiER— T o pb —H EZ A5 H)

FAVEGERSAE A T o

% —, A A RERKRGE $p,q, b H BIARE

%=, 3t HEn =pq.
¥, L, EFREP-1)(¢-1)EF
v, REH, 1515

i
\\\

(8) dh=1 (mod (p—1)(¢ — 1))

BAbdE e, SLBARR(p-1)(¢—1)EZH

%R, Mensiih, 2dRE .

RENFK, B doiindth, St ik (KUK B ) dopitg, B sedik it
FET

VNG TR, PTA XFHM AR T (A2 )BT , 5
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1R 3530 Em (B — N nZ ), it e, g+
(9) c=mh (mod n),

KRB EAHCIE B o TR 25T B AR T AL i h Bn(BEhBEn &
NEHY) o BT Seiih, nZe(= m (mod n)), dBFEmMm , 123~
AR (— M T, RIEn R, TREEB[ IO FE), T —
K, FALRROET, AIRET W

m* = 3 (mod 401)

g dim o

19 3% 4o iingy B $piiq, 18T K hd, Bl Flc2 %, & b3 Ec R T
FIFREMT o BT ,

()3 (m,pq) = 1,Al(m,p) = 1B(m,q) = 1, Ml (??)X, A & ¥,
#iFdh =1+b(p —1)(g —1),

Cd = mdh = ml-l-b(p—l)(q—l)
_ m - (mP~ =) =1 =m (mod p),
- m - (md~He=1  =m.1=m (mod q) .

R A E AL, mP~! = 1 (mod p),Am?~! =1 (mod q) , W (p,q) = 1,
n = pq,#%4Fc? = m (mod n) .
(i)# (m,pq) # 1, Bm < pq, #pmBgfm(BE d(m,q) = 1),
Hglm Bpfm(B¥k(m,p) =1) o RAEFH o 7 L1, Biw(i),
A —m = m?_pm= m(mb(p—l)(q—l) —1)

= m((me~H)Ple=1 _ 1)

= m(l—1) =0 (mod q)
-&iq“mdh - m),ﬁp|my\3§-§p|(mdh - m)a;&inKmdh - m) o EP’?%"

d —

c¢®*=m (mod n)

B 32 325 q|m BpmiBAc? =m (mod n) ,
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W b 3thde, KB e %, RE4oild, BT wcliF BIm . ik
BN, Blp, ¢ 4u, o gk ik o (77) K AF B d, B L3R Elc, TR
Hm T o
110 KAV VA B N B F RBLA , BRn=143,8]p = 11,q = 13 , BRI =
T9i(p—1)(q—1) =120 , Kk Kditp &

7d =1 (mod 120) ,

F7-17 = —1 (mod 120), #7- (120 —17) =7-103 =1 (mod 120) , BF T
Bd =103 o Ram = 14, B4 6 B AHCRP % L

c=14" (mod 143) ,

147 = 53 (mod 143),¥c=53 ,
BAEFFE o MBlex ik, A cUE LG Em(GHEBARE A

')

HAAF3TAL):
¢ = 5319 = 14 (mod 143) ,

feiR BRSAKIE, B TRATHLEZ ., MITHHT A B A —18129
15 $eynFe — 84 A2 B ahh, #F —ER K —REZ 128 E %, LEH
Bniihit & f % T19TTE8 A 5k o4 F £ 64 £ B A(Scientific American),
Gardner#y 48+ o MIT BF 52/ 3 % F 100 & T4 % — 12 mi38 % o

12100 £ 7T A A2 R LR % A 6y, MITHE %) 4046 5+ % 7623,0005F o =T
At o AR 3%129 1o, 31002 AL -F R E — FR K0G8 2R B R EA
3H423823,000 F1%, 100E TR B % 07 2 SFA F6%N0 A, B —%
A 585 4%, Stk ARy re! TRt HAR R T A 38 B, OT A Ak AR Y B R R K
— WAL, 2R,

AL R R E, B8 ey RSASE BT, /8 BT I &, il
CAHTTHEENTE, 23T H —FoyrFrh o b — A RLAR
SRR PT 4L R A BRI ALK, 205 B R, &EME A % A, A
TCL994F4 F | ok T Husl§ 32 12945 30 5 A plk, — 6445 89 8 3L — 651289 H 2
i, A FES,

ZPFARE IR JERAR R T, —F WA SEA B RIS E, — @R
SEHT AT, PR =R 5 ik (Quadratic Sieve) A hrik 4% H #eh) T , Mis
AT R ST, AR A U193 B RSAE BT R AR 58y
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il A AR R e BOR R LR B I, PTAR RARGnag L,
AlCA B AT A9 A8 71, A AR AH 3R R JASLAR & R A IF K] o RSATRB R AR
RAWMEEE LG o A M LB HRROA S 0842 2 I, 7T A, Cipra (1996)
pp.90-99, 1255 BEE(1997) & R 3%45

AR H B I R A RSAK A BAR R, T4 EHE
B AM B (1983, 1986a, 1986b) . #ais (1991) . Devlin (1983/84) .
Stewart (1987/88) . Piper (1988/89) & Williams and Allen (1998/9) . %
MAER - FLHER, EAA TR MNE, 54, EF
REUBEREABREG T FRIBE - B BT EHEARNT X, TS
# Jammalamadaka and Uppuluri (1989) & H w4 7 71 04 % # Xk

H A

1.3%34" = 1 (mod 29), 4'* =1 (mod 15), 230 =1 (mod 341), 3° =
1 (mod 91), 539 =14 (mod 143) ,

2.4f(n) = n? — 790 +1,601 o 4% & —fk f(n) 7 5§ oy o E 5 Hn =

no o
3RTVBT 2 R
4.5£1,998! = R B8 T M 5

5.3X VA B AR B MEATLIA: TR — M2 & s B F Ao & T B3 12 Hk F B sk
HBRELES B AR TREE BIZAZHRFIET B R T BI1E
o,

6. 3K FLAAPI6 P , K — B E R IR 3T p B 1 7%

THEBLRGA - BEEZ B Sf(0), 555 50A1,2, - KAz, Fh
FEVEE

8. A4k th — R, LM F R R EE, 2 = $ M 5 1,000,000,000 o

9.£12 —22 432 —42 + ... +1,993% — 1,994%° = f# .,
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10,382 #H4 — E 5 $en, 1,946](1,492" — 1,770 — 1,863" + 2,141")

11.3%a; = 2,0,2 = 3 az = 5 ay = 7 SRR =% %T%LJ'J o i‘]lﬁ)’ral + 1, ajas + 1,
ajagaz +1,---, R EEEH KT

12,384 — B $n, A3 Z42, SR 483, AT Z 422, FnZ &/ Vi
BT —fRAE By A ?

1020,000 +
1010043 © ’j—‘

1) bz HEHIR
1)b2 A H3R 5 ey B B

13.4 =
(i
(i

URBEHIE— > 1,1+ 5+ + L TAEEHR

15.3%p, q B = XABZH $,383240|(p* — ¢*)

16. 3B — L& #n, In + 8¥6n + 5L T H .

173403 5 K5 $17 ¥ 4% & & 4 'H ¥ (twin primes), B R 18 £ &E22
¥,
(1) 7] 100 £ 2007 = 8 4 ' #;
(ii)3&p $2q &5 A H #RFDP? + CIRAT2ZARHE 77

18.3km B —IE A FLHE , HKEEm + 1/mB —EH Am =1,

19 A EFF5 0y 2k RIBHE B, R348 B2, P A3 & L4 A, M5
1B BSRMER T @, & 435 A6, F 48 BT, R A8 RIB1E B/ R
©, 836 B 10,40 AR o SAR]3,457 B A —F5 E o

0.35 8 — KB 54135 F EHAaFdp i KBk /758N 218, 3] B A1
sk e At EEF SIS TR R B AN EITAEF , KB Ay TG 0F
BRBE3INE AR KA KB KBk

21 #HE — E 5 Hn, REEI8|(157 — 2°"H +1)

22X e d, AERAEEIHAZ —A&Kd
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23. A4 A B NI E A S A — 3 Ap| (1P L 42P e (p—1)P
1),

24334 —3n + 1RV 20 8 Bbn + 18
25 XEAE—3n + 2R X EBH, A —RIAZH B,

kB — KA Z B ApR(K)? + 12 —H B# , R
( )p > k;

(ii)pBydn + LR 69 H 3

(iii)dn + 1R e B 3R £k £ 18 ,

7. ()REHE—An - 1B EERE VA —RAZT A
(i) #H1E — B Kk, XEAK!) — 18 —4n — 1R F A#p, Ap > k;
(iii)R#dn — 1R Z T HA BRE 8

28. K b P A $#p, 1£7F2p — 1R 2p + 155 B H #
293442 2 TR S A8 3 i, M8 1F T 5| 24 — % RS PR Eone
a1, a® +1, @ +1,-,
Hda=199, H AR T A AP ERT
30. 338 % 4 — E A $n BA — iE ek,

(L+2+-+n)|F+2F+.. 40k,

31.3%t,m, k3 B I BB AR 230928 . 4n =t nBE — 10k ¥ . K
HEn EFF LA —EFESEBRE+ LR,

323 KB HH—H Bp B EEEE () =pF T p—1),
334 8 233, @ Bum = 2%n =5 2100 Xwms g

3AA M A2,y > 2B —H# & B EEDP((p—2)!—1),
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3. XBE —HBTH R EEEZ i, A| LG &k —(FHAEBIA
) o

36. 3K (1) X ¥ Za,b,---,7 o

37T 4PI0% 2m = 17, K, B2 g EclEEmm

38.2&n = 91,h = 7,m = 54 , A/ ARSA%,Kd, c, it &3 FcF@m

3975 100 £ 70 /2 4247, VA SR A] 6% 0 413, KA 3H4223,0004 %%, &5
% K—F8H7
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